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ABSTRACT

This paper presents an adaptive observer-based sliding mode control (AOSMC) framework
integrated with time-varying learning rates and Riccati gain synthesis (RGS) for high-precision
trajectory tracking of robotic manipulators under dynamic uncertainties and external
disturbances. Conventional sliding mode control methods, while robust, often suffer from high
chattering and require precise knowledge of system bounds. To address these limitations, the
proposed AOSMC-RGS architecture combines a nonlinear disturbance observer with Riccati-
based adaptive gain tuning, enabling real-time disturbance estimation and dynamic gain
adjustment based on tracking errors. A rigorous Lyapunov stability analysis ensures boundedness
and convergence of system states. Simulation studies on a 2-DOF robotic manipulator
demonstrate significant improvements in tracking accuracy, disturbance rejection, and control
smoothness compared to PID, SMC, ASMC, Fuzzy-ASMC, and RBF-ASMC controllers. The
proposed approach achieves reduced overshoot, faster settling time, and lower control effort while
maintaining robustness, making it a promising candidate for real-time robotic and mechatronic
system applications.

Keywords: Adaptive control; Sliding mode control; Riccati equation; Disturbance observer; Robotic manipulators;
Time-varying learning rate.

1. INTRODUCTION

Robust control of robotic manipulators is challenging due to nonlinear dynamics, uncertainties,
and disturbances [1-5]. While Sliding Mode Control (SMC) ensures robustness, it suffers from
high chattering and requires large switching gains. Adaptive SMC (ASMC) has been developed to
address these issues [1], including extensions such as integral ASMC with time-delay estimation
[2] and approaches for unknown friction and control direction [3]. However, these methods may
still face limitations in adaptation speed, complexity, and practical implementation. To enhance
adaptability, gain adjustment strategies using fuzzy logic (Fuzzy-ASMC) [4] and neural networks
(RBF-ASMC) [5] have been proposed, but they often rely on heuristic tuning or require persistent
excitation, making them less systematic. To overcome these drawbacks, this work introduces the
Adaptive Observer-Based Sliding Mode Control with Riccati Gain Synthesis (AOSMC-RGS),
designed to achieve improved tracking accuracy, faster disturbance rejection, and reduced
chattering compared with PID, SMC, ASMC, Fuzzy-ASMC, and RBF-ASMC controllers.

The remainder of this paper is organized as follows: Section 2 introduces the mathematical
model of the robotic manipulator. Section 3 presents the design of the nonlinear state and
disturbance observers, the adaptive sliding mode controller, and explains the Riccati gain
adaptation mechanism. Section 4 provides the stability analysis. Section 5 details the simulation
setup and presents the results and discussion. Section 6 concludes the paper and outlines potential
future research directions.

2. MATHEMATICAL MODEL OF THE SYSTEM

2.1. Overview of the 2-DOF robotic manipulator
Two-degree-of-freedom (2-DOF) robotic manipulators have many applications in practical
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systems [6, 7]. The dynamic modeling of a 2-DOF robotic manipulator is shown in figure 1. It
consists of two rotary joints, typically actuated independently, that allow the end-effector to move
within a plane. This simplified system retains key nonlinear dynamic properties of high-DOF
manipulators while enabling compact analysis and control design. Each joint angle g, € R is
measured with respect to a fixed base frame, and the system's dynamics are governed by the laws
of rigid-body motion.

Figure 1. The 2-DoF robot manipulator.
2.2. Dynamic equations of motion

The general form of the Euler-Lagrange dynamic model of a 2-DOF robotic manipulator is
given by [7]:

M(q)§+C(q.4)d+G(q)+D(t)=7 (1)
where g =[q1,q2 ]T eR® is the joint position vector, ¢,i € R* are the velocity and acceleration
vectors, M (q)eR*? is the symmetric positive definite inertia matrix, C(g,¢)eR*? is the

Coriolis and centrifugal matrix, G(q) eR? is the gravity vector, 7= [Tl,rz] eR? is the control

input, D(t) € R? represents unknown external disturbances and unmodeled dynamics. The model
assumes rigid links, negligible friction, and full state measurability.

