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ABSTRACT

The control of a 4-degree-of-freedom (4-DOF) serial manipulator is a key research area in
industrial robotics, particularly when the system exhibits actuation redundancy or demands high
performance and precision. Handling actuation redundancy and control allocation plays a crucial
role in ensuring operational flexibility, dynamic stability, while optimizing criteria such as energy
consumption, torque, or obstacle avoidance. Modern research has developed diverse strategies,
ranging from traditional optimization-based methods to intelligent techniques integrating deep
learning and adaptive control. However, for systems applied in military fields such as radar
gimbals, explicit techniques are often prioritized for their simplicity and high reliability. This
paper presents an explicit control allocation method for a 4-DOF radar gimbal that effectively
resolves practical application-oriented constraints. Accordingly, the naturally incorporated
kinematic constraints lead to a control allocation process that aligns with the radar gimbal's
operational conditions.

Keywords: Redundant manipulator; 4 degrees of freedom; Control allocation; Target-tracking radar; Hierarchical
control.

1. INTRODUCTION

Redundant serial manipulators are robotic systems that possess more degrees of freedom (DOF)
than are necessary to perform a specific task [1-3]. This provides significant flexibility, allowing
the robot to execute primary tasks in the task space while simultaneously optimizing secondary
objectives in the joint space [4-6]. The concept of null-space is central to this capability [5, 7]. By
definition, the null-space of the Jacobian matrix contains joint velocities that do not affect the
velocity of the end-effector [7]. This enables the robot to perform self-motion to achieve auxiliary
goals without interrupting the primary task [7-9].

Traditional studies on explicit redundancy resolution methods for serial manipulators often rely
on pseudoinverse-based solutions with null-space projection. Starting from the initial idea of static
null-space velocity, some research has particularly focused on making the null-space velocity
dynamic [4, 8-10], because with a static null-space, achieving two crucial objectives in target
tracking control (both disturbance rejection and stabilizing the line-of-sight, LOS) is not feasible.
In these approaches, the authors introduce supplementary dynamics for this null-space portion,
transforming it from a strongly forced system into an extended second-order linear system. Here,
two important components of the system can have their spectra separated: the LOS changes rapidly
while the null-space changes slowly, primarily handling long-term drift.

With a 4-DOF pan-tilt-tilt-pan radar platform, which consists of two main parts: a base section
which is a very large and heavy pan-tilt system, and a reflector mirror mounted on a smaller, much
lighter tilt-pan mechanism. Consequently, the radar platform's actuator mechanism is redundant
for the target tracking control problem (because in practice, only 2 DOF in pan and tilt are needed
to track a target). For simple and efficient operation, the fundamental principle during radar target
tracking practice is to promptly return the mirror's tilt-pan system to its origin (zero position),
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while primarily using the base pan-tilt system to maintain the LOS and track the target. Thus, a
redundancy resolution and null-space problem is formed: the primary objective of maintaining the
LOS must be sustained, while gradual adjustments in the null-space are made to steer the mirror's
angles back to the origin. However, traditional solutions based on the pseudoinverse matrix and its
improvements have not been fully effective when applied to the operational principle of this radar
platform, because in practice, achieving both objectives within a short time is quite challenging.

To address this issue, this paper presents a dual-loop control method. The outer loop uses a
proportional controller to generate desired derivative values, while the inner loop incorporates
distinct null-space dynamics specifically for the two tilt-pan joints of the reflector mirror. This
allows the reflector mirror to be controlled to converge to the origin according to the desired null-
space dynamics.

2. METHODOLOGY

2.1. Forward kinematics of the 4-degree-of-freedom radar platform structure

The radar platform is formed by a 4-degree-of-freedom structure comprising four serial rotary
joints, where the base section consists of two pan-tilt joints and the mirror section consists of two
tilt-pan joints. Thus, to determine the forward kinematics of the system, coordinate frames (CF)
need to be established as shown in Figure 1, including:

(w) Fixed world CF;

(b) Body CF attached at the base of the radar platform;
(p) CF attached at the tilt axis of the radar platform;
(e) CF attached at the tilt axis of the mirror;

(k) CF attached at the pan axis of the mirror.
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Figure 1. The kinematic structure of the 4-DOF radar platform.

