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ABSTRACT

This paper presents a model-free optimal control framework for trajectory tracking of
Unmanned Surface Vehicles operating under unknown dynamics and time-varying disturbances
via Policy Iteration (Pl) and Integral Reinforcement Learning (IRL) algorithms. The IRL-PI
controller is developed based on an order reduction technique and an off-policy Actor-Critic
neural network structure, allowing real-time approximation of the Hamilton-Jacobi-Bellman
solution without requiring model knowledge. Simulation results on a three three-degree-of-
freedom (3-DOF) USV model demonstrate that the proposed method outperforms conventional
controllers in both tracking accuracy and robustness. These results highlight the potential of the
IRL-PI controller to develop robust control solutions for complex marine systems operating in
uncertain and dynamic environments.

Keywords: Integral reinforcement learning; PI; Optimal control; HIB; USVs.
1. INTRODUCTION

In real-world marine environments, the dynamics of unmanned surface vehicles (USVs) are
inherently nonlinear and affected by unknown disturbances such as wind, waves, and ocean
currents [1-7]. As a result, deriving an accurate mathematical model of USVs is difficult, and
traditional optimal control approaches often fail to compute feasible solutions due to modeling
uncertainties and nonlinearities. To overcome the aforementioned challenges, extensive research
has been devoted to the development of advanced nonlinear control strategies capable of adapting
to system variations in real time, including control frameworks grounded in Lyapunov stability
theory, adaptive optimized backstepping (AOBC) [4], disturbance-observer-based sliding mode
control [3], and model predictive control (MPC) [7]. To further enhance robustness, hybrid
intelligent control approaches, including adaptive neural network (NN) control, disturbance
observer-based control, and neural sliding backstepping, have been proposed [2]. Although these
techniques exhibit strong capability in handling nonlinearity and parametric uncertainties, they
often require model information or depend on restrictive assumptions and usually suffer from
practical limitations, such as neglecting input constraints, sensitivity to parameter tuning, or
increased computational complexity.

To achieve the trajectory tracking control task for USV, finding the optimal solution for such
nonlinear systems requires solving a nonlinear partial differential Hamilton—Jacobi—Bellman
(HJB) equation, which is generally very difficult when model uncertainties are present. In recent
years, Reinforcement Learning (RL) has emerged as a promising paradigm for model-free optimal
control, where the control policy is learned directly from data-driven interactions rather than
explicit model information [8, 10]. In particular, Actor—Critic neural network (ACNN)
architectures, developed within the framework of Adaptive Dynamic Programming (ADP), have
demonstrated significant potential in approximating solutions to the HIB equation and enabling
online optimal control design [5, 6, 11-13]. With advances in sensor fusion and data-driven
modeling, integrating RL with intelligent nonlinear control offers a promising pathway toward
robust, adaptive, and real-time control of USVs in uncertain marine environments.
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This paper proposes an algorithm based on the Integral Reinforcement Learning (IRL) [9, 14]
and Policy Iteration (PI) [5, 11] framework for optimal trajectory tracking of USVs with completely
unknown dynamics and external disturbances. The approach is entirely data-driven, and employs an
actor—critic architecture with NNs to approximate the Bellman error and iteratively update the control
policy. By leveraging off-policy learning, the method improves data efficiency and robustness,
enabling real-time implementation without prior system identification. The proposed controller
ensures prescribed tracking performance, adaptability to dynamic changes, and time-varying
disturbances, making it highly suitable for USV operations in uncertain marine environments.

