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ABSTRACT

This paper focuses on studying the influence of competitive interaction on the phase diagram
in a disordered Ising model using the effective field method. The competitive interaction factor is
controlled by two parameters, the competition probability p and the fluctuation D. We obtain a
phase diagram divided into three distinct regions according to critical temperatures. Specifically,
in the range 1 < D < 1.005 and D > 1.4, the system exhibits a single phase transition from
ferromagnetic to paramagnetic states. In the range 1.005 <D < 1.4, two critical points t.; and t.;
are formed corresponding to the AF — FM — PM phase transition sequence. Simultaneously, we
observe that the shift of the phase transition temperature depends on the two model parameters
(p, D), similar to the effect of doping concentration on the phase transition temperature in the
doped manganese perovskites.
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1. INTRODUCTION

Perovskite oxides have garnered significant attention in the research community because of
their special magnetic behavior, promising potential in spintronics and sensors, and energy-related
technology. The general formula of manganese perovskite oxides is AMnQO3, which allows for the
substitution of multiple elements, leading to a rich diversity of magnetic properties such as colossal
magnetoresistance, magnetocaloric effect, irreversible magnetic effect, and reversal
magnetization, etc. It is well known that the competition among different exchange interactions
drives the physical properties of these materials. In particular, the most notable are ferromagnetic
(FM) and antiferromagnetic (AF) interactions, as known arising from double exchange (DE) and
superexchange (SE) between Mn*" and Mn**. The competition between the different orders makes
the system especially sensitive to external perturbations and chemical substitutions. When doped,
these compounds exhibit a series of magnetic phase transitions from the paramagnetic (PM) phase
to the FM phase at the Curie temperature 7¢ and to the AF phase at the Néel temperature 7y [1,2].
Thereby, the phase transition temperature can then be easily adjusted by controlling the doping
concentration. For instance, Lalitha ef al. reported that reducing the Cr doping level at the Mn site
in Pro sSrosMnOs leads to an increase in the Curie temperature 7¢. The effect was attributed to the
modification of the Mn*"/Mn** ratio induced by Cr substitution, which in turn disturbs the balance
between FM and AF interactions within the system [3]. Another study demonstrated that doping
with Yb at concentrations ranging from x = 0.02 to 0.1 in the system Pro.45.xYbxSr0sMnOs caused
a lattice transformation that could increase the 7¢ temperature close to room temperature, reaching
approximately 302 K, accompanied by a Ty temperature decrease of about 158 K [4]. This behavior
is different from the original parent system Pro.45Sto5sMnQOs, which undergoes a phase transition
at 7c of 281 K and 7 of 182 K. Chemical doping not only fundamentally alters the equilibrium
between DE and SE interactions but also leads to phase boundary shifts. Therefore, investigating
the dependence of the phase transition temperature on doping concentration in competing FM-AF
interacting systems is crucial for future technological applications.

Theoretically, the disordered Ising model with competing FM and AF bonds provides a
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minimal physically significant framework. In the crystal field, the unoccupied 3d orbitals of the
Mn ion are split into two states as the ty, state and the e, state. Electrons in the eg region can easily
move to empty regions of neighboring ions of different valences. In contract, electrons in the ¢,
state are localized at the lattice sites. As a result, the spins of the to, electrons in the Mn ion are
considered to be localized spins equivalent to the spins at each lattice site in the Ising model.
Furthermore, the Hund’s exchange interaction Ji between ., electrons and flexible electrons e is
very significantly stronger than the jump kinetic energy ¢ of the eg electron between two nearest
neighboring Mn ions (Ji > t), which greatly reduces the complexity of the original orbital model.
In this limit, the spin of the eg electrons is parallel to the direction of the local spin and rotates in
the direction of the external magnetic field applied. Therefore, the magnetic order is primarily
influenced by the nearest neighbor spin interaction, which is mapped to the nearest neighbor
competition model.