Assuming point M is the target coordinate that needs to be tracked, at a relatively far distance
(with arange d from 1 km to 11 km), and point K is the endpoint of the radar reflector mechanism,

the vector KM can be considered as the line-of-sight vector to the target.
In the coordinate frame (k), the vector KM is the result of all rotations from the four axes, and

in the coordinate frame (k), KM* = [d, 0,0]”. Therefore, it is necessary to transform KM into the
coordinate frame () (using the rotation matrices):

1

;

0

We=d*Rb2*
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In coordinate frame (p):

1
KMP = d * R, * Ry, * 0] 2
0
In coordinate frame (b):
1
szd*Rel*Rez*sz* 0] 3)
0

In coordinate frame (w):

szd*Rbl*Rel*Rez*sz*

1
0] “)
0
Therefore, since all rotation matrices are normalized, the normalized line-of-sight vector is:

" 1 cos b, cos b, cos(e; + e;) — sin b; sin b,
K—M(; = Rp, *Re, *Re, * Rp, * 0] = |cos b, sin by cos(e; + e,) + cos by sin b, (%)
0

—cos b, sin(e; + e3)

When the vector KM, is projected onto the Oxy and Oxz planes, two angles § and € are
obtained. In the spherical coordinate system, these angles correspond to the azimuth and elevation
angles, respectively. Therefore:

o cos(B) cos(e)
KM, = |sin(B) cos(€) (6)
sin(e)
Therefore, since the angle € € [0%; 85°] (and thus cos (€) > 0), it can be calculated directly as:
€= asin(K—Mo)W[Z]) (7a)
g = atan2(KM, [1], KM, [0]) (7b)

(5) can be transformed to:
o cos b, cos by cos(e; + e,) — sin by sin b, cos(e; + e;)
KM, = |cosb,sinb; cos(e; + e;) + cos b, sinb, cos(e; +e,) |+
—sin(e; + e,)
sin b, sin b, cos(e; + e,) — sin b, sin b,
—cos by sin b, cos(e; + e,) + cos by sin b, | =
+ sin(e; + e;) — cos b, sin(e; + e,)

cos(by + by) cos(e; + e,) sin b; sin b, [cos(e; + e;) — 1]
sin(b; + by) cos(e; + e,) | + | —cos by sin b, [cos(e; + e,) — 1] ®)
—sin(e; + e,) sin(e; + e;) [1 — cos by ]

When the angles e, and b, are small, an approximate calculation can be made:
sinb, = 0;cosh, =1 &)
Substitute to (8):
o cos(by + by) cos(e; + e;)
KM, = |sin(b; + by) cos(e; + e;) (10)
—sin(e; + ey)

Thus, it can be understood that the equivalent angles can be determined as the algebraic sum of
the angles about the same rotational axes:

€E=—e;—¢ey (11a)
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The difference in sign is mainly due to the choice of different coordinate systems.
2.2. Dynamic null-space embedded dual-loop control

For the outer control loop handling target line-of-sight, a conventional proportional control law
is used. Accordingly, the outer loop controller needs to determine an intermediate required value:

V. =Vq— Kewheree =y —yy (12)

Where: y = [e £]7; yq is desired value.

This intermediate value y, ensures the ability to track the target line-of-sight. Since the focus
of this study is not on this control loop, a simple controller is chosen. The main task lies in the
inner loop, where this intermediate value serves as the basis for determining control allocations
within the null-space dynamics, aiming to adjust the tilt-pan mirror toward its origin. Accordingly,
by dividing the system into two components—the base and the mirror—we have the following
distinct states:

b b
a =[] ar =[] (13)
Then, from (11a), (11b) and (13):
y~dqp+qr (14)

Then, to ensure that q, converges to [8], an inner control loop embeds a null-space dynamics

based on the intermediate value y,:

. _ A0 ¢ 0], 15a

b =7. — G (15b)
Here, the value of 4 is very large compared to  to ensure that the null-space dynamics are fast
relative to the target line-of-sight tracking. This is because in practice, when the tracking error is

small, according to (12),y, = yq, while yqis bounded, typically limited by the actuator's
capability. Therefore, equation (15a) can be approximately rewritten as:

. A0

a~—[5 5l (16)
The solution to this equation takes the form:

q:() = qr(o)e_lt (17)

Thus, if t = oo, then q, — 0, meaning the system achieves the required null-space dynamics.

