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ABSTRACT

In array signal processing, the Direction Of Arrival (DOA) of the wideband radio frequency
signal source plays a key role in fields such as sonar, radar, communications, and electronic
warfare. Root Multiple Signal Classification (Root-MUSIC) is one of the good algorithms in the
subspace method. This algorithm is based on some assumptions, including the initial angular, but
their performance is strongly degraded when these assumptions do not hold. The article presents
a novel approach that uses Deep Neural Network (DNN) in combination with Root-MUSIC
algorithm for improvement in DOA estimation. Observation samples are divided into
distinguishable subspaces. The input autocorrelation matrix is trained by DNN to analyze real
values. An estimator based on Super-resolution subspace improving the accuracy of direction-of-
arrival estimation is presented and analyzed in the paper. Our simulation results show that
wideband signal sources can be calculated in low SNR and limited snapshot conditions.
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1. INTRODUCTION

In practice, high-accuracy Direction of Arrival (DOA) estimation plays an important role in a
wide range of real-world applications in radar, sonar and wireless communications. Accurately
determining the direction of broadband signal sources is challenging due to the influence of noise,
array configuration, and other system-related uncertainties. Due to the complexity of real-world
environments, conventional methods are generally insufficient to effectively address these errors
and maintain reliable estimation performance. Among the various approaches to DOA estimation,
SubSpace-based methods - such as MUSIC [1], ESPRIT [2], and their broadband extensions have
gained widespread popularity due to their high resolution and solid theoretical foundation.
However, these methods often suffer performance degradation in challenging conditions, such as
low SNR, coherent sources, limited snapshots, and broadband environments. The challenge
becomes even more pronounced in broadband scenarios, where the frequency-dependent
characteristics of the signals require specialized processing techniques. A common approach is to
perform narrowband decomposition followed by coherent subspace combination [3]. While
incoherent methods are simple to implement, they generally exhibit poor performance with
coherent or correlated sources. Coherent Signal Subspace Methods (CSSMs) address this by
aligning narrowband subspaces before combining them, but they often rely heavily on accurate
model assumptions and can be sensitive to estimation errors in practical settings.

Recently, deep learning networks have achieved significant breakthroughs and have been
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rapidly advancing in various domains, including signal processing. The proposed approach
leverages a combination of Deep Neural Network (DNN) and classical subspace-based methods
to enhance the accuracy of broadband DOA estimation. In this approach, DNN is designed as a
deep mapping module capable of extracting features from broadband signals and transforming
them into an equivalent narrowband representation in the form of a covariance matrix. This
transformation enables the effective application of conventional subspace algorithms.

To overcome the limitations of classical methods, data-driven approaches have recently
emerged as powerful alternatives. In particular, Convolutional Neural Networks (CNNs) have
demonstrated strong capabilities in learning spatial and spectral patterns from array data, enabling
robust DOA estimation even in adverse conditions [4-6]. Several recent works have explored
CNN-based models trained directly on raw snapshots or covariance matrices for narrowband DOA
estimation. However, extending these approaches to broadband, coherent signal settings remains
challenging. Based on the research [7] and motivated by the complementary strengths of deep
learning and subspace signal processing, this paper proposes a novel hybrid framework that
integrates CNNs with coherent signal subspace methods for broadband source localization.
Specifically, we introduce one type of SubspaceNet, a model that learns to construct an equivalent
covariance matrix from autocorrelation-based input features, enabling classical subspace methods
such as Root-MUSIC to operate effectively in broadband and coherent conditions.

