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ABSTRACT

This paper presents the algorithm and mathematical foundation for control command synthesis
applied to single-channel flying equipment equipped with a linear steering vane. The proposed
algorithm is developed based on optimal control principles, with a cost function aiming to
minimize control energy. From the resulting control law, a relationship is established between the
control signal and the normal force acting on the flying equipment. Simulation results are
conducted to demonstrate the superiority of the proposed control law over relay-based control,
particularly in applications involving single-channel flying equipment.
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1. INTRODUCTION

The controlled flight of flying equipment (FE) in space is inherently complex, particularly for
single-channel flying equipment (SCFE) such as the Igla and Igla-S. Subjected to continuous
control inputs, the FE remains in a dynamic state, simultaneously experiencing overloads along all
axes, while the target of control is a randomly maneuvering object. Controlling an FE through a
single channel (using a pair of rudders) represents a special case of polar-coordinate-based control.
In this method, the FE is guided using a pair of rudders while being forcibly spun around its
longitudinal axis at a predetermined angular velocity. When this angular velocity becomes
excessively high, there is a risk of target lock loss. To prevent this, it is necessary to rapidly reduce
the angular rate of the LOS vector by applying a control strategy based on the principle of rapid
response. This control principle has been implemented in SCFE of earlier generations that use
relay-steering machines, such as the A72, A87, and Igla systems. Several foreign studies [1] have
briefly mentioned this principle in the context of designing and developing flying vehicles.
However, they do not provide a detailed analysis or a rigorous mathematical justification of the
control principle as applied to the aforementioned type of flying equipment. Study [8] develops an
autopilot structure built in the body-fixed coordinate system, implementing a serial compensation
method to eliminate the cross-coupling effects between the pitch and yaw channels. Study [9, 10],
designed a digital controller for a high-spinning rolling flying equipment around its longitudinal
axis. In contrast, domestic studies [2-4] have conducted in-depth analyses, clarifying the
mathematical foundation of the rapid-response control principle for SCFE equipped with a relay-
steering machine. These studies are based on Pontryagin's optimal control theory, employing a
cost function that minimizes control time. However, for SCFE, existing research has yet to clearly
address the differences in control laws when using a linear-steering machine compared to a relay-
steering machine, especially in the context of adaptive command control system synthesis. In
addition, study [3] proposed a sinusoidal harmonic control signal form for SCFE equipped with a
linear steering machine and demonstrated that the average control force is proportional to the
control signal. However, the mathematical foundation and detailed proof of this proposition have
not yet been fully clarified. Study [5] introduced a harmonic-function-based control law in which
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the range and directional channels of a two-channel flying equipment are controlled independently
based on the principle of optimal normal force. The available published materials, including
monographs, international scientific journals, and technical documentation, have yet to clearly and
comprehensively present the control principles and mathematical foundations of systems
employing linear steering machines in SCFE.

In this paper, the authors present the mathematical foundation for synthesizing control
commands for SCFE equipped with a linear steering machine. An optimal control approach is
employed to derive a control law tailored to the characteristics of the system, while also
determination of normal force required for flight control. Additionally, the paper conducts
simulation experiments within a closed-loop control structure utilizing a linear steering machine
to validate the effectiveness of the proposed control algorithm.

2. A CONTROL COMMAND SYNTHESIS ALGORITHM BASED ON
MATHEMATICAL FOUNDATIONS FOR SINGLE-CHANNEL FLYING EQUIPMENT
USING LINEAR STEERING MACHINES

Single-channel flying equipment (SCFE) represents a special case within the broader class of
conventionally controlled flying equipment. Accordingly, their state equations are formulated
entirely based on flight dynamics theory, taking into account the specific characteristics of this
flying equipment type and incorporating gyroscopic effects into the control equations around the
center of mass.

Y1
X1

Z
Figure 1. Single-channel control flying equipment type.
Consider the equations of motion around the center of mass of the flying equipment:
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In there: Equations (1), (2), and (3) correspond to the control equations for the rotation of the
flying equipment about the axes 0x1, Oy1, 0z1.

