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ABSTRACT  

In this article, a reinforcement learning (RL)-based sliding mode control (SMC) is proposed 
for trajectory tracking of a quadrotor unmanned aerial vehicle (QUAV) under external 
disturbances. First, an actor-critic RL framework sliding mode control is provided to tackle the 
optimal control problem without external disturbances. Secondly, the simulation in an 
environment with disturbances is carried out to show the robustness of the proposed controller. 
Theoretical analysis shows that the position and attitude tracking errors converge to a preset 
region, and the weight estimation errors of the actor-critic networks are uniformly ultimately 
bounded (UUB). Finally, a comparison of the numerical simulations between the proposed 
controller and traditional sliding mode controller and the Backstepping (BSP) technique is 
provided to indicate the advantages and improved performance of the RL-based SMC. 

Keywords: Reinforcement learning; Sliding mode control; Optimal control; Actor/critic structure; Quadrotor unmanned 
aerial vehicle (QUAV). 

1. INTRODUCTION  

Unmanned aerial vehicles (UAVs) have recently garnered significant interest and attention due 
to their extensive applications in logistics delivery, environmental monitoring, and various civil 
and military uses [1]. Quadrotor UAVs, in particular, are popular among users because of their 
simple structure, flexible flight capabilities, strong environmental adaptability, high 
maneuverability, and numerous other advantages [2]. Compared to other UAVs, quadrotor UAVs 
excel in vertical takeoff and landing.  

However, designing a control scheme for a quadrotor UAV under external disturbances is 
challenging. The system's nonlinearity and strong coupling characteristics further complicate 
achieving high-precision control. Various control schemes, such as adaptive control, sliding mode 
control (SMC), and robust control, have been developed to address control issues involving 
disturbances and uncertainties [3]. Among these, SMC offers a faster response [4]. It is important 
to note that the energy resources UAVs consume are valuable and limited. Thus, designing a high-
precision control scheme for a UAV that balances control performance and control cost is crucial.  

From a mathematical perspective, establishing the Hamilton–Jacobi–Bellman (HJB) function and 
its solution is essential for solving optimal control problems [5]. However, deriving an analytical 
solution from the HJB function is challenging due to the non-linear continuous-time systems [6]. 
To address this, Werbos [7] initially developed a reinforcement learning (RL) scheme with an 
actor-critic (AC) structure. In this scheme, a critic network approximates the value function, while 
an actor network determines the optimal control policy. Building on Werbos' work, Vamvoudakis 
et al. created an online AC algorithm to solve the continuous-time infinite horizon optimal control 
problem [8]. Ma et al. developed a learning-based adaptive sliding mode control scheme for a 
tethered space robot with limited inputs [9]. Given the unknown disturbances, accurately 
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determining the system dynamics for UAVs is practically difficult, limiting the methods' 
applicability. Thus, enhancing the robustness of these methods for practical systems with unknown 
disturbances remains a further challenge.  

Motivated by these considerations, a novel RL-based tracking controller for quadrotors that 
accounts for external disturbances is being investigated. The main contributions and features of 
the proposed method can be summarized as follows: 

- An online RL-based, nearly optimal controller is developed by combining the actor-critic 
(AC) structure with the hyperbolic tangent performance index. Additionally, the robustness of the 
learning-based controller is enhanced by integrating a super-twisting-like sliding mode control. 

- Comparative numerical simulations demonstrate that the proposed method can enhance 
performance in terms of transient response and steady-state accuracy while requiring less 
control effort. 

2. PROBLEM 

2.1. Dynamic models and problem statement 

2.1.1. Dynamic model 

The Quad-rotor UAV is considered under two reference frames. The body-fixed reference 

frame is denoted by  , , ,= b b b bO x y zΒ , and  , , ,= e e e eO x y zE  is the earth-fixed reference frame. 

