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ABSTRACT 

The paper presents the application of a backstepping controller for quadrotor tracking. The 

backstepping controller is specially designed to accommodate the nonlinearity of the system. The 

results show that the controller has achieved the ability to guide the quadrotor to the target 

position with small error and maintain stability when tracking the predetermined trajectory. 

Moreover, the controller also shows good performance in tracking the trajectory under the 

influence of disturbances. 
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1. INTRODUCTION 

In recent years, there have been various studies on Quadrotor flight trajectory control 

and various methods have been proposed. In the simulation studies conducted, the 

performance of Quadrotors following various trajectories has been studied [1]. 

Muhammad Maaruf et al. discussed the PID, sliding mode, backstepping, MPC and fuzzy 

control techniques for Quadrotor systems [2]. The study of Quadrotor trajectory tracking 

includes system stability analysis, evaluation of the performance of controllers and 

algorithms, and their anti-interference ability [3]. Rafael Guardeño et al. applied PID linear 

and quadratic control methods to keep Quadrotor stable in noisy environments [4]. 

Tianpeng Huang et al. designed an adaptive sliding mode controller to achieve attitude 

stability and path tracking capability for UAV [5-7] analyzed Quadrotor in detail in a 

simulation environment and used control methods such as backstepping control, linear 

quadratic controller and type 2 fuzzy logic. In this study, the authors applied backstepping 

control theory to design motion control commands for quadrotor UAV. 

2. CONTENT TO BE RESOLVED 

2.1. System modeling 

 

Figure 1. Quadrotor position and orientation [8]. 
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In which, the moving force of the rotors creates the quadrotor to move around the roll 

 , pitch  , yaw angles  . Fixed coordinate system I and center of mass coordinate 

system B. 

The model used in the paper is taken from [8]. 
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In which u1, u2, u3, u4 are the altitude control signals respectively.  are functions of 

the angular velocities of the rotors. x, y,z are the accelerations in the direction x, y,z . 

, ,   are the original accelerations of the Quadrotor. 

In this paper, the backstepping control method is applied to realize the adjustment of 

the attitude, heading, and altitude of the quadrotor. This method enables the quadrotor to 

operate stably in diverse environments and complex situations. The backstepping 

algorithm uses a recursive control technique, whose working principle is to construct 

intermediate control laws for the state variables of the system. These state variables are 

clearly defined and play an important role in ensuring that the quadrotor can track the 

desired trajectory smoothly and without interruption. These control laws are designed to 

optimize the control performance, and are detailed as follows: 1x = , 2 1x x= , 3x = , 
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Applying the state variables and kinematic model parameters to equation (1) is rewritten: 
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2.2. Controller design 

The model developed according to equation (2) is used to design a backstepping 

controller to stabilize the angles. The stabilization of roll, pitch, and yaw angles is related 

to the control signals u2, u3, and u4. 

Roll angle regulation controller 

The state variables x1 and x2 represent the roll angle and the roll rate, respectively:  

The Lyapunov function is chosen:  
2

1 10.5zT =  

z1 is the error between the desired roll angle and the actual roll angle:  

( )1 1c 1z x x= −  

(3) 

The derivative (3) is: 

( ) ( )1 1 1 1 1c 1 1 1c 2T z z z x x z x x= = − = −  (4) 

The positive definite limit function is chosen to be T1 given in the equation: 

( ) 2

1 1 1c 2 1 1T z x x c z= −  −  (5) 

Let c1 be a positive constant that satisfies inequality (5) we have the control input as: 

( )2 1c 1 1d
x x c z= +  (6) 

The error variable z2 is defined as the difference between x2 and its desired value: 

2 2 1c 1 1z x x c z= − −  (7) 

Rewrite equation (4): 

( ) ( )( ) 2

1 1 1 1 1c 2 1 1c 2 1c 1 1 1 1 2 1 1z z z x x z x z x c z T z z c zT = = − = − + +  = − −  (8) 