Due to the specific nature of the control method, the aecrodynamic configuration of this type of
flying equipment exhibits the following distinctive characteristics: It has a length much greater
than its body diameter and exhibits a high degree of symmetry with respect to all three axes 0x, Oy
and 0z. The rotating fins are rigidly fixed to the body and positioned at the tail section of the flying
equipment (FE) to maintain a constant @, = @, rotational speed around the longitudinal axis. Only
a single pair of control fins is used for guiding the flying equipment, arranged in a "duck"
aerodynamic configuration, in which one of the two rudders can be considered to have zero
deflection angle (5, =0). The controlled flight duration is short; both the spin rate around the
longitudinal axis and the flight speed during the target-tracking phase are maintained constant. The
linear steering machine ensures that the output is proportional to the input signal.

The objective is to formulate and solve the problem of determining the control law for a Single-
channel flying equipment (SCFE) equipped with a linear steering machine.
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In there:
(28]
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Since w,, =@, =const , the coefficients in expressions (2) and (3) are therefore:

Z — 4 — —
a, 0, =a,o, = a0, =const (6)

x oxl

Expressions (1), (2), and (3) represent the control equations for the SCFE type. Under the
given assumption, the focus is placed on equations (2) and (3), which can be rewritten in the
following form:

@, +a,.0,+0,0,.0,+a,.f+a, =0 (7)
O, +0,.0, —0,0,.0,+a,.0+a,0 =0, .0, (8)
When the angles of attack and sideslip «, f are small, as in the case of SCFE, like the Igla-S,

the relationship between the angular velocity of the velocity vector Q and the angular velocity of
the flying equipment around its center of mass w is given by:

®,=Q,+p ©9)
), :QZ +a (10)

Since the TBB maintains a sufficiently high and constant flight speed (V =const) and
possesses a highly symmetrical aerodynamic shape, the following is derived based on flight theory:

Q =Aa (11)
Q,=4p (12)
Assume that: 4, =4, = A;é =59
|20 4
By combining equations (9) through (12), we obtain:
0, = Af+ f (13)
o, =Aa+a (14)
Taking the derivatives of equations (13) and (14):
o, =AB+f (15)
a,=Ac+a (16)
Substituting equations (13), (14), (15), and (16) into equations (7) and (8), we obtain:
B+ AB+a (AB+ p)+a,0 (Ao +é) +a,f+a,f =0 (17)
a+ Ac+a,(Aa+ @) — a0, (A + ) + a,a + a, = a,, 0, (18)

By transforming expressions (17) and (18), we obtain:
B+(A+a +a)f+(aqAd+a)B+a,0,0+a,Ao,a=0 (19)
a+(A+a +a)o+(aA+a)a— aza)xlﬁ —a,Aw B =a,,0, (20)

By transforming equations (19) and (20), assigning the corresponding coefficients, and
combining with equation (4), we obtain the state control equations of the single-channel flying
equipment (SCFE):
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w0, =0,= kge 0,
B+CA+C,L+Cow b+Cw,0=0 (21)
a+Ca+Ca- C3a)xlﬂ —C,0,=ay,d,

Remark: The key difference compared to the dynamic equations (21) control conventional
flying equipment lies in the fact that, in the dynamic model of an SCFE using a linear steering
machine, only one pair of control rudders is present, and the model explicitly accounts for the
angular rotation rate of the flying equipment around its longitudinal axis.

Controlling flying equipment in space is a complex process, involving numerous parameters.
However, it can ultimately be characterized by the input variable, namely, the control fin deflection
angle and the output variables, which are the angles between the velocity vector and the vehicle's
longitudinal axis, i.., the angle of attack o and the sideslip angle B. These parameters play a crucial
role, as they determine the control limits and the resulting control overloads. Other parameters,
such as pitch, elevation, or heading angles of the flying equipment, serve merely as consequential
outcomes of the control process. According to the system of equations (21), since the flying
equipment is equipped with only a single pair of control rudders and is forcibly rotated around its
longitudinal axis at an angular velocity @, , the control process is governed by a single moment

vector generated by this fin pair. This moment vector rotates around the TBB’s longitudinal axis
at the same angular velocity @_, and its direction continuously changes depending on the
deflection orientation of the control rudders.