In Β  frame,  , ,=
T

x y zP  is the position vector, and  , ,  =
T

Θ is Euler angles attitude vector 

(where   is roll angle,   is pitch angle, and   is yaw angles). The linear velocity vector of the 

QUAV in the earth-fixed frame and the angular velocity vector of QUAV in the body-fixed frame 

are denoted as , , =  
T

x y zv v vV  and , ,     =  
T

ω . The position and attitude dynamics of 

UAVs are considered as follows: 

3

 =


= − − +m mg

P V

V RF KV E d
 (1) 

( )

 =


= −  + − − + Θ Θ Θ

Θ Tω

Iω ω Iω F G K Θ d
 (2) 

where R  is the kinematic rotation matrix,  0,0,=
T

muF  is the force vector in B  frame. 

( )diag , ,= x y zk k kK  is the aerodynamic matrix, m  is the mass of the QUAV, 
3E  is the unit vector 

defined as  3 0,0,1=
T

E , and , , =  
T

x y zd d dd  is the disturbance vector. T  is the attitude 

kinematic transformation matrix, ( )diag , ,= x y zI I II  is the inertia matrix, , ,  
 =  

T

u u uΘF  is the 

attitude control torque vector. ( )
4

3

1

( 1)
=

 
= −  
 
 i

i i

i

w IG ω E  is the gyroscopic torque vector,

( )diag , ,  = k k kΘK  is the attitude aerodynamic matrix. , ,  
 =  

T

d d dΘd  is the attitude 

disturbance vector. The kinematic rotation matrix R  and the attitude kinematic transformation 
matrix are defined as: 

c s c s

s s

           

           

    

 − +
 

= + − 
 − 

c c s s c c s s

s c s s c c s c c s

s c s c c

R  (3) 
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0

0 sec sec
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 
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 

 
 

= − 
 
 

s c

c s

s c

T  (4) 

Let ( )3 /= − − g mf KV E , (1) can be written as [10]: 

/ /

 =


= − + m m

P V

V RF f d
 (5) 

Let ( )( )1 1− −

 = −  − − Θf T I ω Iω G K Θ , equation (2) can be written as [10]: 

1 1 1 1− − − −



 =


= + + Θ Θ

Θ Ω

Ω f T I F T I d
 (6) 

where , ,   =  

T

Ω  is the angular velocity vector of QUAV in the body-fixed frame. 

Assumption 1: UAV can be considered a rigid body in flight missions, and its rotation is limited 

as / 2 / 2  −   , / 2 / 2  −   ,   −   . 

Assumption 2: The desired reference  , ,=
T

d d d dx y zP ,  d
, its first and second derivations 

dP ,  d
, 

dP ,  d
 are known and bounded. They are available signals in the UAV control. 

Remark 1: In fact, the rotational velocities , 1,4 =i i  of four rotors are the direct control input 

of QUAV. The relationship between both total thrust 
mu  and control toque , ,  u u u : 

( ) ( )

( ) ( )

2 2 2 2 2 2

1 2 3 4 2 4

2 2 2 2 2 2

1 3 1 2 3 4

;

;



 

= + + + = −

= − + = − + −

m t t

t d

u k w w w w u k l w w

u k l w w u k w w w w
 (7) 

where 
tk , 

dk , and 
iw  are the thrust factor, drag factor, and rotational velocity of the thi rotor, 

respectively, l  is the distance from the rotors to the mass center. 

2.1.2. Preliminaries 

Lemma 1 [11]. Considering a nonlinear function ( ) ( )2ln 1 tanh = − f x x , the equation: 

( ) ( ) ( )ln 4 2 sign= − + ff x x x k  always holds, fk  is bounded by a real positive constant. 

Lemma 2 [12]. For any 0  , the following inequality holds 0 tanh 


 
 −  

 

x
x x k . Where 

k  satisfies 1− += kk e . 