Meanwhile, equation (15b) ensures that the target line-of-sight is consistently maintained. It is
a consequence of equation (14).
2.3. Disturbances and model errors

In practice, radar operation is always subject to noise, as it is very difficult for a radar to
measure the exact elevation and azimuth angles. Angular noise, jitter, and filtering errors always
exist. Consequently, the actual measured error is:

e=(y+ny)—yq (18)
Where:
naz
ny =[] (19)

Where each channel component has the form:
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Wn

Ny () = - @(®) (20)

where w(?) is Gaussian white noise, and w,, is the cutoff frequency of the filter.

Additionally, the kinematic model always contains mapping errors from velocity to actual
angle. Therefore:

qreal = (1 + A)qcmd (21)

Where A is an uncertain parameter describing the percentage deviation between the
commanded angular rate and the actual angular rate. This value is typically bounded; for the 4-
DOF radar platform, A € [-0.2, +0.2].

3. SIMULATION RESULTS AND DISCUSSION

3.1. Simulation scenario

The required trajectory is given by specific functions for each axis:

j— n *t
Yba = 155

22
Ved = (15 * %) * sin(t) (22
Where: y,,4 is the desired azimuth angle, y,, is desired elevation angle.
System parameters:
K =10
A=28
=02 (23)

w, =2*m*10
In addition to the dynamic null-space embedded dual-loop control (Dynamic NEDL) system,
the pseudoinverse matrix method is also considered and compared in two cases: static
pseudoinverse-based redundancy resolution (Static PRR) and dynamic pseudoinverse-based
redundancy resolution (Dynamic PRR). Accordingly, for the case using the pseudoinverse matrix,
the velocity calculation expression is given by:
q=J"y.+A-J" Dz (24)
Where ] is the Jacobian matrix mapping from the state space to the operational space, with
dimensions 2x4; J* is the pseudoinverse of J, with dimensions 4x2; z is given by:
Z = [0, 0, _krez, _krbz]T (25)
Equation (25) represents the case of static null-space with a constant coefficient k,.. To modify
it for dynamic null-space control, a null-space memory needs to be added:

n= _knn +qr (26)
Anh chose:
z=—km 27)

Then, we choose the coefficients as follows (based on the fact that null-space needs to be slower
than outer loop):

(28)

3.2. Simulation results

The simulation results are shown in Figures 2 to 7, where Figures 2 and 3 illustrate the target
tracking errors of the radar platform for all three methods.
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Figure 2. Elevation and azimuth tracking angle errors of the three methods.
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Figure 3. Elevation and azimuth angle values of the three methods
compared to the setpoint values.
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Figure 4. The outer-loop control signal y, for the three methods.
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Based on the results shown in Figures 2 and 3, it can be observed that all three methods ensure
excellent target trajectory tracking performance. Embedding null-space dynamics or using the
pseudoinverse matrix method hardly affects the radar's target tracking task.

Figure 4 shows the outer-loop control signal y, for the three methods, with the results indicating
that all three have similar control signals, demonstrating the objectivity of the research findings.

Figures 5 to 7 illustrate the angles of the radar platform when using the three methods for target
tracking. The focus is on the reflector mirror angles, as the primary task of the redundancy
resolution control problem is to utilize null-space dynamics to bring the reflector mirror back to
the origin while tracking the target. It can be observed that the Dynamic PRR method can pull the
reflector mirror to a vicinity around the origin, but with a relatively large amplitude, where the
mirror's elevation angle falls outside the range [—5%,5°] degrees. The azimuth angle converges
quite well to the origin; however, the convergence time remains long, approximately 10 seconds.
Dynamic PRR
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Figure 5. The angles of the radar platform when using Dynamic PRR.
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Figure 6. The angles of the radar platform when using Static PRR.

Figure 6 shows the results of Static PRR, where it is evident that the reflector mirror angles do
not converge to the origin at all. While the azimuth angle gradually drifts away, the mirror's elevation
angle oscillates and slowly decreases. Consequently, after 30 seconds, these angles are far from the
origin. Thus, for the Static PRR case, the system's operational objective is not achieved.

Figure 7 presents the results of the Dynamic NEDL method. It can be immediately seen that in
this case, the reflector mirror angles converge rapidly to the origin and then oscillate with a very
small amplitude. For the mirror's azimuth angle, this amplitude is less than [—0.5°,0.5°] degrees.
Particularly for the mirror's elevation angle, there is almost negligible deviation from the origin.