It is assumed that the flying equipment remains stabilized during the control process, and
oscillations induced by the component vectors of the control moment are neglected. Under the
above assumptions, the system of equations (21) can be reduced to a single unified control equation
for the single-channel flying equipment using only one pair of control fins, which takes the
following form:

a+Co+Ca=ay,o, (22)

In there: « angle of attack of the single-channel flying equipment.

Problem statement: Based on the system of equations (21) describing the controlled motion
of the flying equipment and considering the constraints encountered during the guided homing
phase of flying equipment toward the target, the task is to determine an appropriate control law for
the rudderd, deflection suitable for single-channel flying equipment equipped with a linear
steering machine. The goal is to ensure that the desired flight trajectory is accurately achieved.

Solve the control problem for a single-channel flying equipment using a linear steering machine
based on the Maximum Principle, with the objective of optimizing control energy. The problem is
solved under the criterion of minimizing the integral of the squared magnitude of the control signal
over a given control time interval 7 =¢, —¢,. This is an optimal control problem in which the
Pontryagin Maximum Principle is applied to determine the optimal control law, ensuring that the
control energy consumption is minimized while still satisfying the guidance requirements to reach
the target.

According to the solution approach for this type of problem, it is necessary to transform the
state equation of the control object (22) into a system of differential equations by defining the
state variables.

x, = o : Angle of attack of the single-channel flying equipment;
x, =ca: The angle of attack rate of the single-channel flying equipment;
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Transform expression (22) into the following system of equations:
X, =X, 3
X, ==—Cx, —C,x, + a,, .0, (23)

Expression (23) written in matrix form:
x=Ax+Bu (24)

0 1 0
In there: The matrix A:{ }, Bz{ }, U=ay,
_Cz Cl gy

Initial and terminal conditions of the problem: x(f,)=x,=a(t,), x,()=0,
x(t)=x, = (t,), x,(t,)=x,, satisfying the boundary conditions of the problem. The control

process must simultaneously satisfy the constraint conditions, including the maximum deflection
limit of the control rudder vane: |5 B| <6, = Oy, - Optimal control problem with control constraints.

Cost function:
J = [ (0)dt = [ 5;(t)dt (25)
0 0

Constraint on control: |5B| <O » V1 E[0,2,]

Boundary condition: x,(¢,)=x,, =a(t,), %, () =0, x,(t,)=x, = (t,), x,(t,)=x,

From the system of equations (23) and the given assumptions, the cost functional II to be
minimized is determined as follows:

IT=06,(1,) + Ax, (1) + 4,x,(2,) (26)
A - The constants are determined based on the terminal conditions of the problem.

The condition for the functional II to reach its minimum is that the Hamiltonian function (H)

n+l

must attain a maximum during the control process. The Hamilton function: H = Zt//i fi+Lis

i=l
defined as follows:
H =6, +y,.x, +y,.(~Cix, — C,x, + a,,5,) 27)

In there: w, - Auxiliary functions; f - Coefficient of the dynamical system; L=,
Instantaneous objective function.
Conjugate equation:
OH
Vi = _a_xl =

w,.C,
(28)

) OH
W, =——=-y,+y,.C
0ox,

Find the optimal control law subject to the constraint of minimizing the Hamiltonian over the
admissible control set |5B| <0, - At each time t, the optimal control u(#) must minimize the

Hamiltonian H over the set of admissible controls, subject to the given control constraints.
Consider the unknown function u(#) to be determined.

u (t) = 6,(t) =argmin H (x(¢),y (¢),u) = arg min [0; +y,.a,,0,,] (29)

‘68 ‘Sé‘max
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So that the Hamiltonian (H) reaches an extremum:
OH _oH

