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ON THE STABILITY RADIUS
OF SWITCHED POSITIVE LINEAR SYSTEMS

Le Van Ngoc'”, Le Nhat Nam 2

Abstract: This article investigates the stability radius based on exponentially
stable of switched positive linear systems. A lower bound and upper bound for this
radius with respect to structured affine positive perturbations of the system's
parameters are established under the assumption that all its positive subsystems
have a common linear copositive Lyapunov functional. An example is provided for
illustrating the result.
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1. INTRODUCTION

A switched system is described by a family of subsystems and a rule that
controls the switching between them. In the mathematical setting, such a system
with time continuous can be described by a time-varying differential equation of
the form:

X(t) = f,, (X(1), >0, o€, L)

where F :={f (X): ke N}, N:={1, 2, ..., N}, is a given finite family of Lipschitz
continuous vector fields and £ is a set of switching signals o: [0, +o)—> N,

which are piece-wise constant right-side continuous functions with points of
discontinuity t,i=1,2,... (known as the switching instances) satisfying
1(o) =inf_(t,, —t)>0 . It implies that t; —>+c as i—+c and t has no
accumulated point in R. Switched systems have numerous applications in control
of mechanical systems, the automotive industry, air traffic and aircraft control,
switching power converters, and in many other fields. The books [8] and [15]

contain reports on various theoretical developments for switched systems as well
as their applications in some of these areas.

Perhaps the most important of these developments related to the stability/
stabilizability of switched systems in which several significant results have
been obtained over the last several decades (see e.g. the survey papers [9, 11]
and the references therein). One of the basic problems of stability analysis of
switched systems is to find conditions for stability/stabilizability under
arbitrary switching. There are several methods to investigate this problem such
as the Lyapunov function method, differential inclusions, linear matrix
inequalities (LMIs) and Lie algebra. In the case of switched linear systems in

K", which are of the form:
X(t) = A, (x(t), t=0, ceZ,
ApeA={A eK" keN}t>0, (2)

where, Ais a given family of n x n matrices with elements in K, K=Cor R. Itis
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well established (see [8]) that the zero solution of the system (2) is exponentially
stable for any switching signal if all subsystems:

%(t) = AX(t), t>0, keN 3)

have a common quadratic Lyapunov function (or QLF, for short) of the form
V (x) = Xx"Px or (see [2]) a common co-positive Lyapunov linear function of the form
V(X)=V'X.

In papers of Son-Ngoc (see [13]) and Thuan-Ngoc (see [14]), a stability radius
to estimate bound radii for switched linear systems and periodically switched linear
systems was introduced. The stability radii of the positive linear system by Son-
Hinrichsen (see [12]) has read radius, which is equal to the complex radius. While
the positive switched linear system, that is interested by many authors and given
conditions stable (see [2], [3], [4], [10], [16]) have not yet studied robust stability.

Alongside the mentioned above studies, the aspect of developing robustness
measures of stability for linear uncertain systems with state space description
has received as well significant attention in system and control theory during
the last decades.

The layout of the paper is as follows. In section 2, we introduce the notation and
review some preliminaries that are useful for the development of the result of this
paper. In Section 3, the notion of stability radius for the switched positive linear
system is introduced and some formula for estimating this radius are derived, by
using the solutions comparison principle. Finally, the conclusion is given in
Section 4.

2. PRELIMINARIES

We begin by recalling some notations and concepts which will be frequently
used later. R*™, R*™ denote the set of all n xm matrices with elements in R R ,

respectively. A matrix (in particular, a vector) A with entries in is nonnegative, and
if so we adopt the notation A>0. If, in addition, it has at least one positive entry, A
is positive (A>0), while if all its entries are positive it is strictly positive (A>0).
Given two matrices A and B, of the same size A>B, A>B and A>B are

synonymous of A—B >0,

A—-B>0 and A—B >0, respectively. For any matrix Ae R*", the spectral
radius and the spectral abscissa of A is denoted by p(A) = max{ |x|:keo(A)},
and n(A)=max{Rei: A ec(A)} , respectively, where
o(A)={zeC: det(zl,—A)=0} is the set of all eigenvalues of A. A matrix

Aec R is called Hurwitz (Schur) if and only if p( A) <0 (p( A) < 1),
respectively. A matrix Ac R™" is called a Metzler matrix if all off-diagonal
elements of A are nonnegative.