2. PROBLEM

2.1. Theoretical background
We consider an ideal uniform linear array (ULA) consisting of m (m =1,2,..., M) elements and

an inter-element spacing d(d <A/ 2). It is assumed that there are k (k =1,2,..., P) far-field Radio

Frequency signal sources impinging from different directions. From [8], the DOA estimation using
root-MUSIC algorithm is obtained by solving the equation:

A
6, = in| —
), arcsm[ d arg(zk)} (D)

2rdsin 6,
Where 6, is the angle of the signal and z, = e 7

Various subspace methods and the root-MUSIC algorithm in particular can achieve DOA
estimation with a resolution that is not constrained by the physical aperture of the array. In many
real-world scenarios, one must contend with broadband signals, coherent sources, calibration
errors, a limited snapshot budget, and low SNR. Our aim is to develop a subspace technique that
remains effective even when these ideal conditions for classical subspace algorithms are violated.
In this paper, we focus on reconstructing the directly angles of arrival signal from the array’s output
of observation matrix. Although the number of signal sources is unknown, we restrict our attention
to scenarios in which the number of signal sources is smaller than the number of elements of the
antenna array. Similarly, the number of snapshots N is not assumed known during system design
and may be limited to a minimal value, even as low as a single snapshot.

To mitigate the algorithm’s reliance on ideal operating conditions, one may construct a
supervised dataset D in which the data comprise J pairs of array observations and their
corresponding DOAs, denoted as:

J

D= {(x(t)m,gm )} )

Jj=1
2.2. Method
The proposed method, tailored for a ULA, leverages the representational and reconstruction
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capabilities of a deep neural network to transform a broadband input signal into an equivalent
narrowband form expressed as an estimated covariance matrix in order to bolster subspace-based

DOA recovery. We refer to this framework as one type of SubspaceNet. The key challenge is to
extract the covariance-matrix features of the broadband observation and map them into an
equivalent narrowband covariance estimate; this learned mapping can then be combined with any
classical subspace algorithm without compromising its functionality.

Input: [B, 7, 2N, N] —) Transpose2D: 128, 32, (2x2) _) Reshape: [B, 2N, N]
Conv2D: T, 16, (2x2) Anti-Rectifier Reconstruction: [B, N, N]

Anti-Rectifier Transpose2D: 64, 16, (2x2) Gram operation diagonal
Conv2D: 32, 32, (2x2) Anti-Rectifier Subsapce Method

Anti-Rectifier Transpose2D: 64, 16, (2x2) Estimated angle value
Conv2D: 64, 64, (2x2) Anti-Rectifier

Anti-Rectifier Dropout: 0.2

Transpose2D: 32, 1, (2x2)
Output: [B, 1, 2N, N]

Figure 1. Structure of the SubspaceNet model.

Importantly, SubspaceNet does not rely on supervised labels for its DNN outputs. Instead, the
quality of the network’s estimated covariance matrix is judged by the usefulness of the resulting
DOA estimates. Concretely, the training loss is defined by comparing the DOA values obtained
from the network’s covariance estimate against those produced by a chosen DOA estimator, as in
equation (2). The research train is conducted through a first-order optimization of the DOA
estimates. Hence, the DOA-estimation module must be differentiable - i.e., it must admit back-
propagation of gradients from the estimated DOAs back to the covariance matrix.

The SubspaceNet architecture is engineered to transform the broadband input observation X
into an estimated covariance matrix R, irrespective of the number of snapshots T. The model
operates in three sequential stages: Feature Extraction - extracting from the broadband input the
representations needed to form an equivalent covariance matrix for the DOA estimation task;
Autoencoder Mapping - processing those features through an encoder-decoder network to
reconstruct a preliminary narrowband-equivalent covariance estimate; Post-Processing - refining
the DNN’s output to ensure Hermitian symmetry and positive semi-definiteness, as figure 1.

- Feature Extraction: The model is designed to compute an equivalent covariance matrix
inspired by the Test of Orthogonality of Projected Subspaces (TOPS) technique. Under the
hypothesis that, when steered to the correct angle, the signals at different frequencies lie in
congruent subspaces, the goal is to convert the DOA features of a broadband signal into those of
an equivalent narrowband signal. This is achieved by estimating covariance matrices as linear
combinations of multivariate power spectral densities, using the Fourier transform of the
autocorrelation function of the array outputs x(¢#) as input features. The autocorrelation ﬁx [z]of

the m-th array element’s output is computed as:
_ 1 T-t

R [r]= —TZx(t)xH (t+7) (3)
b o=l

Where 7>0is the delay of the received signal 7 € {O,. T } . These autocorrelation values