In this work, we aim to study the influence of chemical doping on phase transitions in
perovskite systems through the competitive interactive Ising model. Doping differences can
modify the strength of exchange interactions and redistribute the interaction ingredients. Here,
these effects can be related to two control parameters of the model: (i) the probabilities p and /-p
representing the density distributions of FM and AF bonds, respectively; and (ii) the fluctuations
D related to the intensity of competing interactions.

2. ANALYSIS CALCULATION FOR DISORDERED ISING MODEL

2.1. Ising model with competitive interaction
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Figure 1. Cartoon model for Ising model with two types of interactions.

The Ising model is a simple theoretical framework, but really effective in studying the magnetic
properties of disordered material systems [5 - 7]. By incorporating disorder into the exchange
interaction parameter among spins, the system’s Hamiltonian can be expressed as follows:

7 :—Z Jjo;0; —heZO'; (1)
<i,]> J

Here, o; = £1 is simply the spin at site i, and it is either up (+1) or down (-1). The first term
captures the exchange interaction between nearest-neighbor spins, with the strength of that
interaction given by J;. The second term accounts for the interaction energy of the spin system
under an external magnetic field /.. In the present system, positive J;; corresponds to ferromagnetic
double-exchange clusters, while negative J; effectively represents antiferromagnetic
superexchange clusters. The interaction J;; follows distribution rules:

P(Jy)=pd(J;—=Ip) + (1= p)6(J; = J i) 2)

Where Jry= J(1+D); and Jur = J(I - D) denote the mean strengths of the FM and AF
interactions, occurring with probabilities p and /—p, respectively, the parameter J represents the
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average value of the exchange integral and is set to unity for convenience. The parameter D > |
characterizes the degree of randomness in the exchange interaction and is a dimensionless quantity.
Figure 1 is an example illustrating a competitive Ising model in a 2D lattice with a maximum of 4
nearest neighbors.

2.2. Applying the effective mean-field theory to calculate thermodynamic parameters

To determine the phase diagram and the transition temperature, we utilize an integral
transformation for Callen identities and the effective field theory (EFT) [8, 9]. The relative
magnetization per site can be obtained by the equation: Readers can see the details of the
calculations in Ref. [5]. Within the scope of the present work, we report only the final analytical
expressions for the thermodynamic quantities of interest.

The average magnetic moment per lattice site is given by the following expression:

m=((c,)). 3)
m=Im TM’;;“){EC:WUW} @
0 sinh7 n=0

Here, the double brackets represent both thermodynamic and random averages. Consequently,
the average magnetic moment at each lattice site is obtained as the solution of an algebraic equation
that depends on the probability parameter p, the fluctuation strength of the exchange integral D,
the inverse temperature « , the external magnetic field /4, and the number of nearest neighbors z:

m =Z(;C;An(a,p,D,z,h)m” (5)

Here, C,/denotes the combinatorial coefficient, while the coefficient A,is expressed in
integral form:

«a”"b" sin(ahx + E)
4,= — dx (6)
0 sinh(j)

The coefficients a and b are defined as:
a= pcos[a(l+ D)x]+(1- p)cos[a(l—D)x] .
b= psin[a(1+ D)x]+ (1 - p)sin[a(l - D)x] )

. 4 J . h
The inverse temperature «=t'=-—— and the external magnetic field h= 7e are
B
dimensionless quantities. Within this framework, the magnetic susceptibility per lattice site, y, is
obtained from the first derivative of the magnetization with respect to the external field:

om
= 8
== (®)
The internal energy per lattice site is evaluated as the configurational average of the Hamiltonian:
E={(7)), ©)

On this basis, the Helmholtz free energy can be determined from the temperature dependence
of the internal energy through an integral relation:
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H(t)=E(t)- 4 (10)

3. RESULTS AND DISCUSSION

3.1. Phase diagram

This work focuses on a disordered model, and all calculations are therefore carried out with the
number of nearest neighbors at z = 4. In the absence of an external magnetic field, the transition
temperature ¢, is determined as the solution of the following equation:

1-zA4 (a,, p,D,z,0)=0 (11)

with o, =—
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Figure 2. Phase diagram showing the transition temperature t. as a function of the probability p
for different values of the fluctuation parameter D at h = 0.