Given link masses my,m,, lengths /,,/,, and gravity g, the matrices are:

e Inertia matrix M (q):

ml} +m, (7 +15 +241, cosq,) my (L +11,cosg,)

M(q)= 2
(4) m, (I3 +11, cosq, ) m,[2 @
e Coriolis and centrifugal matrix C (q,q‘) :
C(q q) _ -m,l\l,sing,q, m, (122 +1,1, cos qz) 3)
’ myLL, sing,q, 0
e Gravity vector G(q):
G(q):[(m] +m2)gl] sing, +m,gl, sin(q] +q2)} @
mygl, sin(g, +4,)

2.3. Assumptions
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e Assumption 1 (Bounded initial states). There exists a bounded set

% ={(2(0).4(0)) € R" | |g(0)]|< G- |3 (0)] < G } (5)

such that the initial states of the system satisfy
(9(0).4(0)) € x, (©)

where g_. >0 and ¢, >0 are known finite constants.

e Assumption 2. The mass matrix M ( q) is symmetric and uniformly positive definite:
Jay,0,>0: ol <M(q)<a,d, VqeR’ (7)

e Assumption 3. The Coriolis matrix satisfies M (q) -2C (q,q) is skew-symmetric.
e Assumption 4. The disturbance d ()R’ is bounded and differentiable:

|D(6)| € Dpur |D(2)]| <L, )

The control objective is to design a robust control law 7 that ensures asymptotic trajectory
tracking despite uncertainties and disturbances.

3. ADAPTIVE OBSERVER-BASED SLIDING MODE CONTROL
WITH RICCATI GAIN SYNTHESIS

In this section, we propose an AOSMC-RGS, which incorporates an adaptive gain mechanism
and a disturbance observer, and we provide a proof of finite-time convergence.

3.1. Nonlinear state observer

Assume the state variables x1=q:[ql,q2]T are measurable and xzzq:[ql,qz]T are

unmeasurable. The nonlinear state observer is designed based on the Luenberger observer structure

adapted for nonlinear systems, enabling estimation of unmeasured states in robotic manipulators.

. . . 7T
The outputs of the nonlinear observer are X, =g = [(jl .4, ]T eR’and %,=¢= [qu ,q}] )

Theorem 1.
Consider the 2-DOF robotic manipulator with dynamics:
M (x)%, +C(x,x,)x, +G(x)=7 )
and the nonlinear observer:

X =% +L(x-%)

% =M (%)(r-C(%.%,)% -G(%))+ L, (x -%) (19
where L,,L, e R*® are positive definite matrices.
Then, the observer error X, =X, —X,, X, =X, —X, converges exponentially to zero.
Proof. Define the observation errors:
X=X —X, X =X,—X, (11)
Then, we have:
X, :xl_);el =x,— % —LX =X - LX (12)

To derive the error dynamics for X,, we write:
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;Cz =X, _)éz =M (xl)(T_C(xl’xz)xz _G(xl))

M (8)(r - ()8~ G(2)) - L, ()
Let’s define the mismatch:
A(xl,xz,)'cl,)é2 ) =M (xl )(r - C(xl,xz)x2 - G(xl )) (14
-M7(%)(z-C(%.%,)%,-G(8))
Under smoothness (Lipschitz continuity) assumptions, there exists a constant
[ < A (5 1+[%1) (15)
Therefore:
X, =—L,% +A(x,x,,%,x,) (16)
Let us choose the Lyapunov function:
V=SB + S H R, a7
2 2
where B, P, >0 are symmetric positive definite matrices.
Compute its derivative:
'1 :;ClTPl)LCl +i2TPz);Cz (18)
Substitute:
X =%-L%, % =-L%+A(x,x,,%,x,) (19)
Then:
V==X BL% —% BLX + % R, + % BA (20)
Using Young’s inequality: X/ PX, < %fclrﬁzil + %iﬁz and X} PA< %X;Pfiz + %ATA
Thus:
h<=alil - AlE o] +alil +o %) @1
Choosing L,,L, sufficiently large ensures:
Vi <-al (22)
for some o >0, which implies exponential convergence of the observation error.
The observer error dynamics are globally exponentially stable. That is,
%] +[%] < ce™ (23)

for constants C >0, o >0.

3.2. Disturbance observer

A high-gain disturbance observer structure is employed for real-time disturbance estimation to
enhance robustness without requiring full model knowledge, as shown below.

B(t)=[n(e)de, ii=—1(n-D(1)), 11 24)

This ensures D(¢) — D(¢) exponentially fast under Assumption 4.

