Electronic Engineering

A variational quantum eigensolver (VQE) algorithm
for optimal target selection in two-dimensional space

Nguyen Kieu Hung, Nguyen Duy Thai", Pham Minh Thang,
Nguyen Duy Ninh, Do Van Duong, Du Thi Quynh Trang

Institute of Information Technology and Electronics, Academy of Military Science and Technology, 17
Hoang Sam, Nghia Do, Hanoi, Vietnam.

*Corresponding author: ndthai03@gmail.com

Received 4 Aug. 2025, Revised 23 Sep. 2025, Accepted 10 Oct. 2025; Published 30 Oct. 2025.

DOI: https://doi.org/10.54939/1859-1043.j.mst.IITE.2025.12-18

ABSTRACT

This paper applies the variational quantum eigensolver (VQE) algorithm to solve the problem
of optimal target selection in two-dimensional space. Specifically, we consider a system comprising
multiple moving targets, each traveling in a straight line at a different constant speed and heading
towards a fixed object A. The objective of the problem is to find the target with the minimum time
of approach to the fixed object A. Although this problem can be solved efficiently by classical
methods, the quantum method is proposed here to demonstrate the potential of quantum computing
in solving more complex versions of combinatorial optimization problems. We focus on an in-depth
analysis of encoding the classical problem into a quantum problem, constructing the objective
function H (Hamiltonian), and detailing the procedural steps of the VOE algorithm.

Keywords: Quantum optimization; Target selection; Hybrid quantum-classical algorithm; NISQ.
1. INTRODUCTION

In many fields such as aviation surveillance, defense, and logistics, making optimal decisions
based on real-time data is extremely important. One of the common problems is selecting the optimal
target from a set of potential objects. Classical computing methods can effectively solve small-scale
problems. However, as the number of targets increases, along with the complexity of constraints
(e.g., targets capable of changing direction, noisy environments), the computational complexity of
classical algorithms can increase exponentially, leading to infeasible solution times. With the
advancement of quantum computing technology, quantum optimization algorithms such as VQE [1],
QSE (Quantum Subspace Expansion) [2], and QAOA (Quantum Approximate Optimization
Algorithm) [3] have opened new avenues for solving combinatorial optimization problems. Each
algorithm has its own strengths and weaknesses, making it suitable for the varying requirements and
complexities of specific problems. VQE is specifically designed to find the lowest eigenvalue of a
Hamiltonian and is particularly well-suited for today's Noisy Intermediate-Scale Quantum (NISQ)
computers, as it is a hybrid algorithm that combines classical and quantum processors [3, 4]. This
approach helps to mitigate the impact of noise and errors on current quantum devices. This paper
details the direct application of the VQE algorithm to solve for the optimal target defined by the
shortest approach time. This study serves as a concrete methodology for how the variational quantum
eigensolver can be structured to address real-world optimization challenges.

2. METHODOLOGY

2.1. Classical solution

To solve this problem using a classical method, we can use a simple algorithm with a linear
complexity of O(N), where N is the number of targets. The steps are as follows:

- Initialization: Set a variable min_time to an infinite value and an optimal target variable to
store the index of the optimal target.
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- [teration: Iterate through each target T; with i=1 to N.

- Time calculation: For each target T, calculate the approach time 7;based on its initial position
and speed.

- Comparison and update: Compare the calculated time 7; with min_time. If it is smaller, update
min_time to T; and optimal_target to the current index i.

Result: After iterating through all targets, optimal target will contain the index of the target
with the minimum approach time.

The above solution is very effective and fast for simple problems; however, it does not take
advantage of the ability to process and solve the problem in parallel.

2.2. Quantum method and parallel processing capability

In contrast to the classical method, quantum computing opens up the possibility of solving
problems simultaneously and in parallel through the phenomenon of quantum superposition. When
a quantum system is prepared in a superposition state, it can represent all potential solutions to the
problem at the same time. For this problem, we can initialize a superposition state of all targets,
representing the consideration of all targets simultaneously. Then, by applying quantum
transformations (the VQE circuit), we can interact with this state in parallel to find the state with
the lowest energy (corresponding to the minimum time). This mechanism allows the algorithm to
explore the solution space much more efficiently than the sequential iteration of a classical
computer, especially as the number of targets and the complexity of the problem increase.

2.3. Problem modeling

The problem is modeled in 2D space with the following components:

- Fixed object A: Position (xa,ya).

- Moving targets T; (with i = 1, ..., N): Each target T; has an initial position (Xio,yi0) and moves
in a straight line with a constant speed towards object A.

- Objective function: Minimize the time for the target 7; to move from the initial position (xio
,yio) to object A. This time is calculated by the formula:
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The problem becomes finding the index i such that the time 7; is minimized.
2.4. Encoding the problem into a quantum model

To solve this problem with the VQE algorithm, we need to encode it into a Hamiltonian (H)

Quantum variables: We use N qubits to represent N targets. A qubit in the state [1) can
represent the selection of the corresponding target, and |0) represents not selecting it. Because we
only need to select a single target, the quantum state of the system will be a linear combination of
the basis states 10...1...0) (with only one bit being 1).

