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ABSTRACT

With the advantage of high specific strength, composite materials are the first choice for
manufacturing a solid fuel engine case to increase the engine's stuffing coefficient. The main
problem for designing an engine case from composite materials is the problem of determining the
dome profile of the engine case. To determine the dome profile based on continuum theory, the
article focuses on building a general mathematical model describing the dome profile of the case
with an internal thermal protection layer under internal pressure p and axial force. Using this
mathematical model, the influence of axial force and nozzle radius on the dome profile of the
engine case is analyzed. The results of the article are the basis for designing the case of a solid
fuel engine from composite materials.
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1. INTRODUCTION

Research on the design and manufacture of a solid fuel engine (SFE) case from composite
materials using winding technology has been of interest to many scientists in the world and has
achieved quite a lot of success. Typically, the case of the 115/1367 engine is made from fibreglass,
the case of the Crotale-NG missile is made from T-40 carbon fiber [10], etc. However, research
documents on the design of SFE cases from composite materials are almost secret, accessible
documents are mainly about the theory of winding pressure cylindrical vessel in p with a dome
from composite materials with a shape similar to the SFE case.

For the design of the SPE case from composite materials, the problem of determining the dome
profile is the most important. To determine the shape of the dome of the winding composite vessel,
people approach it in two directions: the direction of netting theory and continuum theory. Netting
theory is a theory that considers composite materials as unidirectional, where the stress in the fiber
is evenly distributed along the fiber axis, and the same in all fibers. In the remaining theoretical
direction, the composite material is a homogeneous material with anisotropic elasticity, meaning
that the load-bearing capacity of the composite is not only considered along the fiber axis but also
in the direction transverse to the fiber axis. Research on netting theory is summarized in many
documents, typically the book of Vasiliev (2009) [9]. Based on the continuum theory, the
publications of Liang et al. (2002) [2], based on geodesic roving trajectories; Vasiliev (2003) [8],
Zu et al. (2010) [6], based on non-geodesic roving trajectories. In Viet Nam, research on the design
of the SFE case has not really received much attention, research is mainly on rotating composite
cylindrical shells, typically in projects [3].

In fact, the composite cylindrical vessel subjected to pressure in p has many differences
compared to the SFE case from composite materials. The SFE case is subjected not only to internal
pressure p but also to an axial force N caused by the inertial force during the movement. Under the
effect of axial force N and pressure p, the internal force in the dome of the case changes differently
from that of the pressure vessel, leading to changes in the mathematical model of stress-
deformation in the case. From there, the mathematical model describing the dome profile of the
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SFE case from composite materials changes compared to the mathematical model of the pressure
vessel. In terms of structure, the dome of the SFE case has an open-polar hole shape connected to
the ignition device or nozzle, while the pressure vessel has a dome sealed at both ends. In the case
where the dome is connected to a nozzle, a part of the polar hole will be covered by the flange that
still bears the pressure p. As a result, the force distribution at the polar hole ¢ is changed depending
on the nozzle radius, affecting the dome profile of the SFE case.

With the goal based on continuum theories to design the SFE case, the authors focus on building
a general mathematical model to determine the dome profile of the SFE case made from a
composite based on the geodesic and the non-geodesic roving trajectories. On that basis, analyze
the influence of axial force and nozzle radius on the dome profile of the SFE case.

2. PROBLEM

2.1. Assumptions and geometrical-physical characteristics of the SFE case's dome

During engine operation, the SFE case is subjected to various loads, including mechanical and
thermal loads. In the study, when we design the dome profile of the SFE case, the following
assumptions are used:

- The pressure p inside the engine is a uniform pressure;

- When the engine is working, the case is subjected to a constant axial force N, which is equal
to the maximum axial force acting on it.