Figure 2 illustrates the dependence of the critical temperature 7. on the probability p for various
fluctuating values of D. It can be seen that a phase transition occurs only when the probability p is
greater than the critical probability threshold p. for all values of D, such as with D = 1.005, p. =
0.44, or D = 1.3, p. = 0.53. It indicates that a sufficiently large number of FM interactions is
required to facilitate the formation of magnetic order in the ground state. Here, the phase diagram
is divided into three distinct regions. For two regions with a critical temperature point z.: D < 1.05
and D > 1.4, the system undergoes a second-order phase transition from the FM to the PM phase
in both regions. However, there are some differences in the physical behaviors in the two regions.
In the low D region, the phase transition can begin at a low probability at p. < 0.5 (p = 0.5 is the
probability of equilibrium between FM and AF phases). In this case, the system contains clusters
of high-intensity FM, coupled to a background of low-intensity AF. In contrast, in the high D
region, where p. > 0.5, the intensity of the AF clusters is significantly enhanced, but they remain
isolated amidst a predominance of FM clusters. Importantly, as the probability of the existence of
supported FM clusters increases, so does the critical temperature at which the phase transition from
FM to PM occurs. This phenomenon is entirely consistent with behavior observed in doped
perovskite materials. A notable example is PrixCaxMnO; with x = 0.25, 0.27, and 0.29. As the Ca
replaces the site of Pr’*, the number of ions Mn*increases, leading to supporting the AF
interactions Mn*'—Mn*', while the number of FM interactions decreases and weakens and the phase
transition temperature 7¢ is lowered [10]. This phenomenon was also observed in ProsSrosMn;.
«CrxO3, where increasing the doping concentration of Cr alters the carrier density of Mn*"/Mn**,
leading to weaker ferromagnetic double exchange interactions, thus a continuous decrease in 7¢ is
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predictable [11]. In the remaining region 1.05 <D < 1.4, the system exhibits two critical points, Z;
(low) and ¢, (high), corresponding to a series of phase transition processes that can be AF— FM —
PM. Interestingly, at a specific probability p, when D increases greatly, meaning the J4# interaction
strength is enhanced, ¢.; increases while ¢.; decreases. This behavior is observed in the magnetic
properties of Pros«DyxSrosMnO; [12]. Specifically, Doping Dy** with a smaller radius than the
Pr3* ion, the crystal lattice is distorted, the distance between Mn—O and the Mn—O-Mn angle
change subsequently affecting the interaction strength of the DE and SE interaction. Enhancing
Dy?* content promotes SE interaction in the AF order, leading to 7 growth and 7¢ reduction.
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Figure 3. Temperature dependence of the thermodynamic quantities for different values of the
Sfluctuation parameter at p = 0.55 and h = 0: (a) Magnetic moment m; (b) Internal energy E;
(c) Magnetic susceptibility x; (d) Helmholtz free energy H.