Enhance the Lyapunov function T1 by incorporating a quadratic term associated with 

the variable z2 to obtain T2: 

( )2 2

2 1 2 2 1 2 1 1 2 2 1c 1 1T 0.5z T z z cT z z x x c z= +  = − − + − −  (9) 

Select a limit function with a positive value and substitute it into 2x , yielding: 

( )2 2 2

1 2 1 1 2 1 4 6 1 2 1c 1 1 1 1 2 2z z c z z x x u x c z c z c z− − + + − −  − −  (10) 

Using the case of equality equation (10) we have the system will be stable according to 

Lyapunov: 

( )2 1d 1 1 1 4 6 1 2 2

1

1
u x c z x x z c z


= + − + −  

(11) 

Angle controller pitch 

The state variables x3 and x4 correspond to the pitch angle and the pitch rate, 

respectively: 

The Lyapunov function is chosen as follows: 
2

3 30.5zT =  (12) 
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The error variable z3 represents the difference between the desired pitch angle and the 

actual pitch angle: ( )3 3c 3z x x= −  

The derivative of equation (12) is: 

( ) ( )3 3 3 3 3c 3 3 3c 4xT z z z x x z x= = − = −   (13) 

The positive definite limit function is selected 3T  given in the equation: 

( ) 2

3 3 3c 4 3 3T z x x c z= −  −  (14) 

Here c3 is a positive constant satisfying inequality (14) the control input is:  

3c 3 34cx x c z= +  (15) 

The error variable z4 is defined as the difference between x4 and its desired value: 

4 4 3c 3 3z x x c z= − −  (16) 

Rewrite equation (13): 

( ) ( )( )3 3 3 3 3c 3 3 3c 4

2

3 33c 3 3 3 3 4z z z x x z x z x c z T z c zzT −= = − = − + +  = −  (17) 

Enhance the Lyapunov function T3 by incorporating a quadratic term associated with 

the variable z4 to obtain T4: 
2

4 3 4T 0T .5z= + ( )2

4 3 4 3 3 4 4 3c 3 3T z z c z z x x c z =− − + − −  (18) 

Select a positive definite candidate Lyapunov function and substitute 4x the resulting 

expression: 

( )2 2 2

3 4 3 3 4 2 2 6 332 3c 3 3 3 4 4z z c z z a x x u x c z c z c z− − + + − −  − −  (19) 

Using the equality case of equation (19) we have that the system will be stable 

according to Lyapunov: 

( )3c 3 3 2 2 6 3 4 4

2

3

1
u x c z a x x z c z


= + − + −  

(20) 

Yaw angle controller 

The state variables x5 and x6 correspond to the yaw angle and the yaw rate, respectively: 

The Lyapunov function is chosen: 
2

5 50.5zT =  (21) 

The error variable z5 represents the difference between the desired yaw angle and the 

actual yaw angle: 5 5c 5x xz = −  

Derivative of equation (21): 

( ) ( )5 5 5 5 5c 5 5 5c 6xT z z z x x z x= = − = −  (22) 

Positive definite limit function 5T given in the equation: 

( ) 2

5 5 5c 6 5 5z x x cT z= −  −  (23) 

Here c5 is a positive constant satisfying inequality (23) and the control input is: 

c 5c 5 56 xx c z= +  (24) 

The error variable z6 is defined as the difference between x6 and its desired value: 
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6 6 5c 5 5z x x c z= − −  (25) 

Rewriting equation (22) we have: 

( ) ( )( ) 2

5 5 5 5 5c 5 5 5c 6 5c 5 5 5 5 6 5 5z z z x x z x z x c z T z z c zT = = − = − + +  = − −  (26) 

Enhance the Lyapunov function T5 by incorporating a quadratic term in the variable 

z6 to obtain T6: 
2

6 5 6T 0T .5z= + ( )2

6 5 6 5 5 6 6 5c 5 5T z z c z z x x c z =− − + − −  (27) 

