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ABSTRACT

This study proposes a solution to design a liquid level tracking controller for a coupled-tank
system (C-TS) using a sliding mode control (SMC) method based on proportional integral (PI)
sliding surface (SS) combined with backstepping techniques and radial basis function neural
networks (RBFNNs). The SMC controller based on proportional integral sliding surface (also
called PISMC) provides more parameters with which to tune the SMC controller. The
backstepping approach ensures the global asymptotic stability of strict feedback systems. The
improved backstepping sliding mode control is employed to enhance the performance of
conventional sliding mode control and act as a robust control strategy. The RBFNNs are utilized
to approximate the unknown nonlinear functions in the improved backstepping sliding mode
control. System stability is proven through Lyapunov theory. Simulation results in
MATLAB/Simulink demonstrate the effectiveness, appropriateness, and robustness of the proposed
control method in comparison with the fuzzy controller, adaptive control using RBF neural
network, sliding mode control (SMC) based on disturbance observer and Quasi mode and sliding
mode control using conditional integrators with the rising time achieves 0.1295 (s), the settling
time is 0.2233 (s), the percent overshoot is 0 (%), the steady state error converges to zero.

Keywords: Coupled-tank system; Sliding mode control; Backstepping; Radial basis function neural networks;
MATLAB/Simulink.

1. INTRODUCTION

Controlling the liquid level in tank systems holds critical importance across industries like
petrochemicals, chemicals, pharmaceuticals, food processing [1, 2], wastewater management,
water filtration systems, nuclear power plants, and automated fluid distribution networks [3].
These operations often involve pumping fluids into storage tanks and transferring them to other
tanks as part of the process. A key physical constraint in these systems is the height of the tanks,
which needs to be carefully managed to avoid overflow and reduce risks within the plant
environment [4, 5].

Over the years, various control strategies have been researched and proposed for this system,
including PI, PID, and Fuzzy controllers [1], MRAC (Model Reference Adaptive Control)
compared with PI controller [2], adaptive control using RBF neural network [5], sliding mode
control (SMC) based on disturbance observer and Quasi mode [6], addressing limitations of PI
controllers [7], PID-Fuzzy controller designed using ANFIS system [8, 9], and higher-order SMC
method, which have been benchmarked against conventional SMC approaches [10].

The objective of this study is to design a sliding mode controller with an improved sliding
surface (also referred to as a proportional integral (PI) sliding surface) combined with backstepping
techniques and RBFNNSs to achieve finite-time liquid level tracking in a coupled-tank system (C-
TS) while overcoming the chattering phenomenon inherent in classical SMC. The SMC has
emerged as an effective tool to handle uncertainties and external disturbances in practical systems
and is recognized as one of the robust feedback control methodologies [8]. The backstepping
technique decomposes high-order complex control problems into a series of lower-order control
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tasks via a recursive procedure, allowing for greater design flexibility and reducing system
complexity constraints compared to other methods [9]. The RBFNNSs structured with three layers:
input, hidden, and output [11]. This network provides excellent approximation capabilities with
global optimization potential [12, 13], a simple structure and fast learning ability [12, 14, 15].

This paper is structured as follows: Section 2 presents the controller design methodology;
Section 3 displays the simulation results and discussions; conclusions are shown in Section 4.

2. CONTROLLER DESIGN

2.1. Mathematical model of the coupled-tank system

The mathematical model of the C-TS is illustrated in Figure 1 [1] with A1 (cm) be the liquid
level in Tank 1; s> (cm) be the liquid level in Tank 2; gin (cm®/min) be the inlet flow rate into Tank
1; g1 (cm*/min) be the outflow rate from Tank 1; g, (cm*/min) be the outflow rate from Tank 2; 4,
(cm?) and A: (cm?) be the cross-sectional areas of Tank 1 and Tank 2, respectively,; R: and Rz (s/m?)
be the flow resistances of Tank 1 and Tank 2, respectively.
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Figure 1. Coupled-tank system model [1].
We get (1) from Tank 1 [1]: Al%zqm—q1 )
Considering a linear flow resistance:
hl — hz
= 2
" )
dh, h—h
AL1=—g —| 212 3
1 dt qm [ RI j ( )
d
AR~ Rg, b+ @)
dt
Tank 1's time constant as (5): Q2 =A4R ®))
dh,
We have (6): Q= t+h=l=Rg, (©6)
Rg. h
Taking the Laplace transform of (6), we get (7): A (s)= o (5) + =2 () (7)
Os+1  Os+1
Similar to above, the following expression is obtained for Tank 2:
RO % +hR, + R =hR, (®)
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dh h
where AZT;Z%_%’ 9, :R_2’ € =A4R,
2