=20, + =0 30
o 05, Yol (30)
From expression (30), we derive the minimizing solution in the absence of constraints:
S =—“gﬂ. (t) 31)
By applying the amplitude constraint:
_T ‘//z (t) A ‘//2 (t) < 5max
HOE . (32)
é‘max ’Sign(_l//2 (t))a‘_ %VIZ (t) > 5max
Thus:
5y(1) = Saf(—— Z QN (33)
Transforming the system of equations (28):
v, =,.C, +y,.C (34)

The characteristic equation of (34) is given by the form: k> —Ck+C, =0
Inference: A=C,> -4C,

According to [8], the value of C =(4+aq, +a,)<<C, =(aq4+a;)=A<0 Therefore, the
solution of (34) is a complex solution of the following form:

w, (1) = Aleql ’Sin(\/ (4G, - C12 )t —B;) (35)

A1, Bo: The constants are determined based on the conditions of the problem.
Substituting expression (35) into (31), the optimal control expression is determined as follows:

50 = —‘%.Aleq’ sin(\/(4C, - C )t - B,) (36)

With expression (36), it is assumed that: At the initial control time to= 0, since the function
does not change sign, expression (36) can be simplified as follows:

80 = 4,.sin(\J(4C, —C*)t - B,) (37)

Expression (37) defines the control law for a single-channel flying equipment equipped with a
linear steering machine, based on the criterion of optimal control energy. Figure 2 illustrates the
control law in the form of a sinusoidal harmonic function.

Control signal graph delta BH = A0 * sin(omega * t + phi))

‘ . : . g
0.8
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E
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Figure 2. Control law for the control surface of an SCFE with a linear steering machine.
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In the case of @ =4/(4C, —C,*) =20rad/s; ¢ = B, =0rad. According to the problem conditions

and the theorem on 7 intervals [7], from the differential equation (22), within the time interval from
0+T, the rudder vane deflection angle will change sign once (shown in figure 2). The value of T
is exactly the period of the sine function (34). During the control process, the flying equipment and
the plane of the control rudder vane are subjected to forced rotation around the vertical axis with an
angular velocity @, . Therefore, the control process of the single-channel flying equipment should
be regarded as a control process based on successive rotation cycles. Therefore, it is necessary to
coordinate the sign change of the rudder vane deflection angle according to the harmonic control
law (34) with the forced rotation cycle of the flying equipment around the vertical axis 0Xi.

According to [2], the expression is given as follows:

J(AC, - CHt=w,t (38)

By combining expressions (38) and (37), we obtain:

é‘g = A,.sin(wt — B,) (39)
When considering the constraint |5B| <9, ,thus:

50 Ay-sin(o,t = By),| 4y sin(w,t = B))| £ 5,
)=
? 8o SigN(—Ay.SIN(@, 1 — By)),| 4y -sin(@,,t — B))| > 5,

Remark: In all practical control systems-including the control system of an aircraft actuator,
the control signal is always constrained by the physical limits of the actuating element.
Specifically, to ensure feasibility and mechanical durability, the value of the control signal must
not exceed the boundary limits in terms of torque, force, or angular displacement of the steering
mechanism. These constraints can be applied in two ways: Input signal amplitude limitation and
Hard mechanical limits on the rotational angle of the control surface.

(40)

According to [2, 3], and the proof above, when the control signal is in the form of:
o(t)=A,.sin(w,t—¢) then the normal force acting on the single-channel guided flying

equipment, which is also the control force, varies harmonically following a sine law. Indeed:

The control force in the elevation channel during the rotation cycle of the single-channel flying
equipment:

K .
%Aosingo (41)

T
= j K,.cos(w,1).5(t).dt =—
B 0

T

The control force in the azimuth channel during the rotation cycle of the single-channel
flying equipment:

Foemr Y

zth

Kpa AO
2

= J.Ky, sin(w,1).0(t).dt = cCos @ (42)