2. METHODOLOGY

2.1. Problem statements
According to [1], the overall motion of the 3-DOF USV (illustrated in figure 1) is:
{MiJ +CWv+DWv+d(t) =1,
n=Jmv
where 7 = [r]x Ny nw]T € R® are the planar position and heading, respectively; v(t) =

[v, () vy (£) vy (t)]T € R3 are velocities in the body-fixed frame, respectively; M € R3*3 is the
inertia matrix. C(v) € R3*3 is the Coriolis and centripetal acceleration matrix. D(v) € R3*3 is
the damping matrix, ,, € R® is the control input, d(t) is the disturbance. J(n) € SO(3) is a
Jacobian transformation matrix relating in body-fixed and NED reference frames:
cosyp —siny 0
sinyp  cosy O
0 0 1
For the convenience of controller design, the dynamic model in Eq.(1) is reformulated into the
following form:

()

J) = R OEVE)

M) + CO, i) + D, ) = Ty + Tea o)
where: M =J7"M]™; C=J"(C—-MJ 7)) s D=]7"D] ™ vy =] Ttp; Tea =) "d.
To develop the proposed controller, the following assumptions are introduced:

Assumption 1. Vector  and 1 are bounded by 77;,7, € R* such that ||| < 74, 9]l < 7,.
Given that n(t),7(t) € L, it is ensured that all functions C(n,1), D(n, 1), as well as the first,
second partial derivatives with respect to n(t), 1(t), are bounded.

Assumption 2. The reference trajectory 1. and the 1%, 2" derivatives exist and are bounded.
There exist transfer functions hy (17,-¢5), hy (Myef) such that .., = hy (nre f), flyef = hy (ﬁre f).
2.2. Controller design
2.2.1. General control structure

Assignment of the coordinates for the USV is presented in figure 1. The structure of the
proposed controller is depicted in figure 2.

) ) \
I "y I
N, (8 IRL-PI based optimal u’”% ‘ ﬂf@ ~l }_77(_1>
/ controller - 77([)\ = L |
1 ‘ —
n(t) \ }

Figure 1. Coordinates of a USV. Figure 2. The control scheme of the USV system.
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To design a controller that ensures 7(¢t) tracks a reference trajectory 9f (t), while minimizing
the measurement performance index. To quantify this target, a tracking error, denoted by e € R™:

eznref_n:ézﬁref_ﬁ 3)
For reducing second-order uncertainty and disturbed USV, we define a sliding surface:
s(t) = e+ de; 1 = diag(1;,1,,143),4; > 0;i =1,3 &)

Take the time derivative of (4), then multiply both sides by M(#n) and substitute (2) into that,
the system for s(t) can be obtained as (5):

Ms$=—-(C+D)s—T,+f—Teq 5)
Where f is a vector of multi-variable nonlinear functions:
f = M@)(ityer + 4&) + (C + D) (iyes + Ae) ©)
The proposed controller relies on figure 2, which is an IRL-PI:
Ty (8) = —u (0) (7)
From (5) and (7), we have the following model after eliminating the estimation error f — T4:
M(m)s = —(C + D)s + (1) ®)
From (3), (4), and (8), we have the following time-varying system:
—Ae+s 0
= —_ — = . + _"X”] a1 (t 9
z [_M 1(nref - e) - (C + D)(nref — €, Nyer + e — S)S] [M_l ulrl( ) ( )
Where z = [eT sT]7, the infinite horizon exponential cost function to be minimized is [2, 5]:
—-y(t-t) 1 T 1 T
V) = | e (227 Qz + S ul Ruyy ) dr (10)

t

Q= [OQe OnX3n] € R'?2,Q, = diag(qeq Gez Ge3); R € R™™  are  positive  definite

3 3nxXn . 0377.)(377.. . . . . .
symmetric matrices, ¥ is the discount factor. For the satisfaction of finite value, it needs to

guarantee that:
lim e~v(—t) (EZTQZ + luT Ru; ) =0 (11)
00 2 2 irl irl | —
The discount factor y is introduced to regulate u;,;(7) and maintain control performance.
Consequently, off-policy learning techniques with function approximation are employed to estimate
the remaining term u;,,; (7), ensuring that the desired tracking performance is still achieved.