Taking the Laplace transform of both sides of (8), we have (9):

(R2s+R,+R ), (s)=Rh (s) )
Substituting (7) into (9), we get (10):
(225 +(Q+Q +AR,)s+1)h(s)=Ryq,(s) (10)
The transfer function of the C-TS is derived as follows (11) [1]:
h
G(S)_ Z(S) _ 7’] (11)

g (s) w5t s+
where n=R;u=00; =02+ + AR,
Taking the inverse Laplace transform, we obtain: j(¢)+ s y(t)+ 1 y(t)= T (1) (12)
u u u
where £, (¢)=y(t) is the output, and ¢, (#)=u(¢) is the input of the system.
The state-space model of the C-TS is given by (13):
4(1)=2(1)
5 (1) =5 (z)+u() (13)

y(t)=2(1)

where  z(¢t)=h(t)=y(¢t) and z,(t)=2(¢)=h(t) are the state variables,
£(z)= —lz1 (¢) —ﬁz2 (¢). The control objective is to regulate the liquid level in Tank 2 (42) to a
1 1

reference level. The C-TS is transformed into a strict-feedback form to facilitate the backstepping
control design. The unknown nonlinear functions correspond to the nonlinear flow dynamics and
interconnection terms between the tanks, which are approximated using RBF neural networks.

2.2. Proportional integral backstepping sliding mode control

In this section, the proportional integral SMC controller combined with backstepping technique
(BSMCPI) based on the exponential reaching law (ERL) for the C-TS is presented. The proposed
controller incorporates an improved proportional-integral (PI) sliding surface into the
backstepping framework to improve steady-state performance and enhance tracking accuracy. The
fundamental design steps of the BSMCPI-ERL controller are as follows:

Step 1

Define the tracking error as (14): e, (¢)=y(¢) =, (¢) =z, (¢) = hy () (14)
where £, (¢) denotes the desired liquid level in Tank 2.

Taking derivative on both sides (14), we obtain (15):

6. (t)=2(t)—hy (t)=z,(t)— Iy (t) (15)

The Lyapunov function is defined as (16): L (t) = %ef (t) (16)
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Taking derivative of (16), we obtain (17): L (¢)=e, (¢)¢, (¢)=e, (t)(z2 (t)=hy, (t)) (17)

In order to Ll(t)SO, we choose z, (t)=a(t)—ér(t)—(/1+2a)er(t)—azjer(r)dr+h2d (1),
0

which means that [16]: a(t)z2é,(t)+(/1+2a)e,(t)+a2je,(r)dr (18)

0
where a>0,1>0, o(¢) is the sliding surface.

Substituting (18) into (17), we obtain:
i =E(e,(z)a(z)_(“za)ef(z)_oﬂjef(f)dfj (19)

If a(t) =0 then L, (t) < 0. Therefore, Step 2 will be carried out.
Step 2

The Lyapunov function is defined as follows: L(t)=L(1)+=0" (1) (20)

Because 6(1)=2,(t)—h,, (1)+& (1) +(A+2a)eé (t)+a’e, (1)
Thus, we have:

L(t)=L(t)+o(t)o(¢)
_ ( | j (1) eg(z)jLQu(z)“L“’(f)_i’;d(t) (21

(2+2a)e’ (1) +a’[e!(r)dz "

0

+'e'r(t)+%er(t)+(/1+2a)ér(t)+azer(t)

To ensure L2 (t) <0, the PI backstepping sliding mode controller based on the exponential

reaching law (uBSMCPFERL (t)) is designed as follows (22):

@ ()-8 ()~ (25 2a)e, (1) - ee, (1)~

u t)==— 22
PMEHIERE —co‘(t)—%er (t)—ésign(a(t))—xa(t) 22
where ¢>0, 6>0 x>0.Now, we have:
L, (t)=—(1+2a)e’ (t)—azjef (z)dr—co’ (1) —xo? (Z)—5|a(t)| <0 (23)
0

Thus, e, (t) — 0 when t > 0.
2.3. Application of RBF neural networks

In this section, the RBFNNSs is utilized to approximate & (z) in the control law (22). The
algorithm of the RBFNNSs is described as (24) and (25) [17, 18].