Let us recall some basic results from the robustness analysis for linear systems
to be used in the next sections. Consider a linear continuous-time system:
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x(t) = Ax(t); xe K"; t >0. 4)

Assume that the system (4) is Hurwitz stable that is u(A) <0 and is subjected
to structured affine perturbations of the form:

X(t) = (A+ DAE)x(t); xe K"; t >0, (5)

where AeK"™® is unknown disturbance matrix, De K™', EeK¥" are given

matrices defining the structure of perturbations. We have the well-known notion of
structured stability radius [5] which is defined, for K = R, as:

rc (AD;E) = inf{|A|:Ae K™, A+ DAE not Hurwitz stable}.
In particular, as has been shown in [12], if Ae R™" is a Hurwitz stable Metzler

matrix and D e B';E e B"", then the real and the complex structured stability

radii of the linear system (4) (which is then a positive system) coincide and can be
calculated as:

1
r.(AD,E) = r,(AD,E) :m. (6)
The following two theorems summarize some spectral properties of Metzler
matrices which will be used in that section (see [12]).
Theorem 2.1 (see [1]): Suppose that A R™" is a Metzler matrix. Then
(i) (Perron-Frobenius) p(A) is an eigenvalue of A and there exists a non-
negative eigenvector x =0 such that Ax=p(A)X .

(if) Givena e R, there exists a nonzero vector x>0s.t Ax>ax if and only if
w(A) > o

(i) (t1, — A)‘exists and is nonnegative if and only if t > p(A).
The following result is immediated from Theorem 2.1.

Theorem 2.2: Let Ac R™" be a Metzler matrix. Then the following statements are
equivalent:

(i) n(A)<0;
(i) Ap <Oforsome peR, p=0;
(iii) A is invertibleand A" <0.

3. LOWER BOUND OF STABILITY RADIUS OF SWITCHED POSITIVE
LINEAR SYSTEMS

Now, consider a continuous-time switched positive linear system in
[R*"described by (2). This ensures that if x(0) = x, belongs to the positive orthant

R, then any switching signal c X the system (2) admits a unique solution
X(t,%,0), =0 (see [2]).
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Definition 3.1 (see [4]): The switched linear system (2) is said to be positive if
X, =0 implies that x(t,x,,c)>0 forall t>0.

Definition 3.2 (see [2]): The switched positive linear system (2) is said to be
exponentially stable if there exist real constants C >0and >0 such that all the

solutions of (2) satisfy

[x(t, %o, o) < Ce™ ||, (7)

for every x, e R, t>0 an for all switching signal o X.

Lemma 3.1 (see [3]): The switched positive linear system (2) is positive if and
only if A, ke N isa Metzler matrix.

Lemma 3.2 (see [2]): Consider a switched linear positive systems described by
(2). If there exists ve R ,v >0 such that:
V'A <0, VkeN, (8)

then the positive switched linear system (2) is exponentially stable.

According to Lemma 2 in [13], we immediately have a lemma:
Lemma 3.3 (see [13]): Consider a switched positive linear systems described by
(2). If there exists p e R, p =0such that:

Ap <0, VkeN, ©)

then the switched positive linear system (2) is exponentially stable. Given
Theorem 2.2 (ii), the preceding result immediately implies.

Corollary 3.1 (see [13]): If there exists a Hurwitz stable Metzler matrix A, such that:
A <A, VkeN, (10)

then the switched positive linear system (2) is exponentially stable forany c e X.

We assume that the switched positive linear system (2) is exponentially stable
and the matrices A, ke N of positive subsystems (3) are subjected to affine

positive perturbations of the form:
A — A=A +DAE,keN, (12)
where D:={D,, D, e B**}, e :={E,, E, e "}, k € N are given matrices defining

the structure of the perturbations and A, € R*%, k e N are unknown disturbances.
Then the perturbed system is described by

X(t) = A X(t), 120, cex,
Ay e A={A +DAE, A, eR% keN}, t>0, (12)

An important question that arises in the robustness analysis of stability for the
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nominal system (2) subjected to parameter perturbations is how large perturbations
A, keN are allowable in the perturbed model (12), without destroying the

exponential stability of the system (w.r.t. arbitrary switching signals). To deal with
such a question, let us measure the size of perturbations

A= (AI’AZ""IAN) ERX% XIR&X% X_._R\lqu by

[l = max A (13)

keN

Definition 3.3: If the switched positive linear system (2) is exponentially stable
and is subjected to affine perturbations of the form (11). Then its structured
stability radius is defined as:

r (A, D,e)=inffJA|  :A=(ALA,,...,A))A eR*% keN,

. . (14)
Jo € X such that (12) is not exponentially stable}

where the norm |.| ~ of perturbations A is defined by (13). If
D,=E,=1,keN (the case of unstructured perturbations) then we put
e (A) =Ty (A 1,1).

It is well-known that if Ay e R™is a Hurwitz stable Metzler matrix then its

complex and real structured stability radii are equal and can be calculated by a
simple formula. Below we will use the Corollary 3.1 to get a more explicit formula

for computing a lower bound of the real stability radius r, (A, D, ) of the switched
positive linear systems (2).

