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ABSTRACT

This paper presents a sensitivity-based method for the calculation of power losses and nodal
voltages in power distribution systems. Sensitivity factors of power losses and voltage magnitudes
with respect to nodal power injections based on the exploitation of the radial structure of distribution
grids are rigorously represented. The power losses and voltages attained from this sensitivity
approach are validated using a six-bus distribution system and compared with the Alternating
Current Power Flow (ACPF) method that solves non-linear power flow equations iteratively and
provides accurate solutions. The calculated findings show that sensitivity method errors are minor
and highly acceptable in comparison with the ACPF method when power injections vary slightly.
For voltages, the computed results from both techniques are nearly the same.

Keywords: Radial distribution grids; Power flow; Sensitivity analysis; Power loss sensitivity factors; Voltage sensitivity
factors.

1. INTRODUCTION

The approach based on sensitivity factors, such as loss factors and voltage sensitivity factors,
plays an essential role in power system analysis [1]. The first reason is that the ever-increasing
penetration of distributed generations (DGs) [2], which makes distribution systems active and
smarter, requires their impacts to be accurately assessed and fast enough. In terms of computational
speed, the sensitivity methods are better than Alternating Current Power Flow (ACPF), such as the
Newton-Raphson (NR) method and the Power Summation method (PSM). However, the accuracy
of sensitivity approaches in comparison with ACPF-based methods needs to be further analyzed [3].

Furthermore, the distribution-level electricity markets are considered to be an effective means to
manage and exploit a large amount of DGs. The locational marginal price (LMP) of the wholesale
markets in transmission systems has been extended to be deployed in the distribution-level retail
markets [4]. The decomposition of distribution-level LMP into components, including marginal
prices for real power, reactive power, congestion, losses, and voltage, enhances the effectiveness of
market operation. Nevertheless, to decompose the distribution-level LMP, it is necessary to derive
the sensitivity factors, namely the loss factors and voltage sensitivity factors [5].

In transmission systems, sensitivity factors, for instance, Power Transfer Distribution Factors
(PTDF), are usually determined using the Direct Current Power Flow (DCPF) [6]. Nonetheless, the
DCPF-based methodologies cannot be applied to distribution systems due to the high R/X ratio. For
distribution systems, the authors in [7] developed a method for network reconfiguration utilizing the
sensitivity of active power loss with respect to branch impedance, which requires the construction of
a Jacobian matrix. Similarly, the sensitivity factors proposed in [3] and [8] are calculated with the
need of constructing the Jacobian matrix, which is computationally complicated. In terms of the
radial topology of power distribution systems, authors in [9] and [ 10] exploited this feature to identify
network topology and efficiently control distributed voltage, respectively.

This paper presents a sensitivity-based method for computing power losses and nodal voltages
in radial power distribution systems. This sensitivity-based approach is a highly efficient tool for
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evaluating network performance, enabling engineers to instantly predict how changes in load affect
system efficiency and voltage stability without complex power flow iterations. The main
contributions of this research are:

e To propose uncomplicated and effective mathematical expressions for recursively
determining power loss and voltage sensitivity factors in radial distribution systems, without
the need to establish the Jacobian matrix.

e To rigorously describe a step-by-step procedure to calculate sensitivity factors for a six-bus
radial distribution system;

e To compare the errors of power losses and voltage magnitudes from the ACPF and the
sensitivity approach.

The paper is structured into four sections. Section 2 presents mathematical expressions for
determining sensitivity factors of power losses and nodal voltages with respect to nodal power
injections in radial distribution power networks, followed by formulas for calculating power
losses and voltage magnitudes using these sensitivity factors. Numerical results and discussions
using the six-bus radial distribution system are given in Section 3, and the conclusions are
inferred in Section 4.

2. PROBLEM

2.1. Theoretical foundations

The topological structure of power distribution grids is usually radial, often called a tree
structure, with the distribution substation as the root bus. The following principles are deployed to
number the tree topology of distribution systems:

e The index of the root bus is 1, and all buses of the distribution systems are numbered from
1 to NV, where N is the number of buses.
e The index of a receiving bus has to be greater than that of its sending node.

Consider a distribution line as shown in Figure 1. The notations in this figure encompass:

e P and Q, are the power flow at the sending bus i;

e P and Q) are active power and reactive power flow at the receiving end £, respectively;
e U, and U, are the voltage magnitudes at nodes i and £, respectively;

e R, and X, are the resistance and reactance of branch ik, respectively.

