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ABSTRACT

The paper proposes an optimal Backstepping linear quadratic regulator (BLQR) and an
Adaptive extended disturbance observer (AEDO) to enhance control performance and
disturbance estimation in nonlinear, uncertain systems. The BLQR controller is employed to
handle nonlinearities and uncertainties while optimizing control quality, whereas the AEDO
effectively estimates and compensates for disturbances in missile control systems. The authors
demonstrate system stability based on Lyapunov stability theory and conduct simulations in
MatLab/Simulink. The simulation results validate the effectiveness of the proposed approach.

Keywords: Missile Control; Backstepping Control; Linear Quadratic Regulator (LQR); Adaptive Extended
Disturbance Observer (AEDO).

1. INTRODUCTION

The missile dynamics and the relative motion with respect to the target during motion are
described by nonlinear equations. These equations involve model uncertainties, external
disturbances, varying operating conditions, and target maneuvers. These factors directly impact
the missile trajectory, degrading control quality and reducing the accuracy of the guidance
process. Therefore, the study of advanced control methods to enhance missile guidance and
control performance remains a topic of great interest to researchers.

A modern approach to missile guidance and control design is the Integrated Guidance and Control
(IGC) system, in which the guidance and control subsystems are treated as a unified system. In [1], an
IGC model with uncertainties was developed to study control methods that drive the Line of Sight
(LOS) angular rate to zero under various conditions. Reference [2] utilizes an adaptive fuzzy system
to evaluate and compensate for parameter uncertainties in the IGC system. In [3], an observer-based
approach is used to estimate target maneuvering information and disturbances, combined with
Disturbance Observer and Sliding Mode Control (DSC) and Nonlinear Extended State Observer (N-
ESO) to enhance disturbance rejection. In [4], a Backstepping control scheme is proposed,
incorporating a reduced-order state observer and a Tracking Differentiator (TD) for control
optimization. Additionally, several other studies have introduced advanced IGC control methods to
improve interception performance. In [5], a novel Sliding Mode Control (SMC) algorithm is designed
to enhance accuracy and disturbance rejection in IGC systems. In [6], a SMC approach integrated
with an Extended Disturbance Observer (EDO) is developed to intercept highly maneuvering targets.
Moreover, reference [7] introduces a nonlinear guidance strategy incorporating a virtual line-of-sight
constraint, aiming to optimize the interception trajectory in complex scenarios. In [8], an impact angle
constrained guidance law is proposed using a fully-actuated system approach, providing precise
terminal attack angle control which is critical in modern missile engagements. Reference [9] explores
an optimization-based predictive control framework for integrated missile guidance and control,
demonstrating improved performance in handling constraints and uncertainties. Furthermore, studies
such as [10] and [11] present significant advancements in adaptive Backstepping control and
Extended State Observer (ESO) design, particularly for aerial systems like quadcopters.
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However, most existing studies still have certain limitations. Specifically, the parameters of
the Backstepping controller are typically fixed throughout the missile guidance process,
reducing performance when operating conditions change significantly. Similarly, the ESO
employs constant gains, leading to estimation errors when real-world conditions vary.
Therefore, the research and development of an optimized parameter Backstepping control
method (BLQR — Backstepping Linear Quadratic Regulator) combined with an Adaptive
Extended Disturbance Observer (AEDO) based on system state variables is a promising
direction. This approach not only enhances control effectiveness but also improves disturbance
compensation and robustness against uncertainties. Optimizing the 1GC system will contribute
to improved guidance accuracy, optimized missile trajectories, and reduced interception time.

2. THE PROPOSED SOLUTION

2.1. Problem formulation

The mathematical model describing the motion of the missile and the target in the vertical
plane is illustrated in figure 1, here OXY represents the inertial Cartesian reference frame, and M
and T represent the quantities of the missile and the target, respectively.