* 2 “max
across delays and elements form the feature set from which the model learns to reconstruct a
narrowband-equivalent covariance matrix. The extracted features are then fed into the DNN as

Journal of Military Science and Technology, Special Issue of IITE, Oct. 2025, 115-122 117



Electronic Engineering

follows: each resulting feature tensor has dimensions N x N xz__ independent of the number of
snapshots T. Every tensor produced by the feature-extraction stage has a fixed size, enabling the
network to learn covariance-relevant representations without variation in input dimensionality. This
design both supplies the DNN with the essential information needed to reconstruct the covariance
matrix and guarantees that the model’s complexity remains unaffected by the snapshot count.

- Auto-encoder and Auto-decoder: DNN architecture inspired by denoising autoencoders is
utilized to handle the covariance matrix. The Auto-encoder is a deep learning architecture used to
extract relevant features from signal and noise data, and subsequently map them into equivalent
representations. The encoder part of the DNN consists of three convolutional layers with
progressively increasing filter sizes. Its objective is to map the input into a lower-dimensional
latent feature space while preserving only the most informative components for subsequent
processing. The decoder comprises transposed convolutional layers with decreasing filter sizes,
aiming to reconstruct the hidden features that were compressed during encoding. The final output
is post-processed into an equivalent covariance matrix.

- Post-processing of the output: the output of the autoencoder is a real-valued matrix 2N x N
because this results from the separation of the real and imaginary components during the input
processing stage. To convert the output into a surrogate covariance matrix, the real and imaginary
parts at the output are first combined to form a complex matrix K of size N x N . Subsequently, to
construct the surrogate covariance matrix, matrix K is transformed into a Hermitian positive semi-
definite (PSD) covariance estimate using the following formula:

R=KK" +¢I, (4)
Where £>0 is a fixed architectural hyperparameter. The trainable parameters of the
architecture are the weights of the autoencoder.
2.3. Training procedure using ADAM

The Root-MUSIC algorithm is selected as the subspace-based method for estimating DOAs
from the covariance matrix output of SubspaceNet. The DOA estimates are obtained from the roots
of an implicit polynomial function. This property enables end-to-end optimization of the DNN
parameters in SubspaceNet using first-order methods such as ADAM. The training procedure of
SubspaceNet using ADAM is described as follows:

- Training Parameter Settings: The following hyperparameters are used during training: Delay
. ; Batch size B=256; Learning rate x=10"°; Number of training epochs e =80.

- Input Training Dataset: D=10° samples.

- Weight Initialization for the CNN Model.

- In the epochs, implementation:

e Randomly split the training dataset D into B mini-batches.

e With »=1,2,...B implementation
= Computing the covariance matrix IQ(X s w) with (X .6 ) eD,
* Estimation é(f?(Xb”);y/)) by Root-MUSIC

* Calculating L,, () by the equation:

1 Lo
L=t 2, 1(X7,07y) ()
|D| (X("),H(”)ED

* Updating the Weight by y <~y —uV L, (v)
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3. RESULTS AND DISCUSSION

3.1. Signal model

In conducting model evaluation, the simulation of a Uniform Linear Array (ULA) with M
sensors receiving broadband signals from different directions, P is considered. The broadband
signal model in the simulation can be designed in the frequency domain, at a frequency @ given

by [9]:
2(0)=A(0,0)S(0)+v(0) (6)
Where ;((a)) and S (a)) are the Fourier transform of x(¢) and s(¢), A(a),ﬁ) is the driven

vector, V(a)) is Gaussian noise.