- For composite materials used in the aerospace industry, the glass transition temperature of the
resin is typically in the range of 7, = 200 - 260°C [1]. Under short-term thermal exposure with
temperature 7' < 0,57, , the mechanical properties of the fiber direction exhibit negligible variation

[5]. According to the literature [4, 7], when designing a SFE case of composite materials, a
sufficiently thick thermal protection layer is applied so that the casing temperature 7'<0,57, .

Since the thermal effects are significantly smaller than the effects of pressure loading, the SFE
case is designed using a safety factor instead of accounting directly for thermal stresses.
Specifically, the design pressure is defined as p = kp,,qx» Where k = 2 — 3 is safety factor [4]
and Py, 1s the maximum internal pressure within the engine.

Consider a composite dome of the SFE case connected to the nozzle with a fiber (or a fiber
tape) placed on the surface described in the polar coordinate system (z, », 6), subjected to internal
pressure p and axial force N as shown in figure 1. Some geometrical and physical characteristics
of the SFE case related to this study are as follows:

- R, r, are the radius of the cylindrical part and the radius of the dome hole, 7; is the inner radius
of the nozzle, ;= 0 if the SFE case is connected with the igniter.

- fis the winding angle, which is the angle formed by the tangent of the fiber trajectory with
the tangent of the shell meridian;

- T is the internal force in the meridian direction, 7> is the internal force in the parallel direction,
R;is the meridional radius, R;is the parallel radius.

- p is the calculated pressure in the engine, N is the axial force, and g is the force distribution at
the polar hole [11].

pr 2
7”0—’%) (1)

P

q:

To build a mathematical equation describing the dome profile of the SFE case, it is necessary
to solve the following problems:
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- The winding problem is ensuring that the filament does not slip on the surface of the winding
mandrel.

- Problems related to the equilibrium of internal forces in the dome of the SFE case.
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Figure 1. The geometry of a dome profile Figure 2. Stress-strain components

of the SFE case. in the case's element.

2.2. Non-slippage condition of the fiber

For the wound dome of the SFE case based on non-geodesic roving trajectories, according to
[5], the non-geodesic wound trajectory equation is as follows:

d sin f.tan r".cos r'.tan
dz r 1+7 r
where £ is the first derivative of f with respect to z, 4 is the slip coefficient, which describes the

slip tendency of the fiber, 7,7 are first and second derivatives of r with respect to z.

Rearranging equation (2) we obtain:

1 V1477 (r'.sin B+ 7.3 .cos )

2 2 2 2 (3)
V1+7"? sin® B—rr".cos’ B
To prevent the fiber from slipping, the fiber's slip coefficient must be ensured [5]:
A<[A] (4)

where [ 1] is the allowable slip coefficient.

For the wound dome of the SFE case based on geodesic roving trajectories, the fiber has no
tendency to slip, meaning that 4 = 0 the geodesic fiber trajectory equation becomes as follows:

r.cos 3 = const (5)

2.3. Equilibrium of internal forces in the dome of the SFE case

- Internal force in the dome of the case: Under the effect of pressure p and axial force N, internal
force components appear as the meridional force 7 and the parallel force 7>[11]:

DR, ”12 N
T = l-=+—

=) ©)

PR, R, a N

L=—=2-——(0-+5+ 7
22 ( R, ( S p) ™
The average stresses in the meridional and parallel directions can be determined:

o =T /h (®)
o, =T /h ©)

where 4 is the thickness of the SFE case’s dome.
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- Internal force in the SFE case’s dome is generated by pressure p and axial force N: Describe
the stress components in the dome element of the case as shown in figure 2.

Because the dome case has a symmetrical shape with the axial direction coinciding with the
direction of the composite material, the stress and shear strain components are zero [11]. According
to the mechanical theory of composite materials [11], the stress and strain in the case have the
following relationship:

0,=0,.cos’ f+0,.sin’ B (10)
0, =0,.sin° B+0,.cos’ B (11)

_¢g,.sin’ f—g,.co8’ B

sin* B—cos* S (12)
_&;8in’ f—¢,.co8’ 13
sin* f—cos*
& =‘;——VE : (14)
5, =r-=o, (15)
En Ed
Eyv, =E,v, (16)

where oy, on, &, & are the stress and strain in the direction longitudinal and transverse to the fiber
axis; E4, En, van, Vna are the elastic modulus and Poisson's ratio of the composite material in the
longitudinal and transverse directions.