In the model, x, y= and xr, yr - Correspond to the current positions of the missile and the target,
respectively; Vi, 6, an are the velocity, flight path angle, and normal acceleration of the missile,
respectively; V5, 61, ar are the velocity, flight path angle and normal acceleration of the target,
respectively; R - The relative distance between the target and missile; g - The line of sight (LOS)
angle; Omx, - The missile’s body-fixed longitudinal axis; 9 - Represents the missile pitch angle.

The missile dynamics in the vertical plane are illustrated in figure 2 [5], where the notations
are defined as follows: « is the angle of attack; My, Xaero, Yaero are the gravitational force,
aerodynamic drag, and aerodynamic lift of the missile, respectively.

missile

0 Xm X7

Figure 1. Relative motion of the missile and the Figure 2. Missile dynamics
target in the vertical plane. in the vertical plane.

According to figures 1 and 2, the relative positions are defined as follows [1]:

R=V; cos(6, —q)-V, cos(8, —q)

R4 =V;sin(6; —q)-V,sin(6, —q) (1)
. a 5 a

6 =1 g =%

T VT M VM

By applying an appropriate variable coordinate transformation to the system (1), we obtain:
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)
Based on the assumption that &, =4,, =0, equation (2) is simplified as follows:
. 2R. a,cos(q—-6. ) a,cos(q-8
qz_q+ T ( T)_ M ( M) (3)
R R R
The missile dynamics in the pitch plane are expressed as follows [1]:
a= —Psina-Y“a+mgcosf,, |+ w
-~ ( gcosd, )+ o,
J,o,=Mra+M; 0, + M5, 4)
$=w,; a=9-6,
By transforming equation (4) under the assumption of a small « angle:
a P +57,3QSc!
4o P*Y" . gcosG, Q v g 9C080y | )

mv,, V,, ’ mv,, V,, ’

Considering the system uncertainties and combining equations (3) and (4), the integrated
guidance and control (IGC) equations for the missile are formulated as follows:

. 2R . gcos(q—0 57,3QSc;
0 :[_Fq +Wcos¢9M J—(Tycos(q -0, )J a+d,

P +57,3QSc!
a=|- R ya+gcoseM +w,+d, (6)
mv,, Vy

a 2 @, 51
5, = 57,3QsIm;  QsI’m; 0 , 57,30sIm; urd,
J IV, J

z z

Where u =, is the control input signal.

The system uncertainties are represented as:

d, =2 g, o5 0, =)

The first equation of (6) represents the guidance law, where the uncertainty factor d; is
primarily due to the target's maneuverability, characterized by the target’s normal acceleration ar
and flight path angle 6r. The next two equations describe the control law: the second equation
represents the angle of attack, with the uncertainty factor d> mainly caused by variations in the
derivative of the aerodynamic lift coefficient. The third equation determines the pitch angle rate,
where the dominant uncertainty factors ds; are the derivatives of the aerodynamic moment
coefficients, as well as the shifts in the center of mass and air density disturbances.

Define the state variables as follows: x, =q,X, =a,X; =®,,u =3,, The system of equations (4)
is rewritten as follows:
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Xi = fl(xl) + gl(xl)XZ + d1
X, = T,(X, %)+ 0,(X, %)%, +d, (7)
Xy = T3 (X, %, X5) + 95(X, X5, X )u +d,

Where:
2R . gcos(q-6
fl(xl)z_Fq_,_wcosﬁM _57,3Qscy g T cos(q—6;)
0,() =—— —cos(q-0) |G=""p—"
P +57,3QSc; g cosé,
f (%) =- ~o+ . 9,(%,%,) =1 d, :dz(cy)
™ ¥ 57,3QSIm? d, = d,( )
, m z — md m(uz
a NG X X)) = — ———2 3 3\t 5 T,
f3()(3):57,3QS|m2 , . asr'm; 0 9 (X0 X, %) 3
‘]z ‘]zVM

2.2. Controller Design
2.2.1. Backstepping controller design

To synthesize the control law for the model (7), the Backstepping technique is utilized. The
controller design task is carried out as follows:

Step 1: Define the control error: e = x, —x,, , Lyapunov function V, = %ef

Take the derivative of V; with respect to time: V, =e ¢ =¢ (f, +g,%, +d, — %)

To ensure stability, choose the desired virtual control:
1 ;
Xoq = _(_k181 X4 — f1 - dl) (8)
0
Then, V, =—ke? <0 if constant k, >0
Step 2: Define the control error e, = x, —X,, , Lyapunov function V, =V, +%e22

Take the derivative of V. with respect to time: V, =V, +e,6, =—ke” +¢,(f, + g, %, +d, — X,,)

To ensure stability, choose the desired virtual control:

1 .
Xq :g_(_kzez +Xoq — f2 _dz) 9)

2

Then, V, =—ke” —k,e? <0 if constant k,, k, >0.
Step 3: Define the control error e, = x, — X, , Lyapunov function V, =V, +%e§

Take the derivative of Vs with respect to time:
vs :vz +656, :_k1e12 - kzezz +&;(f; + gou+d; — %)

Choose the control input u to eliminate undesirable components.

1 ,
u =E(—k3e3 + X — f,—dy) (10)
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Then V, =—k.& —k,e5 —k,e2 <0. Thus, the system will be globally asymptotically stable
according to the Lyapunov criterion when the constants k,, k,, k; > 0.

2.2.2. Design of the AEDO

The ESO plays a crucial role in enhancing the control quality of the missile during target
engagement. This observer enables the estimation and compensation of disturbances, ensuring
the system operates stably and accurately even under perturbations. In this paper, an AEDO is
employed to estimate the disturbance and uncertainty components d,, d,, d, present in the
system equations (7).

With the known model information, the ESO for the guidance loop is designed as follows [4]:

{?1:_ﬂlpl_ﬂlle_ﬁl(fl—i_ngZ) (11)

d1 =p+AX%, B>0

with d, is an estimate of d;.

Similarly, the ESO for the control loop is designed as follows. [4]:

{E’z:_ﬂzpz_ﬂzzxz_ﬂz(fz‘*‘gzxs) (12)
d,=p,+8%, p>0
{5)3:—,83p3—ﬂ32X3—,83(f3+gau) (13)
d;=p;+ 5%, B,>0

Where, d,, d, represents the estimation of d,, d., .

The coefficients £; are tuning parameters that influence the convergence rate and estimation
quality of the observer. In the ESO observers (11), (12), and (13), the coefficients g; are fixed
values. When the system undergoes changes and is affected by various uncertainties and
disturbances, keeping the coefficients §; fixed may reduce the accuracy of state and disturbance
estimation. To address this issue, we propose an AEDO, where the coefficients £5; are adjusted
dynamically based on the error between the estimated state p; and the actual state x;.

ﬂai::Bi"'Ailxi_pil (14)

The AEDO with the adaptive parameter S.; adjusted based on the error between the estimated
and actual states |x; - pil, enables the observer to dynamically respond to estimation errors. In
this, the observer reacts quickly to large error variations, while B decreases when the error is
small, preventing the amplification of measurement noise and improving stability. The adaptive
adjustment of S.; enhances the convergence capability of the observer under rapidly changing
conditions or strong disturbances. If A; is appropriately chosen, the observer remains stable and
converges to accurate values within a short period. By choosing suitable initial values for §; and
the adaptive gain A;, and continuously updating SB. in real-time, the observer can achieve high
accuracy and strong adaptability to dynamic disturbance environments.

And the ESO (11), (12), (13) become AEDO observers of the following form:

{?1 = _:Hal P - ﬂazlxl - ﬂal( f1 + ngZ) (15)
d1: Py + Par X ﬁa1>o
{E’z :_ﬂaz P, _ﬂzfzxz _ﬂaz(fz +92X3) (16)
d, =P, + BuX  Be>0
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(17)

dy=P;+ BusXs,  Pa>0
2.2.3. Design of the optimal backstepping controller (BLQR)

In the control expressions (8), (9), and (10), the initial control gains k; are computed as fixed
values to ensure system stability. However, during the control process, time-varying
uncertainties and disturbances may degrade control accuracy. Using the LQR controller to
modify and optimize the tuning parameters ki, k2, ks in the expressions (8), (9), and (10) instead
of manual selection to achieve the highest control performance with the objective of reducing the
missile interception time. This optimization ensures maximum control performance, with the
primary objective of reducing missile interception time. The combination of Backstepping
control and LQR results in a robust controller that ensures Lyapunov stability while
simultaneously optimizing the missile trajectory and enhancing control energy efficiency.