h— exp[wl (24)

2
26
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E=WTh(z)+e (25)
The output of the RBFNNSs is given by (26): &(z) =W "h(z) (26)

After the function §(z) is approximated by the RBFNNs, the BSMCPIRBF controller is
designed as follows (27):

~£(2)+hyy (1)=& () (A +2a)é,(t)—a’e, ()~
Usmcrirer (t ) = ; 1 (27)

—co(t)- Ee, (1)- 6Sign(a(t)) —xo (1)

To prove stability, assumption that the required function approximates in the C-TS is assumed
to belong to a compact set and can be approximated by RBFNNs with a bounded approximation
error. The optimal approximation error is assumed to be bounded by a positive constant, and this
error is incorporated into the derivative of the Lyapunov function. Under appropriate selection of
control gains, all signals in the closed-loop system are guaranteed to be uniformly ultimately
bounded (UUB).

The Lyapunov function is defined as follows (28): L = %02 + %WT W (28)
Y
where y>0, W=W -W"
Since, E(2)-E(2)=WTh(z)+e-W h(z)=-W"h(z)+e
Then
L=oo+ W _a(zé, (1) +F, (t)+§(z)—ﬁu(t)J+lWTPf/ (29)
Y H Y
Now, we get: Z=Jd+lWTW=80—5|a|+WT (lW—ah(z)J (30)
Y Y
The adaptive law is derived as (31): W= yoh(z) (31)
If we choose: d>e|
Then L=¢0—9 0'| <0 (32)

3. RESULTS AND DISCUSSIONS

The simulation diagram of the proposed controller for the C-TS in MATLAB/Simulink is
presented in Figure 2. The parameters of the C-TS are used in simulation as follows:
4,=00145(m*),  4,=0.0145(m’), R =1478.57(s/m*)and R, =642.86(s/m’). The
parameters of the BSMCPIRBF controller are presented as follows: 6 =15.5, A=31, a¢=37,
c=5 and x=5.03. The response and tracking error results of the BSMCPIRBF controller with
hy, = 55(cm) applied to the C-TS are presented in Figure 3. The position 4, converges to 4,, with
a steady-state error approaching zero, the rising time achieves 0.1295 s, the settling time is 0.2233
s, and the overshoot is 1.3077e-07%. The performance indices of the BSMCPIRBF controller are

presented in Table 1 and compared with the fuzzy controller [1], adaptive control using radial basis
function (RBF) neural network [5], sliding mode control (SMC) based on disturbance observer
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and Quasi mode [6] and sliding mode control using conditional integrators [18]. The performance
metrics in Table 1 demonstrates the improvement of the BSMCPIRBF controller over the methods
implemented in [1, 5, 6, 18]. Additionally, the chattering phenomenon has been significantly
reduced as shown in Figure 4. This demonstrates the suitability of the proposed method for
application to the system.

JO
Hp; —|-> “ > BSMCPIRBF | C-TS +
T NE O

Figure 2. Simulation diagram of the BSMCPIRBF controller.

Response of the BSMCPIRBF controller with h,, =55 (em) input Control signal of the BSMCPIRBF controller with h,, =55 (cm)
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Figure 3. Response and tracking error of the  Figure 4. Control signal of the BSMCPIRBF
BSMCPIRBF controller with h,, =55(cm). controller with h,, =55(cm).
Table 1. Performance indices of the BSMCPIRBF controller.
Sliding mode
Fuzzy SMC_ .
Metrics BSMCPIRBF | controller | ASMERBF |5 g | control using
[1] [5] [ 6T conditional
integrators [18]
Settling time (s) 0.2233 47.2 0.2464 0.5102 330
Rising time (s) 0.1295 33 0.1271 0.3183 87.184
Steady-state 0 ) 0 0 i
error (cm)
Overshoot (%) 1.3077e-07 1.45 0 0 1.6

The response and error with square and sine wave inputs of the BSMCPIRBF controller are
presented in Figures 5 and 6. Observing the signals in Figures 5 and 6, it is evident that the position
of i, still converges to 4, , with in finite time, the steady-state error approaching zero. These results

further confirms the validity and effectiveness of the proposed controller.
The responses with h,, =55(cm), including step and sine wave signals of the BSMCPIRBF

controller, are analyzed when the cross-sectional area constant of Tank 1 (4:) is increased by 50%,
as shown in Figure 7, that the steady-state error converging to zero.
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Square wave response of the BSMCPIRBF controller
1