U, Ry, Xy Uy
I — k
Ly ———= LY
Figure 1. A two-bus distribution system.
2.1.1. Assumption

To derive the mathematical expressions for the power loss and voltage sensitivity factors
efficiently, the following assumption is made: the voltage magnitude at bus k remains constant when
the demand changes slightly. This assumption simplifies the calculation of partial derivatives,
enabling the determination of sensitivity factors without constructing a Jacobian matrix.

2.1.2. Formulas
2.1.2.1. Power loss sensitivity factors for distribution

A (N x N)matrix T is defined, in which element T (, j)is equal to 1 if bus j belongs to a sub-

tree whose root bus is k; otherwise, element 7' (k, j ) equals 0.
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Based on matrix T, the branch power flow of line ik at the receiving bus is given as follows:

leziT(k’j)'(PDf_PG) i T(k.J)-AF,

j=k+1

(1)
N N
Oy ZZT(k:j)'(QDj _QG/')+ > T(kj)AQ,
=k =k
The power flow of branch ik at the sending bus is calculated using the following equations:
By =B +AP; 0, =0, +AQ, (2)
where:
e m is the parent bus of the child node j;
e AP, and AQ, are active and reactive power losses of branch ik.
The real and reactive power losses of each line ik are determined below:
2 2 2 2
P) +(0O, P) +(0,
AF, Z( Ik) Z(Qk) Ry AQ, =( Ik) Z(Qk) X (3)
Uk Uk

It is assumed that the voltage magnitude at bus & remains constant when demand changes
slightly. As a result, the sensitivity of power losses of line ik with respect to load at bus j is written

as follows:
B _fop g, X\ Ru o OO oy T X | Xu
OP aPDj aPDj U OP 8P ﬁPDj U

Dj Dy

OB, _op OB o 9 | R 089y _[op By o 90 | X 5
6QDJ 8QDJ 6QD]. U h aQDj aQDj aQDj

The sensitivity of the total power losses is the sum of the sensitivity of power losses of all
branches in distribution systems:

OAP _ _y OAP,  OAQ ¥ OAQ,  OAP v OAP,  OAQ ¥ OAQ,
aP Vlineik aPDj ’ aPDj Vlineik aP[)j ’ aQDJ Vlineik aQDj ’ 6QDj Vlineik aQDj

According to equation (1), the sensitivity factors of the branch power flows with respect to the
real power of demand are expressed below.

(6)

or, AR OAP,  8Q, & L 8AQ,
—=T(k,j)+ T(k,j)—2, —=k_— 7). y 7)
OFy ( ’ ) /';1 ( Y ) Ry Oy ./;1 ( / ) oR,
aP,; N AP 6Q'k _ N o AQm/

ik _ =% =T(k,j T(k,j (8)
aQD/ /;rl aQD, aQDj ( ) _/:Zk;rl ( ) 8QD/

Then, equations (7)-(8) are substituted into mathematical expressions (4)-(5). The power loss
factors for the distribution are recursively defined.

2.1.2.2. Voltage sensitivity factors
The voltage drop along the distribution line ik can be derived as follows:

AUik — BkRik 2_] ik)(ik

i

)

The voltage magnitude at bus & can be determined using the following formula:
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PR, +0. X,
Uk:Ui_AUik:Ui_%thlk (10)
The sensitivity factors of voltage magnitude with respect to nodal power injections are
represented as follows:

oU, :%—L2 Rikai-i-)(ik 004 U, _%(EkRik +QikXik)
0B, 0B, U, OFy " ORy OF,
_ ) : (11
_OU[ AT )L R, o, +X, 0Oy
oR, Dj Ui Ui oR Dj aPDf
oU, = o, —Lz (Rik o, + X, %JU,- _E(EkRik + QikXik)
00y 00y U 00, 0O, OOy (12)

— aUz [1+ AUik]_i Rik aEA +Xik aQik
00y, U, ) U 0Oy o0y,

If the voltage magnitudes are assumed to be constant when the power injections change, then
the voltage sensitivity factors are calculated below:

U, _ I[R oF, +X ankJ. U, _ I(R oL +X aQ’*J (13)

0Fy U\ “or, “Mom, [ 00, UL\ 00, oo,

The sensitivity of sending-end power flows can be estimated based on the following
mathematical statements.

on, OB OAR, 30, 00, MO,
0B, 0P, OF, 0P, 0P, 0P,
OF, _OF (OAR, 00, 00,  0AQ,
00y 00y 00y 00y 00y 90y