The research simulates broadband signals in the time domain using an Orthogonal Frequency-
Division Multiplexing (OFDM) signal with L subcarrier frequencies, with the satisfied broadband
condition. To evaluate the performance of the SubspaceNet model in wideband signal DOA
estimation, we employ the RMSPE (Root Mean Squared Periodic Error) metric. As previously
mentioned regarding the periodic nature of DOA values, RMSPE addresses this characteristic by
computing the angular error as the arc-length distance on the unit circle. This allows for a more
accurate and objective assessment of DOA estimation models. The RMSPE is defined by the
following formula:

RMSPE = \/E[((é—@)mod%r)z} 7)

Where are §and 6 estimated and true arrival angles of the evaluated signals. The performance
of the SubspaceNet model combined with the root-MUSIC algorithm is compared with the
conventional approach, in which the wideband signals are divided into frequency bins using the
FFT. The root-MUSIC algorithm is then applied to each frequency bin as if it were a narrowband
signal, and the final result is obtained by aggregating the estimations across all bins.

3.2. Wideband and coherent OFDM signals
In this section, simulations and evaluations are conducted with a number of incoming signal

sources P =3 and sources are mutually incoherent.
0° 0

®)

Figure 2. Simulation results of Root-MUSIC (a) and SubspaceNet+Root-MUSIC (b) methods.

The directions of arrival (DOAs) of the sources are —60°,0° and 60°, respectively. The array
consists of M=8 elements, and the received signal has an SNR=10 dB with 200 snapshots. The
estimated polynomial root spectrum of the root-MUSIC algorithm is illustrated as the figure 2. The
proposed method, which combines SubspaceNet with the root-MUSIC algorithm, clearly yields
more accurate and reliable results compared to the conventional approach that estimates DOAs
independently on individual frequency bins and then aggregates the results. This is intuitive, as the
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steering vector varies with frequency and the phase incoherence between sources prevents the
independent bin-wise processing from fully capturing the frequency-domain relationships across the
entire signal spectrum. This limitation leads to higher estimation errors, especially under high noise
conditions or system imperfections. In contrast, SubspaceNet combined with root-MUSIC enables a
more holistic treatment of wideband signals. The deep learning model is capable of learning subspace
features from the entire frequency spectrum without relying on coherence among sources.

3.3. Evaluation of the impact of the number of Snapshots

The number of snapshots is a critical factor that directly affects the performance of DOA
estimation algorithms. As the number of snapshots increases, the estimation of the signal
covariance matrix becomes more accurate. However, in practical scenarios where only a small
number of snapshots are available, conventional algorithms tend to perform poorly. In contrast,
deep learning-based models such as SubspaceNet can maintain robust performance due to their
ability to learn from prior data and their independence from snapshot quantity during training.

Therefore, under conditions of reduced snapshot availability, the proposed model demonstrates
higher stability. The deep neural network is capable of interpolating and learning appropriate
representations even with incomplete input information, thereby preserving estimation accuracy.
In this experiment, the signal parameters and simulation conditions are kept the same as in section
3.2, with the only difference being that the number of snapshots is halved to 100. The estimation
results of both methods under this significantly reduced snapshot scenario are presented in the
table 1 below. Simulation results demonstrate that the proposed approach yields marginally
improved performance compared to [7].

Table 1. RMSPE results in small snapshot condition.

Algorithm RMSPE ]
Root-MUSIC 28.3456
SubspaceNet+root-MUSIC 1.6731

3.4. Evaluation of the impact of SNR

In the root-MUSIC algorithm, the estimated covariance matrix becomes increasingly
dominated by noise, which distorts the subspace structure and leads to large estimation errors at
the low SNR value. However, deep learning-based models such as SubspaceNet exhibit improved
robustness to low-SNR conditions due to their ability to learn denoised and generalized
representations from training data. Figure 3 shows that in the low SNR (below 5 dB), the RMSPE
of SubspaceNet increases more slowly compared to classical algorithms, indicating higher stability
and noise resilience. In the high SNR (above 10 dB), all methods tend to converge to their optimal
performance. It means that SubspaceNet still achieves lower estimation errors thanks to being
trained directly with a loss function defined on DOA error. The experiments are conducted under
the same signal parameters and simulation in various SNR levels in the range from 5 dB to 10 dB.