Substitute equations (12-16) into equations (10-11) to obtain the equations:

0,=4,.6+4,¢, (17)
o, = A21~81 + Azz ) (18)
where:
E E E
— d 4 d s 2 2 n .4
A, = 1—.cos p +2————wy, .sin" f.cos” f + 1—.sm
- vdn Vnd - Vdn Vnd - Vnd Vdn
E En E
— — d 2 s 2 d .4 4
A, =4, —(1 +1 ).cos” B.sin ,8+1—.v 5, (sin” B+cos” B)
- Vdn Vnd - Vnd Vdﬂ - Vdn Vnd
E E E
_ d a4 d 22 2 4
4, —1—.sm £+ 21—.vdn.sm p.cos ﬂ+1—".cos
- Vdn Vnd - Vdn Vnd - Vdn Vnd

Consider this ratio o»/o;, from (6), (7), (10) and (11) we have:

o, tan’B+k 2 rr

- 2 o 2 + 12
o, l+ktan”p T N 1+r

(19)

l"z 72'F2p

where k = on/ oy is the stress ratio that characterizes the anisotropy of composite materials.
2.4. Minimum strain energy condition

According to the plasticity condition, the material energy changes from elastic to plastic state
when the shape change potential energy (strain energy) reaches a certain value. Thus, if the strain

energy is minimum, the load-bearing capacity of the structure is better. From this point of view,
the minimum strain energy condition is used to design the optimal dome of the SFE case.
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The deformation energy of the case element is determined as follows:
1
U= E(g, 0, +&,.0,) (20)

Set ¢ =0,/ 0,, substitute equations (17), (18) into equation (20), we obtain:

:G_IZ'AD —2.p.A4,+¢" A,
2 Azz-Au _A122

U 21

To find the minimum of the function U, we use the Lagrange extremum method by considering
the function:

0'_12. 4y, —20.4, + 9" A,

f(4,,4,,4,)= > s —Alzz +77.[A—(A11 +2.4, +A22)] (22)
where 7 is the parameter Lagrange. We have:
A, +2.4,+ A4, =A=const (23)
According to the Lagrange extremum condition, the function f reaches a minimum when:
Zl:o, 62:2:0’ 52;:0 @9

Solving (24) with constraint (23), we obtain ¢ =(4,, + 4,,)/ (4, + 4,,) . Divide equation (17)
by equation (18), we obtain:

& _ P-4, — 4, (25)
& All - (0-1412
Subtracting equation (25) by 1, we obtain:
81=<92=8=L (26)
Al] + AIZ

2.5. Equations for determining the dome of the SFE case
Since & = &, from (11) and (13) we have & = &. Combining (13), (14) and (15), we obtain:
o, E(0+v,)

n

= const
o, E,(1+v,) @7

From equations (19) and (27), we get the equations describing the dome profile of the SFE case:
" ( tan® B+ k 277 ]I-Hf'z

- 25 2 2 (28)
l+ktan® g r"=C, . +C, | r

- Axial force coefficient.