Choosing a positive definite limit function and substituting 6x  leads to: 

( )2 2 2

5 6 5 5 6 3 2 4 3 5c 5 5 5 5 64 6z z c z z x x u x c z c z c z− − + + − −  − −  (28) 

Using the case of equality equation (28) we have the system will be stable according to 

Lyapunov: 

( )5c 5 5 3 2 4 5 6 6

3

4

1
u x c z x x z c z


= + − + −  

(29) 

Position controller 

In this section, the control signal u1 is generated by the four blades. It is directly related 

to the motion in the x, y, and z directions. In addition, the motions in the x and y directions 

are affected by ux and uy because they depend on the roll angle and pitch angle. To design 

a controller by correcting the error in the z direction in the system, we set 

777 cz x x= −  (30) 

The Lyapunov function is chosen: 

( ) ( )
2

7 7T z 0.5 z=  (31) 

Take the derivative (31) to get the equation: 

( )7 7 7T z z z=  (32) 

Equation (33) is obtained after substituting formula (30) into (32): 

( ) ( ) ( )c7 7 7 7 87c 7T z z x x z x x= − = −  (33) 

If the expression in Formula (33) decreases with time, the error will also gradually 

converge to 0. 

8 7 7 78cx x c z ;c 0 = +   (34) 

Thus z7 will converge to 0. 

888 7 7c 7c 8z x x x c z x= − = + −  (35) 

The Lyapunov function is chosen: 

( ) ( ) ( )
2

7 8

2

8 7T z ,z 0.5 z 0.5 z= +  (36) 

If the chosen Lyapunov function is negative and decreasing as the derivative is taken 

with respect to time, then z7 and z8 will also decrease with respect to time: 

( )7 8 7 7 8 8T z ,z z z z z= +  (37) 

The resulting expression: 

7 8 7 7z z c z= −  (38) 
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878 7c 7z x c z x= + −  (39) 

If we substitute Formulas (38) and (39) into (37), we get: 

( ) ( ) ( )17 8 7 8 7 7 8 7 87cT z ,z z z c z z x c z x= − + + −  (40) 

Substitute ẋ8 into formula (40) we get: 

( ) ( ) ( )( )8

2 2 2 1
7c 17 8 7 8 7 7 8 7 8 7 7 8 8 3T z ,z z z c z z x c z c z z gz z x c x

m

u
cos os= − + + − + −  

(41) 

Choosing u1 appropriately will lead to ( )7 8T z ,x 0 , with (c7, c8 > 0): 

( ) ( )( )( )( )2

1 1 3 7 7c 7 8 7 7 8 8u m / cos x cos x z x c z c z g c z= + + − + +  (42) 

( ) 2 2

7 8 7 7 8 8T z ,x c z c z= − −  (43) 

In the equation, z7, z8 ≠ 0. According to Lyapunov theory, the errors (z7, z8) converge 

to 0 and the system is stable. By using the same method, the controller is synthesized from 

the x and y directions, giving the following results: 

( )2

x 9 9c 9 10 9 9 10 10

1

m
u z x c z c z c z

u

 
= + + − + 
 

 
(44) 

( )2

y 11 11c 11 12 11 11 12 12

1

m
u z x c z c z c z

u

 
= + + − + 
 

 
(45) 

With: (c9, c10, c11, c12 >0) and 

( )x 1 5 1 5 3u sin x sin x cosx cosx sin x= +  (46) 

( )y 5 1 1 3 5u cosx sin x cosx cosx sin x= − +  (47) 

Besides: 

9 9c 9z x x= −  (48) 

10 10c 10z x x= −  (49) 

11 11c 11z x x= −  (50) 

12 12c 12z x x= −  (51) 