¢ T . . .
Define the state vector X = [2z”  7],; %] , the dynamics equation of X is:

X(@®) =FX) + 6(Xuyy (12)
—Ae +s

F(X) M_l(nref)(nref - e) - (C + D)(nref -6 ﬁref + de — S)S G(X) (I)l;iT (13)

- hl (nref) ’ B 0
. 2nXn
hZ (nref)
Letn(X, u;) = %X TQX + %uiTrlRum, the cost function of (11) can be rewritten as:
Vi) = [ O, u)dr (14)

t
Remark 1: To guarantee stability in the design of optimal control, it is necessary to consider a
specific class of control signals referred to as “Admissible Policies” (see [13]).
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2.2.2. Design the optimal controller

Based on equation (12), the optimal control inputs can be regarded as static state-feedback laws
u;,; (X) and the corresponding time-invariant Bellman function V* (X (t)) can be directly derived as:

Vi(x(@®) = (D o VX (), u;r (X(2)) (15)

Taking the time derivative of the function V*(X(t)):

o av”
|4 (X(t)) - _(F(X) + G(X)uzrl) (16)
According to the Dynamic Programming (DP) principle and the cost function (14), the
following results are implied:
V*(X@®) -V (Xt +8))
6

t+6 s (17)
L[ eva-o . € -1,.
=5 e (X (D), uj, ())dr + TV (X(t+9))
t
As § - 0, and by combining with (15), (17), the function V*(X(t)) from u;;(X) can be
derived by solving the following partial differential equation:

*

av
(X (), uip (8) =YV (X(©) + 5 [F(X) + 6(X)ujy] = 0 (18)

Equation (18) represents the Hamilton-Jacobi-Bellman (HJB) equation reformulated for the
USV tracking problem, where the value function VV*(X) encodes both stability and optimality.

According to the principle of Dynamic Programming (DP) [5, 11, 13], the optimal value
function V*(X) can be equivalently represented as an integral form of the cost function under the
optimal policy over the entire infinite time horizon. This formulation serves as the direct

foundation for applying the Policy Iteration (PI) algorithm.
In addition, u;;-;(X) is obtainable from:

[oe]

Ve(X@®) = m(X(6), uy (X(8))) dt (19)

min f
ur (X)€Y (2)
t
According to the DP principle, it implies that:
t+8

f (X (1), ui (X (2)))dr + um(r)r(l)igy(m e VOV (X(t + 6) (20)

V(X)) =

Uiy (X)EY(!))
t

As 8§ - 0%, we can achieve u;, (1) from V* (X (t)) in the following optimization problem:

*

v
I(X)Eym)ﬂ(X(t) (D) =YV (X(0) + S [FOO + 6(X)ujp] = 0 @

By using the Policy Iteration (PI) algorithm [5, 11], the solution for equations (18) and (21) can
be solved with algorithm 1.

Algorithm 1. Policy Iteration (PI) algorithm

Step 1. Initializing: Initializing admissible policy u L) () € Y() for system and let k — 0.
- Set iteration counter with k = 0.
Step 2. Policy Evaluation: For k = 0,1, 2, ...given current policy Wy (7),
- Find the approximate Bellman function by solving the partial derivative (18) with
V(k+1) (X(T))
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(k+1)

[F(X) + G(X)u(k)] 0 (22)

irl

v
(X(t) ug; (t)) —WEDXO) + —5

- On convergence, set k — (k + 1).

Step 3. Policy Improvement: Update the policy signal um )(T) using the gradient of
V(k+1).

(23)

(k+1) 1,T )
Lrl ( )_ G (X) oxX

Step 4. Iteration: Return to Step 2 until ufflﬂ) () = ffl) (7).

However, this approach requires knowledge of matrices F(X) and G(X). So, we propose an
off-policy IRL approach that only assumes uncertainty in F(X), which is sufficient to address the
implication u},;(X) = V*(X(t)). Nevertheless, knowledge of G(X) is still necessary for solving
the inverse implication V*(X (t)) — u;j;(X). To comprehensively handle the model uncertainties
in (12), the off-policy framework introduced in [9, 14] is adopted and further extended to the USV
control problem within the PI scheme, where control actions are selected iteratively during the
learning process as follows:

) (X)) = ul) (X(D) + €(x) with €(r) = [¢;] VT € [t;,tj41],j = T,L (24)
Where €(t) = €(t + T) is considered piece-wise constantand ty =t < t; < - <t, =t +T,
are constant vectors, k is the index of policy in algorithm 2, T > 0 is the period.
Algorithm 2. The off-policy IRL algorithm
Step 1. Initialization: admissible policy uffl) (1) €Y(Q). Let k — 0. Set iteration counter k = 0.