2.2. Optimized UAV position control 

In this subsection, the position control problem will be tackled with the RL algorithm, the 

attitude loop will be carried out by the sliding mode controller. For simplicity, the (5) can be 

rewritten as: 

 0 0

 =


= − +
T

g

P V

V U
 (8) 

with  1 2 3 /= =
T

U U U mU RF . The relationship between U and F is: 
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1

2

3

(c s c ) /

(c s ) /

(c ) /

    

    

 

= +

= −

=

m

m

m

U s s u m

U s s c u m

U c u m

 (9) 

Therefore, the control signal 
mu  can be solved as: 

2 2 2

1 2 3= + +mu m U U U  (10) 

with the desired position trajectory ( ) ( ) ( ) ( ),  ,   = 
T

re re re ret x t y t z tP , the tracking error can be 

obtained as ( ) ( )1 = −p ret te P P , and ( ) ( )2 = −p ret te V P , which yields: 

1 2( ) ( );=p pt te e   2 ( ) 0 0 ( ) /= − − +
T

p ret g t me U P d  (11) 

The sliding variable s  is defined as: 

2 1.= +p ps e c e   

where c  is a positive diagonal matrix. 

 2. ( ) 0 0 ( ) /= − − + +
T

p ret g t ms c e P U d  (12) 

The conventional super-twisting controller is designed as follows: 

 ( ) ( )( )2 1. 0 0 ( ) sig= − − − + −
T

p re dg tU ce P s u   (13) 

where 
1/2

sig( ) sign( ) ; =
 i iC s ss ( )2 sign= −   d iC su . With the super-twisting sliding mode 

controller, the chattering phenomenon happening in traditional SMC can be attenuated thanks to 

the 2 continuous and smooth terms sig( )s  and ( )2 sign= −   d iC s dtu instead of function 

( )isign s  that can discontinuously change [17]. However, the cost index cannot be optimized, to 

tackle this problem, a RL-based controller is provided to improve the performance, assuming there 
is a family of admissible control inputs: 

( )0 1 sig ;  = − + dU u s u  (14) 

Consider the following cost function: 

( ) ( ) ( ) 0  


= +    s
t

V s V J du  (15) 

where = T

sV s Qs with Q  is a positive diagonal matrix, ( )0J u  is specified as: 

( )
0 1

0 1
0

1

2 tanh


−



  
 =  
   



T

J d
u υ

u ω υ  (16) 

where ω  is a positive diagonal matrix, the Lyapunov function of (15) is evaluated as: 

( ) ( )0 0+   + = 
T

s sV t J t Vu s  (17) 

Therefore, the corresponding HJB equation can be formulated as: 

( ) 
0

*

0min 0+ + =T

s sV J V
u

u s  (18) 

the 
0u  that minimizes the cost function is the solution of the following equation: 
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( )* *

0*

0

0


 + + =
 

T

s sV J Vu s
u

 (19) 

Solving (21) yields: 

( )* * * 1 *

0 1 0 0

1

1
tanh ,

2




−= − =  sVu u u ω  (20) 

Substituting *

0u  into (16), the following equation can be obtained: 

( ) ( )* * * 2 2 *

0 3 0 1 0ln tanh  = − + −
 

T

s cJ Vu I u ω 1 u  (21) 

From (19) and (21), it can be derived that: 

( )* 2 2 *

1 0ln tanh 0  + + − =
 

T

s s cV V s ω 1 u  (22) 

Nevertheless, it is impossible to obtain the analytical solutions of the HJB equations in (22), 
which are nonlinear partial differential equations. Based on the fine approximation ability of NN, 
two RL-based control policies will be proposed to deal with this intractable problem. The 
following approximation of *

sV can be established 

( ) ( ) ( )* * =   +     
TV t ts W σ s s  (23) 

where ( )  tσ s are the basis function vectors and *
W  denotes the optimal weight vector, ( )   ts  

represent the approximation errors. Subsequently, the gradient of ( )*V s  is 

( )( ) ( )* *  =    +     
T

s s sV t tσ s W s  (24) 

where / , /  =    =  s sσ σ s s . In light of the universal approximation property of NN for smooth 

functions on prescribed compact sets, the approximation errors ( )   ts  and ( )   ts  are bounded 

with a finite dimension of ( )  tσ s . Moreover, it is assumed that *|| ||W , ( )  tσ s  and ( )   tσ s  are 

bounded. Recalling (20), the NN-based nearly optimal control law can be formulated as: 