B

The average normal force controlling the trajectory of the center of the single-channel flying

equipment has the form:
2 2 Kpa AO
F,= \IF;zb +F, = T 43)

Remark: If the control signal varies sinusoidally with a frequency equal to the rotation
frequency of the single-channel flying equipment, the resulting aerodynamic force will also vary
sinusoidally and generate a nonzero average force to control the trajectory.
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According to the proportional navigation guidance method, the generation of control
commands for the flying equipment's center in the elevation and azimuth channels is determined
by the following functions:

w = f,(0),uy = f.(2) (44)
The functions f,(#)and f,(¢) are formed based on information about the target and the internal
state of the single-channel flying equipment. In that case, the amplitude of the control signal

A4, = «/u, +u. and control phase , = arccos(

u (Kpa- A . siny,)
2.mV

u (Kpq-A.cosyg) 1 _ z
2.mV

Figure 3. Open-loop control model of the trajectory inclination and azimuth angles of the SCFE.

The synthesis of control commands for the single-channel flying equipment using continuously
moving control rudders vane is carried out by simultaneously adjusting the phase and amplitude of
the rudder vane rotation pulse, which is a distinctive feature of this type of linear steering machine.

3. DISCUSSION AND ANALYSIS
3.1. Simulation scenarios for single-channel flying equipment with relay steering machine
and linear steering machine

In the case of a maneuvering diving target with acceleration, the maneuvering trajectory is
described by the following system of equations:

x, (£) =3000 +200¢(m)

h, (¢) =2000 —30¢° (m) (45)
2,,(6) = 0(m)
T 0,1
hy =0m,x, =500m,z, =10m,0, =grad,l//0 =%md (46)

3.2. Methodology and simulation tools
For the single-channel homing system with a relay actuator: According to [6], the proportional
navigation guidance method has: u, =&, ,u, = .. Then:

mV? =k.&. —G.cosd

t
(47
dy
-mV —=k
a =P
For the single-channel flying equipment with a linear steering machine: v, =k, .€,,u, =k e ﬂc. Then:
k.
Vﬁ = —LAO.sin 7, —G.cos@
dt 2
J kA, (48)
—my &~ 22 cosy,
dt 2

Journal of Military Science and Technology, 106 (2025), 28-39 35



Electronics & Automation

A comparative evaluation of the two types of steering machines (relay and linear) with respect
to the following aspects: Flying equipment target trajectory in space, Lateral and longitudinal
overloads of the flying equipment during target tracking, Control force over time, Accumulated
energy consumption over time:

Relay steering machine:
Et)=[[(k ¢, —G.cos 0)’ +(k,. ) 1dt (49)
0

Linear steering machine:
k pa AO
2

- Control surface deflection angle over time:

[ . 2 k a‘AO 2
E(t):I[(— .siny, —G.cos6) +(pT.cosy0) 1dt (50)

Relay steering machine:
(k,.£, —G.cosB)

0,(t)=
o (1) K
: (51)
5W(Z):(k2ﬂc)
kw
Linear steering machine:
k..
(—LAO.sin 7, —G.cos6)
0,(t) =
o (1) K )
- (52)
(7 cosy,)
0,()=
v k.,/

Input initial data: 60, @0, h0, Y0,
V, kpa, k1, k2

Input (or calculate)
Xm(t), Hm(t), Zm(t)
N3

Determination algorithm
é

o le

Solve the determining equation
¥, 0
N2 tq+E|
Solve the determining equation
X(®), H(®), Z(t)

Figure 4. An algorithm for simulating the target tracking process of the flying equipment.
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3.3. Simulation results and discussion
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Figure 5. Simulation results of the SCFE with relay steering machine
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Figure 6. Simulation results of the SCFE with a linear steering machine
in tracking a maneuvering target.