Figure 3 illustrates the temperature dependence of thermodynamic quantities, including
magnetic moment m, internal energy E, magnetic susceptibility y, and Helmholtz free energy H at
p = 0.55, h=0, with different values of the parameter D. The phase transition is determined at the
critical temperature 7., where the magnetization abruptly drops to 0 (Figure 3a). For D =1.0001, a
FM—-PM phase transition is observed. However, in the range [1.05 - 1.3], magnetization disappears
at two distinct temperatures, indicating the presence of two distinct phase transitions, consistent
with the phase diagram in Figure 2. Besides, the phase transition is also reflected in the behavior
of an internal energy E (Figure 3b). An internal energy £ exhibits a slight linear increase in the
disordered phases. In contrast, in the FM phase, the energy E varies significantly and forms a
particularly U-shaped curve, beginning at the phase transition points in the [1.05-1.3] region.
Similarly, the critical temperature is marked by peaks in magnetic susceptibility y (Figure 3c). For
D = 1.0001, there is only a single peak, while for the interval between 1.05 and 1.3, two peaks
correspond to the two critical temperatures f.; and #.;. The free energy H = E - TS decreases nearly
linearly to zero above f. in the PM state, but competing interactions make the entropy change
drastically, so H behaves with quite nontrivial features.
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Figure 4. Temperature dependence of the thermodynamic quantities for different values of the
Sfluctuation parameter D = 1.5 and 1.6 at p = 0.65 and h = 0: (a) Magnetic moment m;
(b) Internal energy E; (c) Magnetic susceptibility y; (d) Helmholtz free energy H.

Following, the influence of the parameter D on the high-probability region p is investigated
through thermodynamic quantities in Figure 4. In this regime, FM interaction predominates,
leading the system to undergo only an FM—PM phase transition. As D increases, the contribution
from AF clusters also increases, leading to a decrease in the phase transition temperature #.. The
phase transition process is clearly demonstrated by the variation in magnetization m and the
internal energy E. Specifically, m decreases to 0. At the same time, £ increases, reaching saturation
when the system goes to the PM state (as shown in Figure 4a, b). The magnetic sensitivity y peaks
at ¢. (Figure 4c) and shifts to a lower temperature with increasing temperature, which indicates a
weakening of the FM—PM phase transition. Concurrently, the height of the y peak reflects a change
in critical correlations. The Helmholtz free energy H decreases monotonically from the FM phase
to near 0 in the PM phase and depends only weakly on D.

3.2. Influence of the external magnetic field on the thermomagnetic and magnetization curves

In Figure 5, we examine the temperature dependence of the reduced magnetization m under
different external magnetic fields h for the case p = 0.55. In particular, in the weak-field regime at
h = 0.01 and 0.05, the magnetic moment drops to a local minimum, then rises to a peak before
plummeting to zero. It can be seen that the system exhibits local AF domains due to high energy
degeneracy, so the weak magnetic field is not strong enough to completely orient the spins, leading
to domain pinning. As the temperature increases, thermal vibrations disrupt the local AF
configurations, and FM will be more dominant. At the higher external fields # = 0.1 and 0.2, the
magnetization curve decreases smoothly. because the external field progressively suppresses the
AF phase and aligns the spins along its direction. FM-AF competition persists and is insufficient
to form complex domain structures at low temperatures. Continuing 4 up to 0.5, the
thermomagnetic curves decrease from the maximum saturated with m = 1. In this case, AF clusters
are almost completely suppressed, and the system behaves like a conventional ferromagnetic
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system. In addition, increasing the external field broadens the ferromagnetic region. Similar
behavior has been reported in doped perovskite systems [12].
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Figure 5. Thermomagnetic curves measured under different external magnetic fields h at
probability p = 0.55 and fluctuation parameter D = 1.1.

It is obvious that investigating the magnetization curve m(h) is essential because it provides
powerful evidence to uncover the critical behavior. Figure 6 illustrates the magnetization curves
at probability p = 0.55 and fluctuation parameter D = 1.1, examined over the temperature range
from ¢ = 0.1 to 3.5 with a temperature step 4z = 0.2. In the range below the transition temperature
tcl, the magnetization m increases sharply in the applied magnetic field. The system remains
disordered and contains large antiferromagnetic clusters. These clusters tend to reorient under the
applied field, gradually driving the system toward a ferromagnetically ordered state. Above ¢,
where a stable FM phase is established, the magnetization grows more gradually as the magnetic
field increases (Figure 6a). The behavior near the higher transition temperature .., is markedly
different (Figure 6b). Just below #.2, long-range ferromagnetic order still persists. As a result, the
magnetization rises sharply in the low-field region around /# = 0.2, and then increases in an almost
linear manner as the field becomes stronger. In contrast, above ¢..,, the magnetization increases
linearly from zero with the applied field. This response is characteristic of the paramagnetic phase,
where magnetic moments are randomly oriented and only a small fraction aligns with the direction
of the external magnetic field.