( ) 

( )

* 1

0 3 1

* 1 *

0 1 3

1

ˆ

1ˆ tanh
2



 


−

−

 = − −

  

= −  +  
 

d

T T

s s

sigU U I s u

U ω I σ W

 (25) 

Defining the Bellman error as: 

( ) ( ) 2 2 * 2 *

1 0 0

ˆ
ln tanh ln tanh   = − − −
    

e c cB ω 1 U 1 U  (26) 

with * 1 *

0 3

1

1ˆ

2

−= T T

sU ω I σ W , (19) can be rewritten as: 

( ) ( )* 2 2 *

1 0

ˆ
ln tanh 0  +  + − + =
  

T

s s c HV σ W Γ ω 1 U  (27) 

where *

2 = + + T

H s sB DΓ W σ  is the bounded HJB error. In this paper, the optimal weight 

W∗ is generated by the online RL scheme with the AC structure. In this context, the nearly optimal 
control policy is formulated as: 

( ) 

( )

* 1

3 1

* * * 1

1 3

1

ˆ

1ˆ ˆˆ ˆtanh ,
2






−

−

 = − −



= − = 


a d

T T

a a a s a

sigU U I s u

U U U ω I σ W

 (28) 

where ˆ
aW  is the weight of the actor network. Moreover, the performance index (15) can be 
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estimated as: ( )ˆ ˆ=   
T

s c sV tW σ s . Where ˆ
cW  is the weight of the critic network. The adaptation laws 

for ˆ
cW  and ˆ

aW  are designed as: 

( ) ( ) 

( )

*

1

1
2 3

ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

 = − + + + −
 

 
= − − −  

 

T

c c s a c c a

Ta
a a a c s c

c

A V J p

p
A p

p

W θ θ W U W W

W W W σ I Ψθ W

  (29) 

where ( )*

3
ˆ=  +s aθ σ Γ I U , ( )

2

/ 1= +T
θ θ θ θ , ( )

*
*

ˆ
ˆ

tanh tanh


 
  = −
 
 

a
a

U
U , 

cp , 
ap , k  > 0, 

1A , 

2A  are positive diagonal matrices. Assuming ( )1 / 1= +T
θ θ θ θ  is persistently excited. 

Theorem 1. Considering the systems in (8), if the control policies are designed as (28), with 
the weight update rules in (29), then the weight errors and the tracking errors will be guaranteed 
to be ultimately uniformly bounded under the proposed RL-based control policies. Based on SMC, 
attitude control for the angle can be calculated as: 

( )( )1 sat−

 = − − − − + rek cF B s s e f n  (30) 

If the control policies are designed as (30), the angular errors , ,  e e e  will converge to the 

origin. Therefore, the angles converge to the reference values. 

3. NUMERICAL SIMULATION RESULTS 

3.1. Simulation setting 

To demonstrate the performance of the control system, Matlab/Simulink enviroment is 

employed, parameters of the drone is given as follows: 1.776 kg=m , 29.81 m/s=g , 

( ) ( ) 24diag , , diag 3 k5,35,55 g m0 .1  −= = x y zI I II , 0.225 m=l , 262.8 10 kg.m−= I , Drag 

coefficient 145.567 10 −−=ck s  [14]. The following disturbances affecting the system is provided:

( ) ( ) ( ) ( )( )5 0.8sin 0.7 0.3sin 0.15sin 2 0.055sin / 2= − + + +D t t t t  

3.2. Simulation results 

In this subsection, a comparison between the proposed controller and the other 2 controllers, 
which are the sliding mode controller (SMC) and the Backstepping-SMC (BSP) is provided. As 
can be seen in figures 1-3, the trajectory error controlled by RL-SMC is the smallest among the 3 
controllers, the error along the x-axis and y-axis being approximately 10-4 and along the z-axis 
being 10-5. 