3.3. Adaptive sliding mode control
Using the manipulator dynamics (1) and state observer (8), let the tracking error be defined as:
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&(r)=%(1)=q4 (1), e(t)=%(1)=4, (1) (29)
where ¢, = [q1 12Goa ]T € R’ is the vector of desired trajectories and ¢, is its derivative.
The sliding surface is defined as:
s(t)=¢é,(t)+Aé () (26)
where AeR*?, A>0.
The adaptive sliding mode control law is designed as below:
(1) =1, (1) +7,.() 27)

with the equivalent control 7, () is

7, (0)=M(%)§, +C(%,%)% +G(%)+D(t) (28)

eq

and the switching control 7 (7) is

. (1)= —K(t)sat(%j (29)

where K(¢) is an adaptive gain matrix (positive-definite), sat(-) is the saturation function
(continuous approximation of sign), ¢ >0 is the boundary layer width.

3.4. Adaptive gain update via Riccati-type equation
The derivative of the sliding surface is:

s=M" (fcl)(r—C(fcl,fcz)fcz —G(xl)—p)—q'd +Aé,

:—M"l(fcl)Ksat[%]—M‘l()21)(D—15)+Aé2 G0

Neglecting the disturbance estimation error and replacing sat [%j by s in boundary layers:

S'zA(fc],fcz)s—i—B(fcl)u 3D
where A(%,%,)=-M"(%)K, B(%)=A, u=é,.
Define the objective function:

J(t)=[(s"Os +&[Re, )t (32)
0
where Q e R” positive-definite matrix that penalizes error, R € R>? penalizes control effort.

We define the adaptive gain as:
K(t)=-P(t)s(t)sign(s(1)) (33)
where the matrix P(7) e R*? is found by solving the Riccati equation:
P=A"(%,%)P+PA(%,%,)-PB(%)R'B"(%)P+0 (34)
The solution of the Riccati equation guarantees J (t) — min so that s(t) and e, (t) — min.

The block diagram of the proposed algorithm is demonstrated in figure 2 below.
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external disturbance

D(1)

disturbance observer

D(f]:jlf(f)dr le—4

ir=-1(n-D(r))

A(x.3,)=—-M"(%)K (1) Riccati equation
B(%)= |- AT (5,5, ) P+ PAGR LR, ) - PB(E)RTB (7)) P+ Q
i
adaptive gain
K(.’):—P(J)s(!]sat[%}
desired trajectory
nd:[Z“ k(1) I" Be)

1

— Adaptive Sliding Mode Control
sliding surface

s(1)=&,(¢)+Ae (1) (1) = M(%)§, + C(3,%,)% +G(&)+ D(r) .‘({I)sut(i

—_—
R

)

L)

er)

q(1)= |:l‘ } nonlinear state observer

{}l =%+L(x-%)

%= M7 (3= C(5,5,) % -G (%)) + L(x - &)

Figure 2. The block diagram of AOSMC-RGS.
4. STABILITY AND FINITE-TIME CONVERGENCE

Using the outputs of the state observer, the equation of the 2-DOF robotic manipulator is

rewritten as:
M (%)%, +C(%,%,)%, +G(%)+D(t)=7
Theorem 2.
Under Assumptions 1-4, the AOSMC-RGS control law ensures:

(35)

lim”é1 (t)” =0, Finite-time

1—©

convergence of the tracking error, Boundedness of all closed-loop signals.

Proof. Define Composite Lyapunov Function
V, =L s"M(%)s +~tr(P)
2 2
The derivative of

: U PN |
v, =STM(XI)S+5STM()C])S+EU'(P)

~ R R 1 R 1 .
= —sTKsat(ij —s" (D - D) +s'M (x1 )(A62 ) + ESTM (x1 )s + Etr(P)

Use P from the Riccati equation:
tr(P)=tr(A"P+PA)—tr(PBR"B"P)+1r(Q)

If “D — zi” <0, then:

V, <=2 (K)|s|+|ls]| 6 + bounded term
Choose K (t) such that A, (K)>& . Then:
v, <=c|s|
where ¢ =4, (K)—6>0, therefore:

lims(¢t)=0=limé, (r)=0

t—0 t—0

(36)

(37

(3%)

(39)

(40)

(41)
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Under the designed AOSMC-RGS controller, the sliding surface s(t) converges to zero in
finite time, with the settling time bounded by:

(42)

where V, (0) is the initial value of the Lyapunov function, ¢ >0 is the positive convergence rate

constant, o >0 is the desired precision.
5. SIMULATION RESULTS AND DISCUSSION

The parameters of a 2-DOF robotic manipulator are used for simulation: m, =m, =1(kg),
L=L=1(m), g =9.81(m/s2). The desired trajectories: [g,,, qzd]T =[sin2s, O.Ssin3t]T. The
parameters of AOSMC-RGS: Ay, =diag{6,6}, ¢=0.01, K(0)=diag{5,5},
P(0)=diag{10, 10} . The tracking error: ¢ =X, —¢,, ¢, =é=X, —¢,. The parameters of state
observer: L, =diag{30, 30}, L, = diag{SO, 50} . The initial values: [q] (0), ¢, (O)]T =[x, —7Z']T