28 L. T. Thang, D. N. Kien, “Explicit kinematic-based control ... drive system in target tracking.”



Research

Dynamic NEDL

T
—Base pan angle b1

)
@ )
5 20 —Base lilt angle e,
@
k=3
L 0
o
c
<C
-20 : ! | |
0 0.5 25 30
'g 10 0 M — Mirror tilt angle e,
= —Mirror pan angle b,
g) 2
B 5 -0.5
@ 4 6 8 10 12 14 16
[=2]
c
<0
1 1
0 5 10 15 20 25 30
Time [s]

Figure 7. The angles of the radar platform when using Dynamic NEDL.

These results are further confirmed in Table 1, which provides a direct comparison of the RMSE
for the tracking angle errors of the three methods as well as the deviation from the mirror's origin.
It is immediately evident that, while the trajectory tracking errors are nearly equivalent, the
deviations from the mirror's origin differ significantly. While Static PRR has average deviations
as high as 13.4° and 10°, the deviations for the Dynamic PRR method are 4.69° and 1.29°,
respectively—more than halved. Notably, Dynamic NEDL, the proposed method, improves the
angular deviation by over 20 times compared to Static PRR, with values of 0.496° and 0.407°,
respectively.

Table 1. Comparisons between three methods.

Dynamic NEDL Static PRR Dynamic PRR
RMSE e,,; [degree] 0.517 0.511 0.511
RMSE e, [mdegree 0.506 0.511 0.511
RMSE b, [degree] 0.496 13.4 4.69
RMSE e, [degree] 0.407 10 1.29

4. CONCLUSIONS

This paper has proposed an explicit, dynamics-based control allocation method for a four-
degree-of-freedom redundant radar platform in a target tracking problem. The method utilizes a
dual-loop control structure embedded with null-space dynamics, where the tasks of maintaining
the line-of-sight (LOS) and adjusting the redundant joints are clearly separated. This allows for
control role allocation that aligns with the physical structure and actual operational principles of
the radar platform.

Simulation results demonstrate that the proposed Dynamic NEDL method maintains target
tracking quality equivalent to pseudoinverse-based methods while clearly outperforming them in
null-space control capability. The tilt—pan mirror angles converge rapidly and stably to the origin
with very small deviations, whereas Static PRR and Dynamic PRR methods either fail to converge
or converge slowly with large oscillation amplitudes. Quantitative RMSE comparisons confirm
the superior effectiveness of the proposed method in handling redundancy resolution without
compromising the primary task.

From an academic perspective, this research demonstrates an approach to transforming the
redundancy resolution problem from algebraic projection to explicit dynamic design, resulting in
a control structure that is simple, intuitive, and highly applicable. In the future, this research will
be extended towards experimental validation on a real radar system, as well as the integration of
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advanced control and estimation techniques to enhance the system's robustness against
disturbances and uncertainties.
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TOM TAT

Phén bd diéu lshién twong minh bang dong hoc
cho bé radar dw dan dong bon bac tw do bam muc tiéu

Bai todn diéu khién tay mdy noi tiép 4 bdc tir do (4-DOF) la mot linh vuc nghién ciru
trong tam trong robot cong nghiép, ddc biét khi hé thong thé hién tinh dw dan déng hodc
yéu cau cao vé hiéu sudt va dp chinh xdc. Viéc xir Iy duw dan dong (redundancy resolution)
va phdn bé diéu khién (control allocation) déng vai tro then chot trong viéc dam bao kha
nang lam viéc linh hoat, on dinh dong hoc, d&ng thoi i wu hda cdc tiéu chi nhw nang luong,
md-men luc, hay tranh vdt can. Cdac nghién ciru hién dai da phat trién nhiéu chién lroc da
dang, tir phong phap truyen thong dira trén t6i wu héa dén cdc ky thudt théng minh tich
hop hoc sdu va diéu khién thich nghi, tuy nhién véi cdc hé thong dwoc g dung trong linh
viee qudn sy nhw bé radar cac ky thudt twong minh van dwoc wu tién hon vi su don gian va
dé tin cdy cao. Bai bdo ndy trinh bay mét phwong phdp phdn bé diéu khién bé radar bon
bdc ti do mét cach twong minh ma gidi quyét hiéu qua cdc rang budc cé tinh ing dung cao
trong thyc 1é sir dung. Theo do rang budc dong hoc dwoc thém vao tu nhién sé kéo theo qua
trinh phdn bé diéu khién phit hop véi diéu kién sir dung ciia bé radar.

khoa: Robot du din dong; 4 bac tu do; Phan bd didu khién; Radar bam muc tiéu; Diéu khién phéan cép.
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