—

3

=

=i SubsapceNet+Root-MUSIC
=—8— Root-MUSIC

RMPSE [deg]

>

w

SNR [dB]

Figure 3. Impact of SNR on estimation error.
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3.5. Evaluation of the impact of the number of array elements

The number of elements in the antenna array is a critical factor that determines angular
resolution and the ability to separate signal sources in DOA estimation problems. As the number
of elements increases, the signal subspace gains more degrees of freedom, enabling classical
subspace algorithms to better distinguish between sources with closely spaced angles. In addition,
the peaks in the estimated spatial spectrum become sharper, enhancing the accuracy and stability
of DOA determination.

The experiment is conducted under the same signal parameters and simulation conditions as in
section 3.2, with the number of array elements set to M = 4, 6 and 8. Table 2 shows that the
performance of conventional methods typically degrades rapidly when the number of elements is
reduced to a minimal configuration (e.g., equal to the number of sources). In contrast, the proposed
SubspaceNet model demonstrates adaptability to flexible array configurations, even when the
number of array elements is limited. Through training on diverse data, the deep learning network
can effectively extract the remaining spatial features, maintaining a lower RMSPE compared to
traditional algorithms in scenarios with a small number of sensors. Moreover, in cases with larger
array sizes, SubspaceNet continues to leverage structural advantages and converges toward
optimal performance.

Table 2. RMSPE results with the number of array elements set to M = 4, 6 and §.

RMSPE |[°] M=4 M=6 M=28
Root-MUSIC 29.1416 28.1682 28.6462
SubspaceNet+root-MUSIC 4.4769 1.1076 0.7240

4. CONCLUSIONS

In this article, the DOA simulation results in this research proved that wideband signal sources
can be analyzed and compared in low SNR and limited snapshot conditions. As it can be seen from
the simulation, estimation performance using convolutional neural networks combined with
coherent signal subspace is one of the good solutions against the challenges of low SNR, coherent
sources, limited snapshots, and broadband environments. The contributions of this research
include the following:

- A hybrid architecture that combines CNN-based feature learning with coherent signal
subspace methods is proposed for broadband DOA estimation.

- Moreover, the article demonstrates that the proposed method achieves superior performance
compared to both traditional CSSMs and purely learning-based approaches, particularly under low
SNR and limited snapshot scenarios.
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TOM TAT
Dinh huéng ngudn tin hiéu dai réng sir dung mang no-ron tich chap
két hgp phuong phap khong gian con tin hi¢u dong ket hgp

Trong xit Iy tin hiéu mang, woc lwong hiedng dén ciia nguon tin hiéu tan sé vé tuyén
bang rong dong vai tro quan trong trong cdc linh vuc nhw sonar, radar, thong tin lién lac,
tdc chién dién tir. Root-MUSIC la mét trong nhitng thudt toan tot trong cdac phuong phap
khong gian con. Thudt todn nay dia trén mét sé gia dinh bao gom géc ban dau nhwng hiéu
qua woc lwong cua thudt todn bi giam manh khi nhiing gia dinh ndy khong ding. Bai bao
trinh bay mot phiwong phdp mdi sir dung mang no-ron sdu (DNN) két hop voi thudt toan
Root-MUSIC dé cai thién wéc hrong huong dén ciia nguon tin hiéu. Cdc mau quan sat dugc
chia thanh cdc khéng gian con ¢6 thé phén biét dwgc. Ma trdn tw twong quan ddu vao dwgc
DNN ddo tao dé phan tich cdc gid tri thwe. Bé woe heong diea trén khong gian con siéu phdn
gidi givp cai thi¢n do chinh xdc duogc trinh bay va phdn tich trong bai bao. Két qud mé
phong cia ching t6i cho thay cdc nguon tin hiéu bang réng c6 thé dwoc tinh todn trong diéu
kién SNR thdp va cdc mdau quan st ngdn.

Tir khoa: Xt li tin hiéu mang; Udc luong huéng tin hidu dén; Mang than kinh hoc sau; Phuong phéap khong gian con;
Root-MUSIC.
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