2.1.2.3. Calculation of power losses and nodal voltages using sensitivity factors

(14)

It is assumed that the sensitivity factors of power losses and voltage magnitudes have been
calculated from the initial power flow. When the active and reactive powers of the load at bus j
vary by small amounts of AR, and AQ,,, the variation of total power losses and nodal voltages

can be given as follows:

pP=2F Ap + AF ro, (15)
ele T 00y,

pu, =% ap, + 2% pg, (16)
6PD] aQD]

The equations for calculating the total power losses and voltage magnitudes after the change of
load can be represented below:

AP™ =AP* +DP; U™ =U* +DU, (17)
2.2. Experiment preparation
2.2.1. Instrumentation

The proposed sensitivity-based method is implemented and validated using the MATPOWER
software package [11]. This software is used to solve the initial power flow and provides the
benchmark results (using the Newton-Raphson method) to compare with the results obtained from
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the sensitivity analysis.
2.2.2. Experimental materials

The numerical analysis is conducted on a six-bus radial distribution system as shown in Figure
2. The parameters of this test system are configured as follows:

e System voltage: The rated voltage is 10 kV (U base). The voltage magnitude at the root
point (Bus 1) is set as 1.05 per unit.

e Line parameters: The resistance and reactance of the distribution lines are identical, with
Ro=0.33 ohm/km and X, = 0.395 ohm/km, respectively.

e Base power: The calculations are based on a reference power of Spase = 1000 kVA.
3. RESULTS AND DISCUSSION

3.1. Input data

In this section, the sensitivity factors, total power losses, and voltage magnitudes are calculated
for the six-bus distribution system shown in Figure 2. The rated voltage of this system is equal to
10 kV. The active and reactive outputs of each distributed generation (DG) are given below (Spase
=1000 kVA):

Sy =0.5765+ j1.0000 p.u; S, =1.0000+ j0.3287 pu; Sy, =1.0000+ 70.3287 p.u.

The line resistance and reactance are identical and equal to 0.33 Q/km and 0.395 Q/km,
respectively. Furthermore, the voltage magnitude of the root point (bus 1) is set as 1.05 p.u. (Uw
=10kV). The real and reactive power of demand (D) at each bus in this system is given as below:

Sy, =14+ j0.7; S, =12+ j0.45; S, =0.8+ j0.5; Sy =1+ j0.6; Sy, =2.5+ j1.2

o1

4km

! SRS
| 2km > 3km9 2km? 15km 5
! Yooy ¥

Figure 2. Six-bus distribution system.

3.2. Methods and simulation tools

The sensitivity-based approach presented in section 2 is applied to calculate total power losses
and nodal voltage magnitudes in radial distribution networks. This method utilizes the sensitivity
factors of power losses and bus voltages with respect to nodal active and reactive power injections,
which are derived from the initial operating point of the system. To evaluate the accuracy of the
proposed approach, the Newton—Raphson—based alternating current power flow (ACPF) method
is employed as a reference for comparison. The ACPF method solves the nonlinear power flow
equations iteratively and is widely regarded as providing accurate steady-state solutions for power
systems. All simulations are carried out using the MATPOWER software package. An initial
power flow is first performed to obtain the base values of branch power flows and bus voltage
magnitudes. Based on this initial solution, the sensitivity factors are calculated and subsequently
used to estimate the variations in power losses and nodal voltages under load changes.

To assess the performance of the sensitivity-based method, a series of load variation scenarios
is considered. Specifically, the active and reactive power demands at bus 5 are increased by 2.5%,
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5.0%, 7.5%, 10.0%, 12.5%, and 15.0%, while maintaining a constant power factor. The results
obtained using the sensitivity-based approach are then compared with those obtained from the
Newton—Raphson ACPF method.

3.3. Simulation results and comments

Using MATPOWER software, the solution of the initial power flow is revealed in table 1.
Table 1. Results of initial power flow.