Magnetic moment m
Magnetic moment m

0.0 0.1 02 03 04 0.5 0.0 02 04 0.6 08 1.0

External magnetic field / External magnetic field /i

Figure 6. Magnetization curves at probability p = 0.55 and fluctuation parameter D =1.1

for: (a) The low-temperature region from t = 0.1 to 0.9; (b) The high-temperature region
fromt=11to 3.5.

Theoretical and experimental curves [11] for the sample ProsSrosMn;«CrOs are described in
Figure 7. The agreement between the theoretical and experimental results is observed. Interestingly,
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the higher the doping concentration, the less FM interaction in the experimental sample. It is similar
to the probability reduction p of the FM cluster in the theoretical model. Hence, the microscopic
Ising model can be used to explain magnetic properties for the manganese perovskites.
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Figure 7. Fitting curves of magnetization between the disordered Ising model and experiment for
sample ProsSrosMn;CrOs : (Exp 1): x = 0.02, (Exp 2): x = 0.05. [11].

4. CONCLUSIONS

By applying the effective field approximation to the Ising model with competing interactions
between two energy levels, we constructed the phase diagram describing the relationship between
the transition temperature 7. and the probability p with four nearest neighbors. The thermodynamic
quantities, including the magnetization m, internal energy E, magnetic susceptibility y , and free
energy H, were systematically examined in two characteristic regimes: the region where two phase
transitions emerge for fluctuations in the range 1.005 < D <1.4 at p = 0.55, and the area where
only a single FM - PM transition occurs at p = 0.55, D < 1.05 and p = 0.6, D>1.4. The reaction
of these thermodynamic parameters in response to temperature and external magnetic field
predicted by the theoretical model is consistent with several experimental observations reported
for doped perovskite materials. This agreement supports the view that interaction competition
plays a central role in the origin of magnetic properties in this class of materials. Especially, when
an external magnetic field £ differs from 0, the impact of competing interactions becomes even
more evident. Here, domain pinning appears in the thermomagnetic curves, and pronounced
variations of the magnetization are observed in the magnetization curves, particularly in the low-
field region.
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TOM TAT

Anh huéng ciia thing giang tac dong 1én qua trinh chuyén pha
trong mé hinh Ising c6 canh tranh twong tac

Bai bdo nay tdp trung nghién ciu anh huong cia canh tranh tuong tdc lén gian do pha
trong mo hinh Ising mat trdt tw bang phuong phap truong hiéu dung. Yéu té canh tranh
twong tac dwoc diéu khién bién doi thong qua hai tham s6 la xdac sudt canh tranh p va dé
thang gidng D, chiing t6i thu dwoc gian do pha phdn thanh 3 viing riéng biét theo nhiét dé
t6i han. Cu thé, trong khodng 1 < D < 1,005 va D > 1,4, hé thong biéu hién mdt chuyén pha
duy nhat tir trang thdi sdt tir sang trang thai thudn tir. COn trong khodng 1,005 <D < 1,4,
hai diém t6i han tcl va tc2 hinh thanh twong iing véi chudi chuyén pha AF — FM — PM.
Pong thoi, ching téi nhan thay sw dich chuyén ciia nhiét do chuyén pha phu thudc vao hai
tham s6 mé hinh (p, D) twong tu nhw hiéu vimg ciia nong dé pha tap anh hwong lén nhiét do
chuyén pha trong ho perovskite mangan pha tap.

Tir khoa: M6 hinh Ising mét trét tu; Perovskite mangan pha tap; Truong hiéu dung twong quan; Gian dd pha.
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