Sine wave response of the BSMCCPIRBF controller with h,, =55 (cm) input
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Figure 5. Square signal response and error Figure 6. Response and error of the
of the BSMCPIRBF controller. BSMCPIRBF controller with sine signal.
Response of the BSMCPIRBF controller under disturbance.
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Sine wave response of the BSMCPIRBF controller when A. is increased by 50%. .
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Figure 7. Step and sine wave input responses  Figure 8. Step, square wave, and sine wave
hy, = 55(cm) of the BSMCPIRBF controller input responses h,, = 55(cm) of the
when the cross-sectional area A is increased BSMCPIRBF controller under disturbance
by 50%. conditions.

Figure 8 illustrates the system responses to step, square, and sine wave inputs 4,, = 55(cm) of

the proposed controller when subjected to external disturbances (white noise - assumed as sensor
noise) with a power of 0.005 W applied at the system output. Observing the responses in Figure 8,
it is evident that the actual position tracks the desired reference with in finite time. This result
verifies the robustness of the proposed controller in position tracking control of the C-TS.

The results presented in Figures 3 to 8, along with the performance metrics summarized in
Table 3, demonstrate that the BSMCPIRBF controller in this study effectively achieves accurate
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liquid level tracking in the C-TS, eliminates chattering phenomena around the sliding surface, and
maintains robustness against output disturbances.

4. CONCLUSIONS

This study presented the method to design the BSMCPIRBF controller for liquid level control
in a C-TS. The proposed controller successfully achieved convergence to the desired liquid level
in Tank 2 while reducing chattering effects C-TS and maintaining robustness against external
disturbances and parameter uncertainties. Simulation results validate the controller's superior
performance over the fuzzy controller, adaptive control using RBF neural network, sliding mode
control (SMC) based on disturbance observer and Quasi mode and sliding mode control using
conditional integrators. The controller demonstrates faster response times, zero steady-state error,
and robustness under varying operating conditions. However, the results of this study are limited
to simulations to evaluate the effectiveness of the proposed control method. Future research will
focus on implementing the proposed controller in an experimental model and robustness tests
under real disturbances to further validate its practical applicability.
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TOM TAT
Piéu khién trugt cai tién két hop véi k§ thuat cudn chiéu
va mang no-ron nhin tao cho hé thong bon kép

s

Nghién ciru nay dé xudt mét gidi phdp thiét ké bg diéu khién bam mikc chat long cho hé
thong bon kép (C-TS) sir dung phiong phap diéu khién truot (SMC) dira trén mat truot tich
phén ty 1é (PI) két hop véi kj thudt cuon chiéu va mang no-ron ham co s¢ xuyén tam
(RBFNNs). Bo diéu khién trueot dua trén mat truot tich phan ty I¢é (con goi la diéu khién
truot cdi tién - PISMC) cung cdp nhiéu tham s6 hon dé diéu chinh bé diéu khién truot.
Phurong phdp cuén chiéu dam bdo tinh én dinh tiém cdn toan cuc ciia cac hé thong hoi tiép
nghiém ngat. Diéu khién truot cuén chiéu cdi tién duoc sir dung ae nang cao hiéu sudt cia
diéu khién trucot truyén théng va hoat dong nhu mot chién luoc diéu khién bén vitng. Mang
RBFNNs duoc sir dung dé xdp xi cdc ham phi tuyén chuwa biét trong diéu khién trieot cuon
chiéu cdi tién. Tinh 6n dinh ciia hé thong dwoc chitng minh thong qua Iy thuyét Lyapunov.
Két qua mé phong trong MATLAB/Simulink ching minh tinh hiéu qud, sw phu hop va tinh
bén vitng ciia phirong phdp diéu khién d@é xudt so véi diéu khién mo, diéu khién thich nghi
sur dung mang no-ron RBF, diéu khién truot dwa vao quan sat nhiéu va ché dg Quasi va
diéu khién treot dwa vao cdc diéu kién tich phan, voi thoi gian tang dat 0,1295 (s), thoi gian
xdce ldp la 0,2233 (s), khong c6 vot 16 va sai s6 xdc ldp héi tu vé 0.

Tw khoa: Hé thong bdn d6i; Didu khién truot; Cudn chibu; Mang no-ron ham co s¢ xuyén tim; MATLAB/Simulink.
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