2

2
where C, = 1L | - Coefficient nozzle radius, C, =
7R p

o

Converting equation (28) into non-dimensional form by placing 7 =r/R,z=z/R and
combining with equation (2), we get a system of equations describing the wound dome profile of
the SFE case based on the non-geodesic roving trajectories and the continuum theory:
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- tan® B +k 27 147"

2 n  —2 )
I+ktan® S " —c r,+C, | 7 (29)

=

ﬂ,:i(sinﬁ._tanﬂ 3 r".cgszﬁ B r'.te_inﬂ
r 1+7' r
Combining equation (5) and the first equation of system (29), we get the system of equations
describing the wound dome profile of the SFE case based on the continuum theory and geodesic
roving trajectories. When the value of the anisotropy coefficient is =0 in equation (29), we obtain
the system of equations describing the wound dome profile of the SFE case based on the non-
geodesic trajectories and the netting theory. The boundary conditions to solve the system of

equations are z(0) = 0,7(0) = 1,7'(0) =0, P(0)=p,_,, where f.s - Winding angle at the equator.
3. RESULTS AND DISCUSSION

3.1. Effect of axial force on the dome profile of the SFE

Figures 3, 4, 5, 6 show the influence of the coefficient C, on the shape of the dome profile of
the SFE. It can be seen that when the coefficient C, increases, or the axial force N increases, to
ensure the balance of the dome of the SFE, it tends to lengthen (the dome height z increases).
However, when the axial force value increases too high, the dome of the SFE is bent and does not
converge to the polar hole. The wound dome profile of the SFE case based on the geodesic roving
trajectory tends to bend earlier than that dome based on the non-geodesic roving trajectory when
having the same polar hole radius and coefficient Cp.
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Figure 3. Non-geodetic winding dome Figure 4. Geodetic winding dome profile of the
profile of the SFE_with coefficient C,= 0.5, SFE with coefficient C,= 0.5, ,_,p =06
rp=0.6.
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Figure 5. Non-geodetic winding dome Figure 6. Geodetic winding dome profile of the
profile of the SF@ with coefficient C,= 0, SFE with coefficient C,= 0, ,_,p =0.6.
rp=0.6.
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To overcome the phenomenon of the dome profile not converging towards the polar hole, it is
necessary to use a convex curve with a radial radius of the correction point 7> ;. To overcome
this, according to [6], a correction equation needs to be used, which has the form of equation (30).

= N2 = _\2 =
(z +R ,.sina, —zf) +(r +R,.cosa, —rf) =R,

a, = acos((l +70)"? )L - 30)

—z,
where index f denotes the correction point; R; is the radius of the meridian arc at the correction point.
3.2. Effect of nozzle radius on the dome profile and the dome deformation of the SFE case

Figure 7 shows the dome deformation curve of the non-geodetic winding SFE case with
different polar hole radii. When the polar hole radius increases, the forces in the meridian and
parallel directions decrease, so to ensure the stable equilibrium of the dome, the dome height
decreases. Figure 8 shows the dome deformation of the SFE case using carbon fiber composite
material with epoxy resin under the pressure p = 24 MPa, coefficient C,= 0.1. It can be seen that
when the nozzle radius increases, the dome deformation gradually decreases due to the increase in
the distribution force at the polar hole when the polar hole radius decreases. The largest
deformation of the dome at the equatorial position gradually decreases as the radius decreases and
there is a jump at the position near the polar hole.
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Figure 7. Effect of nozzle radius on the dome Figure 8. Effect of nozzle radius on the
profile of the SFE with coefficient Cp = 0.5, dome deformation of the SFE case.

rp=0.6.
4. CONCLUSIONS

Based on the continuum theory, the geometry and bearing characteristics of the SFE case were
analyzed according to the proposed assumptions. Using the minimum deformation energy
condition, a mathematical model was built to describe the dome profile of the SFE case under the
influence of pressure p and axial force N, based on both geodesic and non-geodesic roving
trajectories. From the mathematical model, the influence of axial force and nozzle radius on the
dome profile of the SFE case was presented, and the following main points were drawn:

- When the axial force increases, the tendency of the dome profile of the SFE case not converge
toward the polar hole increases. From there, a correction curve is proposed for the dome part, not
converging toward the polar hole.