Express the system of equations (6) in the following state-space form:
Xx=Ax+Bu (18)
In this formulation, the components that do not contain the control variable u in equation (18)
are incorporated into the state matrix A, while the coefficients related to u are placed in the

control matrix B. The matrices A and B represent the linearized dynamic model of the nonlinear
system, and has the following form:

{ps = _ﬂas P, —,3:3X3 _ﬂas( f3 + g3u)

2R r .
-5 9 0
R 0
P +57,3QSc;
A= -— 1 , B= 0 (19)
mv,, s
s 57,3QSIm;*
0 57,3QSIm; 57,3QSIm;* —
JZ JZ - ‘ i

The LQR method computes the matrix P from the continuous-time algebraic Riccati equation:
AP +PA-PBR'B'P+Q=0

Where: P is a positive definite symmetric matrix, Q is a non-negative definite state weight
matrix, R is an input weight matrix, a non-degenerate square matrix. Matrix Q determines the
priority level of minimizing state errors xi1, x», x3, matrix R places weight on the control signal to
avoid abrupt control. After determining the matrix P, the optimal values of k,, k,, k, can be

computed using the LQR method as follows:

The values ki, k,, k, optimized by the LQR algorithm will serve as the control parameters for

the Backstepping controller. This approach generates the control signal u to adjust the system
along an optimal trajectory, minimizing the missile interception time.

When using the LQR method, it is necessary to solve an optimization problem to determine
the control signal u such that the following cost function is minimized:

J =]2(XTQx+uT Ru)dt (21)
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3. EXPERIMENT AND DISCUSSION

3.1. Simulation data

To evaluate the performance of the designed controller for the IGC model, numerical
simulations are conducted for two scenarios: a target with a constant velocity and a maneuvering
target with varying acceleration. A guided missile with assumed parameters is considered for the
analysis [4]: The initial relative distance between the missile and the target is Ro = 10 km; The
initial LOS angle is qo = 30°% The constant velocity for missile is assumed to be Vi = 500 m/s;
The initial state angles of the missile are «,(0) =0, 5,(0) =0; The initial flight path angle of the

missile is 6, (0) =45°; The constant velocity for target is assumed to be 250 m/s Vr = 250 m/s;

The initial flight path angle of the target is &, (0) =120°.
The missile model parameters are as follows:

57,3Qsc? @
+ =0,3487 m =-17,801; =-0,2741:
m

m z z™m z

The actuator dynamics is approximated as a first-order lag system with a time constant of
0.01s and a control limit of |5, | < 20°.

The initial design coefficients for the proposed IGC law are as follows:
k,=0,4;k,=4;k,=12; g =5, p,=10, f,=20rad /s

However, the control parameters ki, k2, ks are optimized by the LQR algorithm in the BLQR
controller, Meanwhile, the observer parameters (1, B2, B3 are determined using the adaptive
algorithm in the AEDO. We conduct simulations and evaluations in the case of a maneuvering

target with acceleration a, =15sin(0,25t)(m/s?), the missile's aerodynamic coefficients vary by
+25%, and the typical external disturbances are d, =0,5sint and d, =0, 2sint.