Line (i-k) ;. (p-u.) AU, (p.u.) U, (p-u.)
1-2 4.4031+ j1.8879 0.0439 1.0061
23 1.4394 + j0.2403 0.0174 0.9886
3-4 0.8072+ j0.7799 0.0118 0.9769
4-5 1.0000+ j0.6000 0.0088 0.9681
2-6 1.5000+ j0.8713 0.0346 0.9714

3.3.1. Results for power loss sensitivity factors

To deploy the equation (1), the power flows at the receiving bus of lines for the six-bus
distribution system are represented as follows:

Bis=FRys; Py =Fy =Ry, + Bys + APss Py =By, — Ry, + By = Fogy + By + AR, + AD
P2,6:PD6_PDG3; P1;:PD2+PD3_PDGl+PD4_PD62+PD5+PD6_PDG3+AP23+AP34+AP45+AP26
QA;SZQDS; Q3'4=QD4_QDGZ+QD5+AQ45; Q2’3ZQDS_QDGI+QD4_QDG2+QD5+AQ34+AQ45
O35 = Ons — Onas

Q1'2 :QD2+QD3_QDGI+QD4_QDGZ+QD5+QD6_QDG3+AQ23+AQ34+AQ45+AQ26

The sensitivity factors of power losses with respect to the real power of the load at bus 5 are
rigorously described as follows.

e Sensitivity factors of power loss for the branch connecting node 4 and node 5:
81)4’5 =1: aQé,tS =0

b

OF,; OP,,

AP, P, : R . .
OABs _ 2P OFs +20;; Qs x—2 =(2x1.0000x1+2x0.6000x0)x M =0.01056
0P, OB, 0B, ) U, 0.9681

A P, : X . .
O8O _ 2P s +20;; 00ss x — =(2x1.0000x1+ 2x0.6000x0)xw =0.01264
OB, 0P, oP,, ) U; 0.9681

e Sensitivity factors of power loss in branch connecting between node 3 and node 4:

i) =1 +% =1+0.01056=1.01056 ;% = OAQss =0.01264
af)DS a[)DS D5 D5
B2, Bt 120, X | K

OB, OB, ob ) U,

=2x(0.8072x1.01056 +0.7799 x 0.01264) x % =0.01142

9AQy, :%X& =0.01367

aPDS 6PD5 34
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e Sensitivity factors of power loss for the branch connecting between node 2 and node 3:

o, =1+ OAR, + OAFy =1+0.01142+0.01056=1.02198;
OF,; OF,; OF,,

00 _ 00Oy , OADis _ 11367+ 0.01264 = 0.02631

OB O OB

aAf)B — 2})2'3 aPZS + 2Q£3 aQ23 XR—223

0P, OF,, OF,, U,

=2x(1.4394x1.02198 + 0.2403 x 0.02631) X % =0.02993

OND, _OAP, X
aP D5 aP D5 R23

The calculated results of power loss sensitivity factors for the six-bus distribution system are
depicted in table 2.

=0.03583

Table 2. Power loss sensitivity factors for six-bus system.

Load (j) OAP | 0P, OAP | 8Q,, 0AQ | 0P, oAQ 1 80,
2 0.05742 0.02462 0.06873 0.02947
3 0.08912 0.02991 0.10667 0.03580
4 0.10168 0.04205 0.12170 0.05033
5 0.11384 0.04935 0.13627 0.05907
6 0.10303 0.05111 0.12333 0.06118

3.3.2. Results for voltage sensitivity factors

The sensitivity factors of voltage magnitude at all buses with respect to active power injection
at node 2 are computed using the following expressions. Similarly, the voltage sensitivity factors
for the six-bus system are sketched in table 3.

U, =—L[R %4‘)( GQIZ]=—#x(0.0066><1.05742+0.0079><0.O6873)=—0.OO716

op,, U\ “er, ~"op,
aU.’a — aU2 x 1+ AUB _ L R23 6})23 + X23 8Q23
oP, oP, U, | U\ Zap, oP,
=—0.00716x (1 + 0'0174] L (0.0099%0+0.01185%0)=—0.00728
1.0061 ) 1.0061
oU, _au, X[HAUM]_L[RM Py, 6Q34J
aPDZ aP)DZ 3 U3 aPDZ aP)DZ
- —0.00728><(1 » 20 ISJ_ L (0.0066x0+0.0079%0)=—0.00737
0.9886 ) 0.9886
oU, _au, x(1+ AU4SJ_L[R4S Py, 6Q45j
aPDZ a})DZ 4 U4 aI)DZ aPDZ
- —0.00737{1 n 0'0088) L (0.00495%0+0.005925 x 0) = ~0.00744
0.9769) 0.9769
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a(]6 :aUZX 1+AU26 _L R a})26_+_)( aQ26
oP, 0P, U, u,\"*or, ~*or,

