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ABSTRACT

In contrast to managing a robot on a flat surface, controlling a balanced robot on a spherical
wheel on an inclined surface is more challenging since the robot travelling up and down a slope
has a higher chance of falling over. In this paper, the kinematic equation of the ball balancing
robot (ballbot) is built as the learning method according to a 2D mathematical model. The authors
use an adaptive-based hierarchical sliding mode control (AHSMC) based on Lyapunov theory to
handle the target of a system whose parameters are undefined or change over time. The proposed
sliding surfaces are demonstrated to be asymptotically stable and are validated through a
simulation model implemented in Simscape software. The simulation results of the closed control
design work correctly to control the motion of a ballbot when moving up the inclined surface.
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1. INTRODUCTION

A ballbot is a type of self-balancing robot designed based on the concept of an inverted
pendulum. Ballbots are designed with various drive mechanisms, such as using two slip rollers [1],
[2], or three omnidirectional wheels [3, 4], but generally, the movements of a ballbot rely on
altering the position of a sphere in all directions while maintaining the body of a ballbot balance
above the sphere. Thanks to the design of its drive mechanism, a ballbot moves using a single point
of contact with the ground, making it more agile than other types of autonomous robots. Some
notable strengths include its ability to perform complex movements (turning left, right, backwards,
etc.) in confined spaces and its capability to adjust its body angle to maintain balance even when
carrying objects or moving on an inclined surface.

The problem of controlling the motion of a ballbot on a plane has been extensively studied in
recent years. This includes simple controllers based on linearized models such as PID [2, 3], LOQR
[4], LMI [5], and more advanced nonlinear controllers such as sliding mode control (SMC) [6-9],
and hierarchical sliding mode control (HSMC) [10, 11]. However, these studies only consider the
motion of the ballbot on a horizontal plane, meaning the potential energy of the ball remains
constant and the balance point of the body is always aligned with the vertical axis. As mentioned
above, the ballbot’s agility and self-balancing capability on inclined surfaces are significant
advantages. Therefore, in some previous studies, authors have modelled the motion of ballbot on
slopes, and designed controllers such as 2-loop PID [12] and LQR [13]. However, these controllers
still rely on linearised models, which introduce certain errors in calculating control signals,
especially when the ballbot operates far from the working point used for linearization. Thus,
applying nonlinear control to solve this problem allows for directly constructing control signals
through the mathematical model, minimising linearization errors.

In this study, the authors propose using an HSMC with a Lyapunov-based adaptive rule to
maintain the position of ballbot and tilt angle convergence based on a single control signal. The
HSMC is the main controller to balance and track the ballbot. However, using the HSMC controller
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with a fixed sliding surface in all working states will not provide the highest quality. Therefore,
this paper used HSMC-based adaptive control to ensure that the ballbot is accurately positioned
and well-balanced, and that the tilt angle of a ballbot is estimated.

Moreover, the movement of a ballbot on a slope requires a more complex computational model
than on a plane. Previous studies have primarily focused on the design of controllers, which
prompted the authors to propose using Simscape to model the ballbot. Simscape will physically
simulate the interactions between components of the ballbot, and verify the correctness of the
model and the designed controller. Subsequently, the calculated torque signal from the AHSMC
controller is fed directly into the Simscape model to monitor the output responses.

The contributions of this work are two-fold: i) Implementing AHSMC to efficiently control the
movement of a ballbot on both uphill and downhill terrains while ensuring balance. ii) The
proposed sliding surfaces are asymptotically stable and validated through a simulation model
implemented in Simscape software.

2. PROBLEM FORMULATION
2.1. Modeling of the ballbot moving in an inclined plane

Figure 1. Ballbot architecture analysis.

The equation of motion of the ballbot moving in the inclined plane can be found by solving the
Euler-Lagrange equation:

doL oL
oL )
dtog oq
Where the Jacobian matrix of input force was calculated:
o¢
J=—-
2 )

Where (p:—[2+r—c}//+59, r,and r are the radius of the ball and omniwheel, respectively.
r
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The total kinetic and potential energy of the ball, body, and omni-wheel calculates in the
Lagrange equation:

L=T,+T,+T, -V, -V,
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Where y =— m, and m, are the total mass of the rigid system body-Omniwheel and the ball,
r.b

respectively.
Finally, the matrix of motion of the ballbot can be written:

M(a)d +C(q,9)g +G(q)=Jr (4)
Where,
m, m 0 2
M{ s H}C:{ Clz}' G{gl}’ mll:J_g+4J_§+J°£° AEE A
my, my 0 0 2 s Iy Iy Iy

J. J I
m, =m, =-2-%—=¢+4Im,cos(y +6), m,=mI*+J,+J, 2.

rc b rc
G, =—Im,Bsin(y +6), g, =gsin(y)(m, +m,), g, =—gim,sin(6)

Remark 1: Difference from the ballbot moving in the non-inclined plane, if the ballbot is stable
in the inclined plane, i.e. y = 0 the equilibrium point & and 7 do not equal 0, it can be determined
by solving the equation of motion (4) with ¢=0 va ¢ =0, yield.