Hamiltonian: The Hamiltonian of the system needs to reflect the objective function. The

energy value of a basis state must correspond to the approach time of that target. We can construct
the Hamiltonian (H) as a diagonal matrix, with the diagonal elements corresponding to the time 7;:

H=;ZMM )

Where, |i) is the quantum state representing the selection of the i target. In the form of Pauli
operators, we can represent this Hamiltonian using Pauli-Z operators. For N targets, corresponding
to N qubits, the generalized Hamiltonian is written as follows:
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The construction of this Hamiltonian requires a transformation from a combinatorial
optimization problem (Ising model) to Pauli operators.

2.5. The VQE algorithm

The VQE algorithm is a hybrid algorithm that combines a classical and a quantum processor to
find the smallest eigenvalue (ground state energy) of a Hamiltonian [3]. The two main components
of VQE are the Ansatz circuit and the COBYLA (Constrained Optimization By Linear
Approximation) optimizer.

Ansatz circuit: This circuit is designed to prepare a quantum state that approximates the ground
state of the Hamiltonian. It consists of parameterized rotation gates Ry(68) and CNOT gates. The
CNOT gates generate entanglement between the qubits, allowing the algorithm to explore the
solution space more effectively. Figure 1 shows a 3-layer Ansatz circuit.

R, (01) Ry, (05) R,(0o) —
— Ry (02) b [ 12, (06) |-6b Ry(010) |-
Ry(gl?») S Ry(97) S Ry(ell)

Figure 1. 3-layer Ansatz circuit [6].

COBYLA optimizer: This is a derivative-free optimization algorithm that adjusts the
parameters 0 of the quantum circuit [5]. After receiving the energy value from the quantum
computer, COBYLA uses this information to estimate an approximate linear model of the objective
function. Based on this model, it finds a new set of parameters 0 to continue reducing the energy
value. The workflow of the COBYLA optimizer is illustrated in figure 2.

Initialization

One set P = Ppe=
Xo = Xinit
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n P = Pend | X=Xxp) | ]
I l X = Xo
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No

Figure 2. COBYLA optimizer [5].
The steps of the VQE algorithm are as follows:

Yes

- Ansatz circuit design: Construct a quantum circuit (Ansatz) U(0) with adjustable parameters
0. This circuit is tasked with creating a quantum state close to the ground state of the Hamiltonian.

- Expectation value calculation: On the quantum computer, we prepare the initial state |0), then
apply the circuit U(0) to create the state [y(0))=U(0)|0). Next, we measure the expectation value
of the Hamiltonian: (H)=(y(0)IH|\y(0)).

- Classical optimization: A classical optimizer (e.g., COBYLA, SLSQP) will be used to adjust
the parameters 0 of the Ansatz circuit to minimize the expectation value (H). This process is
repeated until the minimum value of (H) is reached.
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The smallest expectation value is the optimal approach time, and the corresponding parameters
0 will give us the quantum state representing the optimal target choice.

Qubit Hamiltonian [
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Figure 3. Diagram of basic VOE [6].

The VQE algorithm operates based on a tight loop between a classical and a quantum computer,
as illustrated in figure 3. This loop can be analyzed into the following stages:

*Initialization phase (classical):

The classical computer receives the optimization problem and encodes it into a Hamiltonian (H).

A parameterized quantum circuit (Ansatz) U(0) is designed. This circuit contains quantum gates
that can be adjusted by parameters 0.

A classical optimizer is selected to adjust the parameters 0.

*Quantum phase:

With an initial (or updated) set of parameters 0, the quantum computer will perform the
following operations:

- Create superposition state: The qubits are prepared in the ground state |0).

- Apply Ansatz: The circuit U() is applied to create a quantum state |y(0)). Due to the nature
of superposition, this state represents a linear combination of all potential solutions.

- Energy measurement: The quantum computer measures the expectation value of the
Hamiltonian (H) on the state [y(0)) and sends this result (H) back to the classical computer.

*QOptimization phase (classical):

The classical computer receives the energy value (H) from the quantum computer. Based on
this result, the optimizer will adjust the parameters 0 to find a new set of parameters that reduces
the energy value.

Convergence: The process is repeated until the value (H) converges to a minimum value. The
smallest (H) value is the value of the objective function (optimal approach time), and the quantum
state corresponding to the parameters 0 at that time is the solution to the problem.

COBYLA is a derivative-free optimization algorithm that operates on a classical computer. In
the VQE algorithm, COBYLA plays an important role in adjusting the parameters of the quantum
circuit. After the quantum computer returns the energy value corresponding to a set of parameters
0, COBYLA will use this information to estimate a linear approximation model of the objective
function in a trust region around the current point. Based on this approximation model, COBYLA
will find a new set of parameters 0 to continue reducing the energy value, thereby leading to the
optimal solution.
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3. SIMULATION AND DISCUSSION

3.1. Scenario and simulation data

We performed a simulation on IBM's Qiskit Aer platform for a scenario consisting of 15 targets
moving in straight lines at different constant speeds towards a fixed point A, with the approach
times as shown in table 1.