Step 2. Iterative Update (for k =012..)
- Given the current policy ulrl (T) calculate the control u ulrl (T) according to (24).
- Solve the approximate Bellman function V(k“)(X (1)) and ulrd

irl
using the off-policy Bellman equation:
VED(X(t +T)) — e‘YTV("“) (X(t+1)
t+

(7) at the same time,

25
- [ e [+ ) + 2 meco] a0
t

- On convergence, setk = (k + 1).
Step 3. Go to 2 until V and u;,; converge.
=)

irl

Remark 2: The behavior policy u;..; is used to collect data trajectories and is intentionally

perturbed by an exploration noise term €(7). This policy differs from the control policy ufﬂ) , which
(k)

iyl €nsures sufficient state-

is iteratively refined to approximate the optimal policy u;,;. While u;

action space exploration, u(l) is updated through value function evaluation and policy

improvement. The solution to Eq. (22) is obtained via proper data collection. Since the NNs
approximation requires a unique solution, Eq. (25) can be reformulated for a sufficiently small
sampling interval T as:

t+T
V(k+1)(X(t + T)) — p+D) (X(t)) =— f (XTQX + uffl) Ruffl)) dt
t+T t+T ‘ (26)
4 J YV (X (1)) dr + f 20" R [ul?(X) — a) (%) | dr

t t
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The value function and the optimal control signal can typically be approximated by NNs with
arbitrary accuracy, provided a sufficient number of neurons are used, as expressed below [9, 12]:

V(X(0)) = Wcp(X() + £.(X(8)) and u;, (X(8)) = WEO(X (1)) + £4(X (1)) 27)
Where, WL € RiXL, W, = [Wyq, Wy, ..., Wem] € RleX™ are the ideal weight vectors of the
critic and actor NNs, respectively. (I)(X (t)) € Rl and G(X (t)) € Rla are column vectors of
linearly independent activation functions. The terms &.(X(t)), £,(X(t)) denote the NNs
approximation errors, satisfying lim g (X(®) =0, lim £.(X(®)) = 0. Following the approach in
(r)

irl

VX)) = WP $(X(0) and u® (@) = W 9(x (1)) (28)

irl

[9], the value function V® (x (t)) and the optimal control input u; ./ () can be expressed as:

Where W, W, are the estimated values of the ideal NN we1ghts (k) and W( ) , respectively.
Implementing the data collection at time instants t = t; < -+ < tp the updated laws of W, W, can
be given using equation (26) with t = t,,_1;t + T = t,,; m = 1, N. N is the number of neurons.

The equation (26) can be modified as:

o (xcxe)

t

= [$(x(t-) - pXE) T+ [ y[p(x@)] WEDar

(29)
ti—1
t; t;
+2 f |u vl ®67 (X(1)| [R@I'*te]vec (WD) dr — f [xTQX+u§fl) Rul,| dz
ti-1 ti—1

To obtain the updated laws of ng), Wflk), we give an optimization method, and the formula
(29) can be rewritten as:

5 (X(e,_), T, X (1)) = v OWED — {0 (30)

al am

T,T
Where: Wk+D = [W§k+1)T W(k+1)T, W(k+1) ]

(m k) _

t
=[p1+p2,P3 = psliv (mk) ftll [XTQX'*'qul) Ruf,]dr;

P1= (X(tz 1)) - (P(X(tl)) 1Py = ffz—ly[qb(x(r))] W£k+1)dT

~ 7 f [uf" @67 (X ()] [R@Ietalvec (W) dr
ti- 1

=2 f[u(k) ®0T(X(T))] [R®Ilaxza]vec(WElk+1))dT

irl
ti—1
In equation (30), m denotes the data sample within the collected trajectory set, while k refers
to the current policy iteration. 9 ™K represents the temporal-difference (TD) error corresponding
to the m*™ state transition under the k" policy estimate. The matrices v&m’k) are constructed from
the basis functions 8(X) and the instantaneous cost function (X, u;;) associated with this
transition. By stacking all N samples, the regression problem described in (31), (32) is formulated

to update the critic weights W**1 ensuring that the TD error is minimized over the entire dataset.
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Implementing Eq. (30) with m = 1, N we obtain the following equation:

_ (O (k)
9F) = WD 3 (31
Where:
k) _ [T e’ w1 . T
vl - [vl 'vl y ey U1 ] ) ng) = [Uz(ljk), Uz(z,k), ,UZ(N'k)] (32)

Based on the approximation in (26), the Least-Squares method can be employed to estimate the
matrix W**D | thereby deriving the updated law that minimizes the residual error as:

_ T T -1
wk+1) = vgk) vgk) (vgk) vgk)) (33)

Remark 3: The optimal control for USV trajectory tracking was derived under specific
conditions with an explicit relation between the weighting matrices in the cost function. However,
when dynamic uncertainties and a general exponential performance index in (11) are considered,
off-policy algorithms are introduced to establish a model-free optimal control framework. The
stability of the proposed control scheme is verified using Lyapunov stability theory, where the
Lyapunov candidate is constructed based on the Bellman function.

3. RESULTS AND DISCUSSION
Simulations of a USV system are performed by using MATLAB Simulink 24b. The parameters
of the USV system are adopted in [4]. Simulation parameters are presented in table 1.

The mass of the USV is m = 21kg, its length and width are 1.2m and 0.3m, respectively. The
certainties of inertia, Coriolis centripetal, and damping matrices are given respectively by:

20 0 0 0 0 —19v), — 0.72vy,
M= [0 19 0.72|;C= 0 0 20v,
0 072 27 19vy, + 0.72vy, —20v, 0
0.72 + 1.3|v,| + 5.8v2 0 0
D= 0 0.86 + 36|vy | + 3|vy|  —0.1 = 2|vy[+2]vy|
0 —0.1-5|vy| +3lvyl 6+ 4|vy|+4|vy|
Table 1. Initial conditions and various parameters for the control algorithm.
. . 7@, v©® 1.1, [0.5; 0.1; 0.2]7,[0.1; 0.2; 0.3]7,
Initial conditions w®, w© 35, 12, zeros(35, 1), zeros(12,3)
Parameters for (10) ¥,Q., R 0.5, 20 X I3y3, 0.25 X I35
Gains sliding surface A diag(5 4 25)
Design trajectory Nref [10sin0.2t; —10cos 0.2t; 0.2t]7
9, [x1 x5 ... x12]T € R12
The active functions ¢ [x2 x2 ... X2, X1Xp XpX3 .. X11X12 X1 X5 . x]5]|T €
R35

T

T
2.5 + 0.6 sin 0.5t + 0.5 cos (O.Zt n Z)

T
d(t) 3 + 0.4sin (O.Zt + g) + 0.2 cos 0.4t

Disturbance

2 + sin (0.6t + g)

Admissible control signal input: u(t) = —10(C + D)[v(t); ]T(n(t)); s(t)]
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Figure 3. The trajectory of a USV under the
IRL-PI controller.
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Figure 4. Tracking trajectory in the (x,y,{)

axes of USV under IRL-PL.

The tracking control results are depicted in figure 3, figure 4, which show the trajectory tracking
performance of the USV compared to the reference trajectory.

Table 2. Quantitative comparison between IRL-PI and AOBC.

RMSE
Controller Convergence times (s
E,, (m) E, (rad) g )
AOBC [4] 0.2618 0.1927 N.A
IRL-PI (proposed) 0.06753 0.00181 <2

As shown in table 2, the proposed IRL-PI controller achieves significantly lower RMSE in all
three motion states compared to AOBC [4]. These improvements prove the effectiveness of
robustness with IRL-based optimality.