Qsl’m" 57,3QsIm’:

=-31,267

3.2. Simulation results and analysis

The simulation results are presented in the figures 3 — 8. The simulation results in the
guidance loop include the missile and target trajectories (figure 3); the distance between the
missile and the target; the LOS angular rate; and the missile acceleration when using the optimal
Backstepping controller with the AEDOQ, as presented in figure 4.
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Figure 3. Missile and target trajectories Figure 4. The simulation results in the guidance

when combining the optimal Backstepping loop when using the optimal Backstepping control
controller with the AEDO. combined with the AEDO.
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The simulation results of the missile states in the control loop when using the optimal
Backstepping controller with the AEDO are presented in figures 5 — 6.
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Figure 5. System states in the control loop. Figure 6. Missile and target trajectory
parameters.

The disturbance estimation results using the ESO and the AEDO are presented in figures 7 - 8:
di Iand dW-EESO (ra‘d/s"Z) . d1 apd m-A‘EDO (r?d/s“Z)l

0.5 T T T 05 T T
d1 d1
— — —d1-ESO — — —d1-AEDO
0 0 nl
| 05 |

05 | | |
d2 and d2-ESO (rad/s)

d2 and d2-AEDO (rad/s)
T T T T

d2
= = =d2-AEDO

d3 and d3-ESO (rad/s) d3 and d3-AEDO (rad/s)
T T T T

d3
= = =d3-AEDO

-0.2E I i i I i i
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

Time (seconds) . . Time (seconds) .
Figure 7. Disturbance and estimated Figure 8. Dlsturbgnce and estimated
disturbance using the ESO. disturbance using the AEDO.
Discussion:

Figure 3 illustrates the missile interception trajectories for two cases: using the optimal
Backstepping controller combined with the AEDO and using the conventional Backstepping
controller with the ESO. In the proposed approach, the missile trajectory remains smooth without
sudden changes, achieving a smaller sliding deviation. Additionally, the engagement time
(T,=20.28 s) is shorter compared to the conventional method (71=20.56 s).

The LOS angular rate exhibits variations in the final phase; however, it still converges toward
zero (figure 4). The angle of attack a changes while remaining within the permissible range
(figure 5). The missile trajectory angle adjusts correspondingly to the target's motion trajectory.

The AEDO features self-tuning parameters, the estimated disturbance values closely track the
actual values, even at points with significant fluctuations. The adaptive observer improves
estimation accuracy and minimizes deviations compared to the conventional extended method,
especially in the presence of strong and rapidly varying disturbances.
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4. CONCLUSIONS

The paper presents a control law design method for integrated missile guidance and control
based on the optimal Backstepping control method and an AEDO. The control law is synthesized
using the Backstepping approach, ensuring the global stability of the system. By integrating the
LQR technique with the AEDO, the method achieves more accurate disturbance estimation and
effective disturbance compensation. As a result, the system's performance is enhanced, which
leads to reduced tracking errors and a shorter time for the missile to reach the target. Simulation
results and analysis confirm the validity of the proposed method in reducing response time and
improving accuracy when intercepting maneuvering targets.
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TOM TAT
Téng hop bj diéu khién Backstepping tbi wu v6i bd quan siat mé rong thich nghi
cho hé thong diéu khién tén lira

Bai bdo trinh bay thiét ké diéu khién Backstepping 161 uu (BLOR) va bg quan sat nhiéu
mo rong thich nghi (AEDO) nham cdi thién chat lrong diéu khién va kha nang woc luong
nhiéu trong cdac hé thong phi tuyen bdt dinh. Bé diéu khién BLQOR dwoc sur dung aé xir Iy
cdc yéu té phi tuyén, bat dinh va téi wu héa chat luwong diéu khién, trong khi bo quan sat
AEDO giup uoc luong va bu nhiéu hiéu qud trong hé thong diéu khién tén lira. Cdc tac gia
chirng minh tinh 6n dinh ciia hé thong diwa trén Iy thuyét on dinh Lyapunov va thuc hién
cac mo phong trén MatLab/Simulink. Cdc két qua mé phong da khang dinh tinh ding ddin
cia phwong phdp dé xudt.

Tir khoa: Diéu khién tén lira; Diéu khién Backstepping; LQR; B6 quan sat nhidu mé rong thich nghi.
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