In comparison in figure 5, the other 2 controllers are affected by the disturbances and, therefore, 
can not converge to the origin. Regarding figure 4 yaw angles, the proposed controller also takes 
a shorter time to converge than the other 2, approximately 0.45 seconds. This study employs three 
performance indices to assess tracking performance in quantitation: ISE, IAE, and ITAE, as 
described in [15]. The ISEp and ISEa indices represent the integral squared errors for position and 
attitude, respectively. IAEp and IAEa are the integral absolute errors for position and attitude, 
respectively. The ITAEp and ITAEa indices, which measure the integral time-weighted absolute 
errors for position and attitude. Therefore, the following index table is obtained as in table 1. 
According to these performance indices shown in table 1, the position of the designed controller 
in this paper provides the smallest statistics, which show that the proposed controller can maintain 
its robustness and effectiveness. 
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Figure 1. Response of x position. Figure 2. Response of y position. 

  
Figure 3. Response of z position. Figure 4. Response of yaw angle. 

 
Figure 5. Trajectory in 3D space. 

Table 1. The performance index table of the 3 controllers. 

INDEX pISE  aISE  
pIAE  aIAE  

pITAE  aITAE  

SMC 0.081 14.923 0.559 8.795 7.535 71.995 

BSP 2.179 59.801 7.558 55.624 137.48 1027.12 

RL-SMC 1.923 10.768 0.62 6.029 0.206 8.306 

4. CONCLUSIONS 

In this article, the model of the UAV with disturbances is demonstrated, based on the 

combination of the RL and SMC for the position loop, the simulated results on Matlab-Simulink 

proved that the proposed controller can effectively control the UAV tracking the reference 

trajectory in the appearance of disturbances. 

Given the constraints of time and financial resources, a real-life quadrotor system has not been 
built. As a result, future work could focus on developing a practical model to validate the proposed 

controllers and improve the control algorithm for the inner loop as well. 
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TÓM TẮT 

Điều khiển trượt dựa trên học tăng cường trong điều khiển bám quỹ đạo  

của máy bay không người lái dưới các nhiễu bất định 

Bài báo đề xuất phương pháp điều khiển trượt (SMC) dựa trên học tăng cường (RL) để điều 
khiển bám  quỹ đạo của quadrotor UAV (QUAV) dưới tác động của nhiễu bên ngoài. Đầu tiên, 

một bộ điều khiển trượt dựa trên học tăng cường actor-critic (actor-critic RL) được giới thiệu để 
giải quyết bài toán điều khiển tối ưu trong điều kiện không có nhiễu. Tiếp theo, mô phỏng trong 

môi trường có nhiễu được thực hiện nhằm chứng minh tính bền vững của bộ điều khiển được đề 
xuất. Phân tích lý thuyết cho thấy sai số vị trí và góc của UAV hội tụ về một miền đặt trước, trong 

khi sai số ước lượng của mạng actor-critic được giới hạn cuối cùng một cách thống nhất (uniformly 
ultimately bounded - UUB). Cuối cùng, một phân tích so sánh mô phỏng số giữa bộ điều khiển đề 

xuất, bộ điều khiển trượt truyền thống và bộ điều khiển trượt kết hợp kỹ thuật Backstepping (BSP) 

được thực hiện để làm rõ các ưu điểm và hiệu suất cải thiện của SMC dựa trên RL. 

Từ khóa: Học tăng cường (RL); Cấu trúc Actor/Critic; Điều khiển trượt (SMC); Điều khiển tối ưu; Máy bay không 
người lái 4 cánh (QUAV). 