Figure 5, figure 6 show the tracking errors and their distribution on the (x, y, ) axes. Figure 7
shows the response of control inputs using the proposed controller, and figure 8 shows the
disturbances (with strong gusts of wind at 12 - 13 s and 27 - 28 s), which operate throughout the
entire simulation. Simulation results demonstrate that the proposed IRL-PI controller achieves
superior disturbance rejection.

N
[=]

| Mean = -0.004
 Std = 0.034

-
o

J

-5

Prob. Density ex(t)
o

0

Deviation e (t)

Mean = -0.047
Std = 0.501

-5

Prob. Density ey(t)

0

Deviation ey(t)

L Mean = 0.001
Std = 0.006

-
o
o

o

Probab. Density ew(t)
)

0

Deviation ew(t)

Figure 5. The tracking error distribution.
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Figure 6. The tracking errors on the axis.
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Figure 7. The control inputs of IRL-PI. Figure 8. Disturbance with gusts of wind.

Figure 9 and figure 10 show the convergence behavior of the actor and critic neural network
weights under the IRL method. After the 2nd iteration, the weights of the NNs converge.

4
9,662 - , 200 w, W,
W2 W7
9.58 W, Wy
100 w w
9.56 o e
£ Norm Convergence %) 5 10
2 954 =
Z g
.g) ()
2952 =
=
9.48
9.46 -200
0 20 40 60 0 20 40 60
Times Times
Figure 9. Norm convergence of Figure 10. Weights convergence with
the ACNN weights. the IRL technique.

The analysis of the IRL-PI controller highlights their learning efficiency, robustness, and
overall tracking performance. In addition, the controller demonstrates satisfactory trajectory
tracking accuracy under simulation conditions, suggesting that it is capable of learning an
effective policy for the USV trajectory tracking task, consistently outperforming the other
controllers in terms of convergence speed and robustness in affected external disturbances and
dynamic uncertainties.

4. CONCLUSIONS

This study presents a model-free IRL-PI framework for optimal and coordinated trajectory
tracking of USVs under unknown dynamics and time-varying disturbances. The method removes
the need for model knowledge and ensures robustness and tracking precision. By applying an
order-reduction technique with a sliding surface, the algorithm efficiently solves the infinite-
horizon optimal control problem. Simulation results verify its superior robustness, accuracy, and
stability, demonstrating that the proposed approach effectively unifies optimal and coordination
control for USVs. Future work will focus on experimental validation and extend the practical
deployment of the proposed controller for USVs.
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TOM TAT

Diéu khién t6i wu bam quy dao cho USV c6é dong lwc hoc bat dinh va
nhieu bieén thién theo thoi gian bang thuat toan PI va IRL

Bai bdo trinh bay mét khung diéu khién t6i wu phi mé hinh cho bdi todn bam quy dao
cua tau mdt nudc khong nguoi lai (USVs) hoat dong trong diéu kién déng liec hoc chuwa biét
va nhiéu bién thién theo thoi gian, dwoc phat trién thong qua thudt todn Hoc ting cuong
tich phan (IRL) va lap chinh sach (Pl). B diéu khién IRL-PI duwoc thiét ke dua trén ky thudt
gidm bdc va cdu triic mang no-ron Actor-Critic chinh sdch ngoai tuyén, cho phep xdp xi
nghiém phuwong trinh Hamilton-Jacobi-Bellman (HJB) trong thoi gian thuc ma khong can
biét truée mé hinh hé thong. Két qua mo phong trén mé hinh USV ba bdc tu do (3-DOF)
cho thdy phwong phdp dwoc dé xudt vueot tréi hon cdc bé diéu khién truyén thong vé cd do
chinh xdc bam quy dao va tinh bén viing. Nhitng két qua ndy khdng dinh tiém nang ciia bé
diéu khién IRL-PI trong viéc phdt trién cdc gidi phdp diéu khién bén viing cho cdc hé thong
hang hai phike tap hoat ddng trong méi trwong bat dinh va bién dong.

Tir khoa: Hoc ting cuong tich phan; Lap chinh sach; Diéu khién t6i uu; HIB; USVs.
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