Table 1. Approach times of the targets.

Target | Approach time (s) | Target | Approach time (s) | Target | Approach time (s)
1 9.60 6 9.98 11 7.56
2 9.47 7 8.89 12 7.34
3 9.35 8 8.65 13 7.55
4 9.12 9 8.60 14 7.87
5 9.46 10 8.85 15 7.60

Hamiltonian: Constructed as a diagonal matrix with the time values from table 1.

Ansatz: Used Qiskit's TwoLocal circuit, which includes layers of Ry rotation gates and
alternating CNOT gates to create entanglement, with 3 repeating layers (similar to figure 1).

Optimizer: COBYLA was used with a maximum of 100 iterations.
3.2. Simulation results

The VQE algorithm successfully converged after about 85 iterations. The final expected energy
value (approach time) that the algorithm found was 7.3412 s, which is very close to the actual
optimal value of 7.34 s (the time of target number 12), with an error of only 0.016%.

8.4 VQE Convergence Plot
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Figure 4. Convergence graph of VQE.

The final quantum state when measured shows the probability of finding different targets. As
illustrated in figure 5, the probability of measuring target number 12 is over 98%, while the
probability for other targets is all under 1%.

These quantitative results firmly confirm that the VQE algorithm has accurately encoded and
solved the problem, finding the optimal choice.
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Figure 5. Bar chart of measured probability.
3.3. Discussion

In the case of this simple problem, the classical method has a complexity of O(N) (where N is
the number of targets) because we only need to iterate through all targets, calculate the approach
time 7; and select the smallest value. This method is extremely efficient and fast on a classical
computer. However, the advantage of the quantum method lies in its potential for more complex
versions of the problem. For example, if we add complex constraints (such as the target must be
selected within a specific time interval, or there are different costs for selection) or if the problem
expands to optimizing multiple targets simultaneously, the number of combinations to consider
can increase exponentially. In such cases, the VQE algorithm is capable of finding a near-optimal
solution more effectively than classical methods.

4. CONCLUSIONS

This paper has presented the successful construction, analysis, and simulation of a VQE-
based quantum algorithm to solve the optimal target selection problem. By encoding the
approach time of each target into a Hamiltonian, we have demonstrated that VQE can accurately
identify the target with the shortest approach time (the optimal time) in a given set. The
simulation results on Qiskit show that the algorithm converged to the correct optimal value (7.34 s)
with a negligible error (0.016%) and identified the optimal target (number 12) with a
measurement probability of over 98%.

Although the classical method with O(N) complexity is more efficient for this particular case,
this work serves as an important proof-of-concept by demonstrating a clear methodology for
mapping a real-world combinatorial optimization problem onto the VQE framework to find an
optimal solution. It shows how complex, real-world combinatorial optimization problems can be
mapped to and solved within a quantum framework.

Future research will focus on extending the model to address more complex problems, such as
incorporating spatial constraints (e.g., no-fly zones), solving for multi-objective combinatorial
optimization, or handling targets moving in 3D space with variable velocities. Furthermore, we
will investigate more advanced Ansatz structures to improve convergence speed and perform
experiments on real quantum hardware, combined with error mitigation techniques, to evaluate the
algorithm's performance in noisy environments.
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TOM TAT

X4y dung thuat toan lwgng tir VQE dé lya chon muc tiéu toi wu trong khong gian hai chiéu

Bai bdo nay trinh bay viéc dp dung thudt todn tri rieng luong tir bién phan (VOE:
Variational Quantum Eigensolver) dé giai quyét bai toan lra chon muc tiéu 16i wu trong
khong gian hai chiéu. Cy thé, chiing toi xem xét mot h¢ thong bao gom nhiéu muc tiéu di
dong, moi muc tiéu chuyén dong thang déu véi toc ¢ khong doi nhung khdc nhau va huéng
c6 dinh vé mér doi twong co dinh A. Muc tiéu cua bai toan la tim ra muc tiéu co thoi gian
tiép cdn doi tiwong cé dinh A nhé nhat. Mc di bai todn ndy c6 thé gidi quyét hiéu qua bang
phirong phdp cé dién nhwng & ddy phwong phdp lwong tir dwoc dé xuat nham chimg minh
tiém ndng cua tinh todn luong tir trong viéc gidi quyét cac phién ban phirc tap hon ciia bai
todn t6i wu héa té hop. Ching t6i tdp trung phan tich sdu vao viéc md héa bdi todn cé dién
thanh bai todn leong tir, xdy dwng ham muc tiéu H (Hamiltonian) va mé td chi tiét quy trinh,
cac budc thyce hién cua thudt toan VQE.

Tir khoa: Téi wu hoa luong tir; Lwa chon muc tiéu; Thuat toan lai lugng tir - cb dién; NISQ.
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