The simulation results show that:

*Missile—target trajectory in space: The linear actuator provides smoother and more accurate
guidance results. Relay steering machine: The flight path exhibits a significantly curved trajectory.
There is a clear difference between the missile and target trajectories, especially in the final phase.
This indicates suboptimal target tracking, possibly caused by strong control oscillations. Linear
steering machine: The trajectory is smoother and closer to the target. This demonstrates a softer
control response and better tracking performance.
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*Lateral and longitudinal overload: The linear actuator manages overload more effectively,
offering better safety and stability. Relay steering machine: Longitudinal overload: Drops to nearly
- 27 g, far beyond normal limits = extremely dangerous. Lateral overload: Spikes up to around 3.2
g, with strong oscillations near the end of the trajectory. This indicates unstable control and high
energy consumption. Linear steering machine: Longitudinal overload: Oscillates around - 2.5 g and
stabilizes after 2 seconds. Lateral overload: Very small (below 0.15 g), with almost no oscillation.

*Control force over time: The linear actuator produces smooth control forces, making it
suitable for precise control. Relay steering machine: The control force increases negatively at a
very high rate, reaching nearly - 5000 N at 6 seconds (vertical direction). Strong oscillations occur,
with large variations and loss of control at the end of the process. Linear steering machine: The
force gradually stabilizes around - 200 N, with small oscillations and a well-regulated trend.

*Cumulative energy consumption: The linear actuator is significantly more energy-efficient.
Relay steering machine: Initially increases slowly, but after 4 seconds it spikes exponentially, reaching
nearly 8x10¢ J. This reflects extremely high energy consumption due to strong control oscillations at
the end of the process. Linear steering machine: Increases steadily in a more linear fashion, reaching
approximately 2.8x10° J at 6 seconds. More suitable for systems with energy constraints.

*Fin deflection angle over time: The small and stable deflection angle in the linear system
helps maintain aerodynamic stability and ensures better control. Relay steering machine: The
vertical control deflection angle increases sharply in the negative direction, reaching nearly - 20
degrees, with strong oscillations. This reflects the on/off switching behavior of the relay, resulting
in unsmooth control. Linear steering machine: The control angle remains small (around - 2
degrees), with smooth changes and quick stabilization.

Thus, the system using a linear actuator demonstrates significantly superior performance in
terms of efficiency, stability, and energy consumption compared to the relay actuator. The relay
actuator induces strong oscillations and poses a high risk of instability during the tracking of
maneuvering targets.

4. CONCLUSIONS

This paper develops an algorithm for solving the dynamic equations of the SCFE using a linear
steering machine, providing the mathematical foundation for synthesizing the corresponding
control law. An optimal control method is applied based on the criterion of minimal control energy.
Based on the synthesized control law, the relationship between the control signal and the normal
force is established.

The experimental results were validated through simulations using MATLAB. In the simulation
setup with a target engagement scenario, the comparison between the SCFE using a relay steering
machine and the one using a linear steering machine shows that:

For the same target, the SCFE using a linear steering machine demonstrates significantly lower
control energy consumption, lateral overload, and longitudinal overload. This confirms the
advantages of the linear steering machine in terms of efficiency and its ability to ensure that the
control signal is proportional to the fin deflection angle.
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TOM TAT

Nghién ciru giai thuit tong hop I1énh diéu khién
cho thiét bi bay mot kénh véi may lai tuyén tinh

Bai bao trinh bay giai thudt va co so toan hoc cho viéc téng hop lénh diéu khién dap
dung cho thiét bi bay mot kénh sir dung may lai tuyen tinh. Giai thudt dwogc xdy dung dva
trén nguyen ly diéu khién t6i wu voi tiéu chuan 16i thiéu héa néing lwong diéu khién. Tir lugt
diéu khién thu dwoc, bai bdo thiét ldp moi quan hé gitka tin hiéu diéu khién va lic phdp
tuyén tac déng lén thiét bi bay. Két qud mé phong dwoc thiee hién nham minh chiing tinh
wu viét cia ludt diéu khién dé xudt so véi ludt diéu khién ro le, ddc biét trong ung dung voi
thiét bi bay mot kénh.

Keywords: Thiét bi bay mot kénh; Lénh diéu khién; May 14i tuyén tinh; Giai thuat.
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