Theorem 3.1: If the switched positive linear system (2) is exponentially stable and
IS subjected to affine perturbations of the form (11). Assume, moreover, that there

exist a Hurwitz stable Metzler matrix A, € R*" such that:

A <A, VkeN, (15)

then the real stability radius of the switched positive linear system (2) satisfies the
following estimation:

1 .
WS I’K (A, D,S)Sfﬂl&]{i’R(AﬂDk,Ek)}. (16)
I, JeN
where, for each ke N, r,(A,D E )= m is the structured stability
k k
radius of the subsystem (3). To prove the lower bound, or equivalently if
1
A .

i,jeN

then the perturbed system (12) is still exponentially stable with any ¢ € Z.

94 L. V. Ngoc, L. N. Nam, “On the stability radius of switched positive linear systems.”



Research

We claim that p(A, + DAE)<0,ieN.

Since A, is a Metzler matrix and D, A,,E are nonnegative for
any ieN, A+DAE is a Metzler matrix. We will show
that p, =p(A, + DAE) <0,ieN. Assume on the contrary thatp, >0. By using
the Perron Frobenius Theorem 2.1 (i), there exists x, € K, X, # 0 such that:

(A +DAE )% =p¥, e N,
By assumption, p(A,) <0. Thus (u,l,—A,) is invertible and this implies:
(!, —A) "DAEX, =X, ieN. (18)
Let i, be an index such that “Eioxo“:ql%x||Eixo||. It follows from (18) that
|E, %> 0. Multiply both sides of (18) from the left by E, to get:
E, (tol, —A) *DAEX =E %, i eN.

It follows that:

Since ||A|_ =|A;|, forall ie N, we have:

E, (o1, ~ A D[], [Ex 2 [Ex] i N

Thus,
max[E, (o1, ~ A)) D, [ |A], . [E, ] =€, x|
Equivalently,
max|E (ol ~ A) "D | 4], ZLi € N. (19

On the other hand, the resolvent identity gives:
(A) " = (ol = A) 7 = o (=AY (ol - A)
Since, p, >0,(-A)) " =0and (u,l,—A) " >0, we have:
E (-A)"D; >E(u,l,—A)"D;>0,forany i,jeN.

By monotonicity of an operator norm associated with a given pair of monotonic
vector norms, we have:

|EAD;|= Bl - A "Dy i, jeN. (20)
From (19) and (20), we get:
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max
i,jeN

EA™D,lA],,, 1

N 1
It implies that: |[A >

i,jeN

However, this conflicts with (17), which completes the proof.
Example 3.1: Consider the switched positive linear system (2) with N ={1, 2},
subjected to affine perturbations of the form (11), where

-103 0 0 1.01
A=l012 -104 0| D=| 0 [,E=(1.01 0.01 0.33);

0 2 -2 1.02

201 01 O 1.03
A,=| 002 -104 0 | D,=|001|,E,=(012 021 103).

0 102 -2 0

It is easy to verify that the Metzler matrices A,k =1, 2 are Hurwitz stable and
(15) holds for

~1.03 01 0
A =| 012 -1.04 0
0 2 =2

From Theorem 3.1, we obtain the following bound for the system’s structured
stability radius 0.8272<r; (A, D, &) <0.8333.

By Theorem 3.1, the preceding result immediately implies.

Corollary 3.2: Assume that matrices A e R*", k e N are all Hurwitz stable and
subjected to unstructured perturbations:

Ak—>A;:=Ak+Ak,keN. (21)
If there exists a Hurwitz stable Metzler matrix A, such that A, <A,, ke N and
A, € R, then the stability radius of the switched positive linear system (2) with
unstructured perturbations (21) is 1 (A) 2 r(Ay).
1 _ 1 _
EAD| A

Proof. We have r, (A)=r, (Al,1)= r(A).
+ ma’?l(
1,)eN

This completes the proof.
4. CONCLUSION

We have presented a new approach to study the robustness of exponential
stability switched positive linear systems, based on the concept of stability radius
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with respect to structured affine of the subsystem’s matrices. As the main
contributions, we obtain formulas to estimate this radius for different approaches
from the paper [13]. In the case of unstructured, the stability radius of positive
switched linear system Ay is just a lower bound.
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TOM TAT
BAN KINH ON PINH CUA HE CHUYEN MACH TUYEN TINH DUONG

Bai b&o nghién cizu ban kinh én dinh duwa trén 6n dinh mii cua hé chuyén
mach tuyén tinh dwong. Két qud chinh diwa ra la chdn diwedi va chan trén cua
ban kinh én dinh nhiéu dirong ¢é cdu tric affin véi gia thiét tat ca cac hé con
dwong c6 ham Lyapunov dong dwong tuyén tinh chung. Vi du dwa ra dé minh
hoa cho két qua dat dueoc.

Tir khéa: Hé chuyén mach tuyén tinh; Hé chuyén mach tuyén tinh dwong; On dinh viing.
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