[40). ax(0)] =[0. o], [4,(0). 4:(0)] =[o. o], [4(0). &:(0)] =[o. o'
To show the effectiveness of the proposed algorithm, two scenarios are considered as below.

e First scenario (FS): The desired trajectories: qd [sm 2t ,0. 551n(3t)] the initial

positions: ¢, =[, —7r] ; the external disturbances: D(r)= [0.5 sin3t,0.4cos 4t] )

Joint 1: Angle Tracking 15 Joint 1: Tracking Error

e Reference ——AOSMC-RGS

3 — AOSMC-RGS 3 —— ASMC
H — ASMC ! Fuzzy-ASMC
' Fuzzy-ASMC 25N ——RBF-ASMC

——— RBF-ASMC
-- PID
-- SMC

2l

) T [
1 £ 15H
ERN ¢
"
of |
05"
al ok
: ' - ' 05 -
0 2 4 6 8 0 2 4 6 8 10
Time (s) Time (s)
Figure 3. Angle of joint 1 in FS. Figure 4. Tracking error of joint I in FS.
. Joint 2: Angle Tracking 05 Joint 2: Tracking Error
; or
of
051
- =
= | <
2| £as
ER -+ Reference & !
20 ——AOSMC-RGS 2l —— AOSMC-RGS
g —— ASMC : ——ASMC
" Fuzzy-ASMC 250 Fuzzy-ASMC
-3 ——RBF-ASMC 1 ——RBF-ASMC
--- PID ,3'J - PID
-~ 8MC -~ SMC
4 ' s : : J 35 :
0 2 4 6 8 10 0 2 4 6 8 10
Time (s) Time (s)
Figure 5. Angle of joint 2 in FS. Figure 6. Tracking error of joint 2 in FS.
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Control Torque: Joint 2

Control Torque: Joint 1

100 ¢ 400 ¢
—— AOSMC-RGS
50 - ——ASMC
' 300 Fuzzy-ASMC
0 — RBF-ASMC
----PID
—. 30 20 ---- SMC
g f
= -100;
° 150 ¢ —— AOSMC-RGS
=y |—— ASMC
200+ - Fuzzy-ASMC -200.6 08 1 12 14 16 18
06 08 1 12 14 16 ——RBF-ASMC ;
250 - ----PID
----SMC
-300 ‘ : ' : ‘ s . . . |
0 2 4 6 8 10 2 4 6 8 10
Time (s) Time (s)

Figure 8. Control law of joint 2 in FS.

Adaptive Gains

Figure 7. Control law of joint 1 in FS.

Estimated errors
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45t
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20
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Figure 9. Estimated errors of joints in FS.

Figure 10. Adaptive gains in FS.

Root Mean Squared Error (RMSE) definition for joint j is given below.

1 & 2 1 & 2
RMSE; Z\/ﬁ;(ej(k)) =\/NZ(qj(k)—qdj(k)) (43)
RMSE (q1, q2) for each controller in the first scenario:
AOSMC-RGS | ASMC | Fuzzy-ASMC | RBF-ASMC | PID SMC
RMSE(q1) 0.3538 0.4461 0.4869 0.5086 0.5847 | 0.4822
RMSE(q2) 0.3542 0.5019 0.5825 0.5747 0.5872 | 0.5683
e Second scenario (SS):

The desired trajectories: g, (t) = [O.Sa1 (square(ﬁﬁ) + 1), 0.5a, (square(ﬁﬁ) + I)JT ;

The initial positions: g, = [O,—l]T ;

The external disturbances: [d,, d, ]T =[0.5cos3t, 0.4sin 4t]T .

RMSE (q1, q2) for each controller in the second scenario:

AOSMC-RGS | ASMC | Fuzzy-ASMC | RBF-ASMC PID SMC
RMSE(ql) 0.3575 0.3723 0.4401 0.3837 0.5787 | 0.4613
RMSE(q2) 0.2234 0.2437 0.2267 0.2330 0.2517 | 0.2335
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Figure 11. Angle of joint I in SS.
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Figure 13. Angle of joint 2 in SS.

Control Torque: Joint 1
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Figure 15. Control law of joint 1 in SS.