- When the polar hole radius increases, the height of the dome and the dome deformation of the
SFE case both decrease due to the decrease in force ¢ at the polar hole location.
REFERENCES

[1]. Agarwal, B. D.; Broutman, L. J.; Chandrashekhara, K., “Analysis and Performance of Fiber
Composites”, Wiley, New Jersey, (20006).

152 T. N. Thanh, D. V. Hien, B. V. Am, “Building a mathematical model ... winding technology.”



Research

[8].
[9].

. Liang, C. C.; et al., “Optimum design of dome contour for filament-wound composite pressure vessels

based on a shape factor”, Composite Structures, Vol. 58, No. 4, pp. 469—482, (2002).

. Hien, D. V; Thanh, T. N.; et al., “Design of planar wound composite vessel based on preventing

slippage tendency of fibers”, Composite Structures, Vol. 254, Article 112820, (2020).

. Milligan, D. J.; Ghoshal, A., “Design and Analysis of a Composite-Lined Rocket Motor Case”, NASA

Technical Memorandum 107523, NASA Langley Research Center, Hampton, VA, (1992).

. Wen, J.; Wu, Y., “Effect of high temperature on mechanical properties and porosity of carbon

fiber/epoxy composites”, Composite Structures, Vol. 262, Article 113640, (2021).

. Zu, L.; et al., “Design of filament-wound domes based on continuum theory and non-geodesic roving

trajectories”, Composites Part A, Vol. 41, pp. 1312-1320, (2010).

. U.S. Department of Defense, “MIL-HDBK-17-1F: Composite Materials Handbook, Volume 1 —

Polymer Matrix Composites Guidelines for Characterization of Structural Materials”, Department of
Defense, Washington, D.C., (2002).

Vasiliev, V. V.; Krikanov, A. A., “New generation of filament-wound composite pressure vessels for
commercial applications”, Composite Structures, Vol. 62, No. 3, pp. 449459, (2003).

Vasiliev, V. V., “Composite Pressure Vessels: Analysis, Design, and Manufacturing”, Bull Ridge
Publishing, Blacksburg, Virginia, USA, (2009).

[10].Kanunues, B. A.; Srogaukos, . A., “Texnonoeuss npouzeodcmea pakemuvix ogueameneil meepoozo

monusea”’, TEXHOIOTUU PaKETHO-KOCMHUYECKOTO MaImnHocTpoenus, Vol. 688, Moscow, (2010).

[11].bynanos, 1. M.; Cwmsicios, B. U.; Komkxo, M. A.; Kysneuos, B. U., “Cocyodwer oasnenus u3

KOMNOZUYUOHHBIX MAMEPUATO8 8 KOHCMPYKYUAX lemamenbHulx annapamog”, Moscow, (1985).
TOM TAT
X4y dyng mé hinh toin mé ta bién dang day than vé dong co nhién liéu rin
tir vat liéu composite theo cong nghé quan

Pé tang hé $6 nhéi cho dong co, vat liéu composite la lya chon hang dau d@é ché tao than
V6 ddng co nhién liéu rdn givip tang hé sé nhoi déng co. Bai todn chinh dé thiét ké than vo
dong co nhién liéu ran tir vat lidu composite la bai toan xdc dinh bién dang day than vo
déng. Véi muc tiéu xdc dinh bién dang ddy, bai bdo trong tam xdy dung mé hinh todn tong
quat mo ta bién dang day thdn vo dong co co lop bao vé nhiét bén trong chiu dap lyc trong
p va luc doc truc N. Dya trén mé hinh todan, phan tich sw anh huéng luc doc truc va ban
kinh loa phut dén bién dang day than vé dong co. Két qua bai bdo la co sé cho tinh todn
thiét ké than vé dong co nhién liéu ran tir vt liéu composite.

Tiwr khoa: Than vé dong co nhién liéu rén tir vat liéu composite; Bién dang day than vo; Luc doc truc; Ban kinh loa phut.
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