Iy sin(y)(m, +m,) E gr, sin(y)(m, +m,)
Im,r.(2r, +r) 2r 4,

sin(0) = 5)

2.2. Ballbot adaptive control
2.2.1. HSMC-based balancing control
Our control objectives are designing position p tracks to the reference position p, and

ensuring the tilt angle @ converges to @ +6,. The tracking error of ball position and the angle
error of body are defined respectively as:

t
e =p-k[(p.-p(Ndr; e=0-0-6, 6)
0
Where k is a positive constant and taking the derivative of both errors yields:
&=p-k(p,-p); &=0-0,

We establish a pair of competent sliding mode surfaces for the ball and body subsystems s, and
s, with the positive parameters k,and k, respectively as:

(7)

s, =6 +ke, i=12 (8)
Then, the total sliding surface is defined as:
S= oc(é1 + klel) + ,B(é2 + kzez) 9)

Where o and g are the positive numbers. The derivative of the sliding surface is:

§ =a(TM(-Cq—G)+TM™Ju— p, +ké)

.. 10
+L(OM*(-Cq-G)+OMJu—-0. +k,8,) (10)
The control signal is the solution of
~(@I'M ™+ MU =a(TM*(-Cq—-G) - P, +ke,) 1)

+B(OM ™ (-Cq - G) -6, +k,8,) + s +nsign(s)
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whereI'=[1 0]and ® =[0 1]
Theorem 1. Consider the ballbot moving in the inclined plane, which is described in equation (4)
if the control drives it as the solution of the (11) with the positive chosen numbers k,,k,, 1,7,

then the sliding surface s, s, and s, are convergence to zero.
Proof: The Lyapunov candidate is chosen as:

= E S (12)

Thus, the derivative of Lyapunov V can be determined:
V=s8s=[a(TM*(-Cq—G)+TM "Ju - j, +kg)
.. 13
+AOM™(-Cq-G) +OM Ju -0, +k,6,) |s (13)
Substituting (10) to (12), we achieve:
V=-1s’—n|sl0 (14)
Then, based on Barbalat’s lemma and the control parameters «,f are chosen as positive
numbers, the Theorem is proven.
2.2.2. Adaptive plane inclination
Motivated by the control signal in (11) with the parameter » defined, the control signal for the
estimated parameter y can be defined by us as follows
(@l + fOYM Ju =a(TM(Cq +G) + p, —k&,) (15)
+ BOM(Cq+G)+0. —k,8,)— As—nsign(s)

Where I\7I,C and G are the values of the matrices M,C and G, respectively, with the
estimated parameter 7 of y. By defining 7 =7 —y , the adaptive rule of 7 is defined as follows

y‘=%{(—(ar+ﬂ®)M-1(cq+G)

+(al + O)M + M) (Cq +G)s(al + fO)M(aT + 4O)" (16)

+%sz(al“ + fOM(aT + $0)']

Where M=M—-M, C=C-C,and G =G —G.. Then, it leads to the following Theorem 2

Theorem 2. Consider the ballbot moving in the inclined plane described in equation (4) if the
ballbot is controlled by the control signal as the solution of (15) with the adaptive rule for plane
inclination (16), then the sliding surfaces s, s, and s, is convergence to zero and the error of the
estimated parameter is stable.
Proof. Consider the system (4), yields:
(oI + fO){ =—(al + SOIM 'Cq + (oI + SOM'G + (aI + FO)M "Ju (17)
Substituting (14) and (16), we achieve:
(al’ + pO){ = —(al + OYM 'Cq — (al + SOIM'G
+a(TM(Cq+G) + Pr —kg) (18)
+ BOM™(Cq+G) + 6, —k,8,)— As —7sign(s)

8 N. T. T. Hang, ..., N. T. Lam, “Adaptive-based hierarchical sliding ... on an inclined plane.”



Nghién ciru khoa hoc cong nghé

That means
(al + O){ =—(al + fO)M™ (?q +G) + (al + pOIM*(Cq +G) (19)
+a(p, —ke)+ B(6. —k,E,)—As —nsign(s)
Then, based on the definition of sliding surface (10), yields:
$+ s +75ign(s) = —(al + AO)M *(Cq + G) + (oI + SO)M +M) H(Cq +G) (20)
Lyapunov candidate is chosen as:

Y =lsz(ozr+ﬁ®)M(ozr+ﬁ®)T +i72 (21)
2 2ﬂ}/
Then, the derivative of the Lyapunov function is:
V =ss(al + fO)M(al + SO)" + %Sz(al“ + SOM(al + O)" + ﬂiw (22)
v

Based on equations (16) and (20), V can be expanded as:
V =[-4s-psign(s) - (aT + BOIM(C4 +G)

+(al + O)M + M) (Cq +é)]s(ar + fO)M(al + ﬁ'@)T
+ %SZ (al + BO)M(arl + O)" — [—(aF +fOM (Cq+G) (23)
—(aT + fO)M + M) “(Cq + G)s(aT + fO)M(aT + fO) |

—%Sz(al“+ SO)M(al + ﬂ@)ﬂ

That implies
V = (=As—nsign(s))s(al + fO)M(al + fO)" =>V =—1s? —n|s|<0 (24)
Thus, the theorem is proven based on Theorem 1 and the definition of the Lyapunov candidate (21).
3. RESULTS AND DISCUSSION

The authors used Matlab software to simulate the ballbot moving in the inclined plane with 15°.
System parameters were chosen: The mass of the body is m, =4.59kg, the mass of the ball is

m, =0.62kg, the mass of the Omni-wheel is m, =0.19kg, the radius of the ball is r, =0.12 m
the radius of the omni-wheel is r,=0.05m, the moment of inertial of the body is
J. =0.6075kg.m?, the moment of inertial of the ball is J, =0.004464kg.m?, the moment of

inertial of the omni-wheel is J_ = 2.375*10™ kg.mz, and the distance from the ball's CoM to the
body’s CoM is | =0.345 m.

Figures 2 and 3 depict the ballbot's performance when moving uphill and downhill on inclined
planes, respectively, with comparisons between Adaptive Hierarchical Sliding Mode Control
(AHSMC) and Hierarchical Sliding Mode Control (HSMC). Subplot (a) in each figure shows the
ball's trajectory, where AHSMC demonstrates faster convergence to the desired position, achieving
stability by approximately 8 seconds uphill and 6 seconds downhill. Subplot (b) displays the tilt
angle of the body, where both control methods effectively manage the incline, though AHSMC
provides smoother stabilization. Subplot (c) illustrates the torque input, with AHSMC showing
reduced control effort over time, highlighting its efficiency in stabilizing the ballbot under varying
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incline conditions. These results collectively underscore AHSMC's superior performance in
trajectory tracking, stability, and energy efficiency compared to HSMC.
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Figure 2. The ballbot moving uphill in a plane Figure 3. The ballbot moving downhill in a
inclination. plane inclination.

4. CONCLUSIONS

In this paper, the benefits of the adaptive hierarchical sliding mode controller (AHSMC) are
illustrated by stabilizing the trajectory of the ballbot, and keeping the ballbot balanced when it
travels both uphill and downhill. Additionally, AHSMC estimates the tilt angles of the inclined
plane without having to measure them in advance. But when a load of ballbot increases, instability
develops, and the ballbot could topple over. To get around this problem, the research team must
create an appropriate controller in the upcoming effort.
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TOM TAT
Piéu khién robot cin bang béng di chuyén trén mit phiang nghiéng

Piéu khién mét robot cdn bcing trén mot banh xe hinh cau chuyén dong trén mot bé mat
nghiéng khé hon diéu khién mét robot khdc trén mot bé mdt nam ngang do robot lén xuong
doc dé bi do hon. Trong bai bdo nay, phwong trinh ddng hoc ciia robot cdn bang béong
(Ballbot) duwoc xdy dung theo mo hinh toan hoc 2D. Cac tac gia sir dung bo diéu khién truot
phdan cap thich nghi (AHSMC) dwa trén Iy thuyét Lyapunov dé xir Iy hé thong co cac tham
$0 khong xac dinh hodc thay doi theo thoi gian. Cdc bé mdt truot dé xudt dwgc chirng minh
la on dinh tiém cgn va dwoc xac thyc thong qua mot mo hinh moé phong trién khai trong
phan mém Simscape. Két qua mé phéng cia thiét ké cho thay Ballbot hoat dong tot khi di
chuyén 1én bé mdt nghiéng.

Tir kho4: Ballbot; Diéu khién truot; Lyapunov; Diéu khién thich nghi; Simscape.
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