The reference parameters 9c 11cx ,x for the x and y position controllers are determined 

based on Equations (44) and (45). These reference parameters are calculated according to 

Equations (49) and Equations (51) as follows: 

10c 9c 9 9x x c z= −  (52) 

12c 11c 11 11x x c z= −  (53) 

3. RESULTS AND DISCUSSION 

The quadrotor trajectory control test was performed for a circular trajectory. The path 

started at a height of 5 meters above the ground, oscillated from 0 meters to 10 meters 

along the x-axis, 0 meters to 10 meters along the y-axis, and oscillated from 0 meters to 5 

meters along the z-axis. This trajectory was created to provide simultaneous control of the 

Quadrotor along the x, y, and z axes. 
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The goal of the control in this study is to track a circular trajectory accurately and stably. 

To do this, figure 2 shows the SIMULINK model of the quadrotor, including the position 

and attitude control blocks integrated into the control loop. This model allows to simulate 

and analyze the control performance of the quadrotor in real-world situations. The system 

was tested in two conditions: one in a disturbance-free environment and the other in a 

disturbance-containing environment. The disturbance was simulated from the effect of 

wind, with a speed of 1 m/s, to evaluate the resilience of the control system in real-world 

operating conditions. 

 

Figure 2. Simulink model used in simulation. 

3.1. System simulation without noise 

Figures 3, 4, 5 show the 2D, 3D trajectories, position, direction, control input and 

trajectory error without interference. This shows that the system tracks the set trajectory 

very well and is stable without interference. The trajectory tracking error is very small and 

the system operates stably. 

 

Figure 3. 2D and 3D circular orbits without interference. 
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Figure 4. Position and direction. 

 

Figure 5. Errors x, y, z and the angles Roll, Pitch, Yaw. 

3.2. System simulation with noise 

The perturbation used is wind with a velocity of 1 m/s in the x, y directions at time t 

= 5 s. The 2D and 3D plots in Figures 6 and 7, 8 illustrate the trajectories, positions, 

directions, control inputs and tracking errors when the perturbation is applied. From the 

plot data, it can be seen that the controller is operating with a significant error. The 

results show that the error rate decreases as the values vary linearly along the xy axis. 

The controller generates rapidly changing reference angle signals to prevent vibration 

and oscillation, depending on the specific environmental conditions in which the 

controller is operating. 
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Figure 6. 2D and 3D circular trajectories with noise. 

 

Figure 7. Position and Direction vs. Time [Noise at 5th second]. 

 

 

Figure 8. Errors of x, y, z and angles of Roll, Pitch, Yaw [There is noise at 5th second]. 
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4. CONCLUSIONS 

The Backstepping algorithm has determined the direction and attitude control laws of 

the proposed orbit tracking quadrotor to ensure Lyapunov stability. The control laws have 

been determined mathematically. The simulation results show that the proposed algorithm 

brings stable performance to the system. Although the system does not lose stability when 

there is a disturbance, there is a significant error. A possible solution is to use a sliding 

mode controller to eliminate the nonlinearity of the system. 
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 TÓM TẮT 

Điều khiển quadrotor ứng dụng giải thuật backstepping 

Bài báo trình bày ứng dụng của bộ điều khiển backstepping để bám theo quỹ đạo 

của quadrotor. Bộ điều khiển backstepping được thiết kế để thích nghi phù hợp với 

tính phi tuyến của hệ thống. Kết quả cho thấy bộ điều khiển đã đạt được khả năng 

dẫn quadrotor đến vị trí mục tiêu với lỗi nhỏ và duy trì sự ổn định khi theo dõi quỹ 

đạo đã được xác định trước. Hơn nữa, bộ điều khiển cũng thể hiện hiệu suất tốt 

trong việc bám quỹ đạo khi có sự tác động của nhiễu. 

Từ khóa: Điều khiển cuốn chiếu; Quỹ đạo bay; UAV; Quadrotor. 

 

 