Estimated errors
051

05+

0 0.05 01 0.15 0.2
Time (s)

Figure 17. Estimated error of Joint 1 in SS.
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Figure 12. Tracking error of joint 1 in SS.
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Figure 14. Tracking error of joint 2 in SS.
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Figure 16. Control law of joint 2 in SS.
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Figure 18. Adaptive gains in SS.
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Conclusion of simulated results:  Figures 3-6 and figures 11-14 illustrate the tracking
performances of PID control, SMC, ASMC, Fuzzy-ASMC, RBF-ASMC, and the proposed
AOSMC-RGS. The AOSMC-RGS controller demonstrates superior tracking with reduced
overshoot, faster settling time, and lower steady-state error compared to the other algorithms.
Figures 7-8 and figures 15-16 display the control inputs generated by the controllers. The AOSMC-
RGS produces smaller control amplitudes than the other controllers while maintaining effective
tracking performance and reducing the chattering effect. Figure 9 and figure 17 demonstrate the
performance of the nonlinear state observer, which efficiently estimates the unmeasured states
with minimal estimation errors. Figure 10 and figure 18 present the adaptive gain trajectories
obtained via Riccati gain synthesis during the control process. These adaptive gains adjust
dynamically in response to the system states, enabling the controller to balance convergence speed
and control effort effectively while preserving robustness.

Overall, the simulation results confirm that the proposed AOSMC-RGS controller achieves
high-precision trajectory tracking, improved disturbance rejection, and smoother control effort
compared to conventional methods, validating its potential for real-time robotic applications.

6. CONCLUSIONS

This paper presented an Adaptive Observer-Based Sliding Mode Control with Riccati Gain
Synthesis (AOSMC-RGS) for robotic manipulators under uncertainties and disturbances. By
integrating disturbance observation, adaptive gain tuning, and a time-varying learning rate, the
method achieves high tracking accuracy, reduced chattering, and improved robustness compared
with PID, SMC, ASMC, Fuzzy-ASMC, and RBF-ASMC. Simulation results confirm that
AOSMC-RGS offers smoother control effort, faster adaptation, and better disturbance rejection,
making it a reliable solution for high-performance robotic applications.

Future work will focus on the real-time implementation of the AOSMC-RGS on physical
robotic platforms in dynamic environments.
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TOM TAT

Diéu khién trugt thich nghi két hop bd quan sit véi hé sé thay doi theo thoi gian sir dung
tong hop hé so6 Riccati cho tay may robot

Bai bdo trinh bay mdt phwong phdp diéu khién truot thich nghi két hop bé quan sdt
(AOSMC) sir dung phwrong phdp diéu chinh tham sé thich nghi thay doi theo thoi gian va
tong hop hé sé Riccati (RGS) nham diéu khién bam quy dao chinh xdc cao cho tay mady
robot trong diéu kién ton tai nhiéu loan va bdt dinh déng luc hoc. Phwong phdp diéu khién
truot truyen thong mdc dii ¢6 tinh bén viing cao nhung thuong gay hién twong rung gidt lon
va yeu cau biét chinh xdc 8101 han ciia hé thong Pé khdc phuc, cau tric AOSMC-RGS dugc
dé xuat két hop quan sdt nhiéu phi tuyén dé woc heong nhiéu thoi gian thiee véi co ché diéu
chinh hé s6 khuéch dai dwa trén Riccati theo sai s6 bam. Phén tich 6n dinh Lyapunov chat
ché chirng minh tinh bi chdn va hoi tu cia cdc trang thdi hé thong. Két qua mé phong trén
tay may robot 2 bdc ty do cho thay phiwrong phap AOSMC-RGS gitip cai thién diang ké dg
chinh xdc bam, khd ndng khie nhiéu va giam bién do tin hiéu diéu khién khi so voi cdc bo
diéu khién PID, SMC, ASMC, F: uzzy-ASMC, va RBF-ASMC. Phuong phap dé xudt dat dwoc
thoi gian dap vmg nhanh, dé qud chinh nhé, giam tiéu hao nang lwong diéu khién va duy tri
dé bén viing, phit hop trién khai thoi gian thiee trén cdc hé thong robot va co dién tir.

Tw khpé: Piéu khién thich nghi; Piéu khién trugt; Phuong trinh Riccati; B6 quan sat nhiéu; Tay may robot; Hé $6 hoc
thay doi theo thoi gian.

Journal of Military Science and Technology, 107 (2025), 13-23 23