=—0.00716x(1+0'0346j— ! x(0.0132x0+0.0158x 0) =—0.00741
1.0061 ) 1.0061

Table 3. Voltage sensitivity factors for the six-bus system.
Load (j) 2 3 4 5 6
oU, / ok, —0.00716 ~0.00765 ~0.00784 ~0.00803 ~0.00786
ou, /00, —0.00790 —-0.00798 —-0.00817 —0.00828 -0.00831
oU, / OR,, —0.00729 ~0.01832 ~0.01879 ~0.01925 ~0.00800
oU, / 00y, ~0.00804 -0.02001 -0.02047 ~0.02075 ~0.00845
ou, / ok, —0.00737 —0.01854 —0.02587 —0.02651 —0.00809
oU, / 00, —0.00813 -0.02025 —0.02888 —0.02926 —0.00855
oUs / OR, —0.00744 -0.01870 -0.02610 —0.03195 —0.00817
oUs /1 00y, ~0.00821 —0.02043 ~0.02914 ~0.03567 —0.00863
oU, / OR,, —0.00741 —0.00791 —0.00811 —0.00830 -0.02259
oU, / 00y, —0.00817 ~0.00826 ~0.00845 ~0.00856 -0.02507

3.3.3. Results for power losses and nodal voltages using sensitivity factors

It is assumed that there are respective increases of 2.5%, 5.0%, 7.5%, 10%, 12.5%, and 15.0%
in the power consumed by the load at bus 5, with the power factor remaining constant. The power
flow results using the sensitivity approach are compared with those of the Newton-Raphson (NR)
method, as shown in tables 4 and 5.

Table 4. Comparison of power losses between two methods.

Increased Active power losses (p.u.) Reactive power losses (p.u.)
level Sensitivit NR Error Sensitivit NR Error

of load 5 y method | method (%) y method | method (%)
2.5% 0.23281 0.23305 0.104 0.27867 0.27895 0.102
5.0% 0.23639 0.23695 0.236 0.28296 0.28362 0.233
7.5% 0.23998 0.24092 0.391 0.28725 0.28838 0.389
10.0% 0.24357 0.24496 0.571 0.29155 0.29321 0.568
12.5% 0.24715 0.24908 0.773 0.29584 0.29814 0.770
15.0% 0.25074 0.25326 0.996 0.30013 0.30315 0.994

From both table 4 and table 5, it can be seen that when the load power at bus 5 varies by 2.5%
to 15.0%, the errors in total real and reactive power losses climb to just under 1%. At the same
time, the errors of voltage magnitudes between the two techniques are insignificant and can be
ignored. Therefore, the sensitivity-based approach is reasonable for determining power losses and
node voltages as load power changes in power distribution systems.
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Table 5. Comparison of nodal voltages between two approaches.

Increased level of 5.0% Increased level of 15.0%

Node Sf::gli;’(i;y NR method E(l;;)(;r Sf::i;i;’(iity NR method E(I;Z;r
2 1.0054 1.0054 0.000 1.0041 1.0041 0.002
3 0.9871 0.9871 0.000 0.9839 0.9838 0.005
4 0.9747 0.9747 0.001 0.9703 0.9702 0.007
5 0.9654 0.9654 0.001 0.9601 0.9600 0.008
6 0.9707 0.9707 0.000 0.9694 0.9694 0.003

Table 6. Comparison of power losses between two methods.
Decreased Active power losses (p.u.) Reactive power losses (p.u.)
level Sensitivit NR Error Sensitivit NR Error
ofload 5 y method | method (%) y method | method (%)
2.5% 0.22566 0.22548 0.080 0.27011 0.26990 0.078
5.0% 0.22208 0.22179 0.131 0.26582 0.26547 0.132
7.5% 0.21849 0.21816 0.151 0.26153 0.26113 0.153
10.0% 0.21491 0.21460 0.147 0.25724 0.25687 0.144
12.5% 0.21132 0.21110 0.104 0.25295 0.25268 0.107
15.0% 0.20773 0.20767 0.003 0.24866 0.24858 0.032
Table 7. Comparison of nodal voltages between two approaches.
Decreased level of 5.0% Decreased level of 15.0%

Node S‘:::::liz(iity NR method E(l");')(;l‘ S:::glizgy NR method E(l;;)(;l‘
2 1.0067 1.0067 0.000 1.0080 1.0080 0.000
3 0.9902 0.9902 0.000 0.9934 0.9934 0.000
4 0.9791 0.9791 0.000 0.9835 0.9834 0.010
5 0.9708 0.9708 0.001 0.9760 0.9760 0.000
6 0.9721 0.9721 0.001 0.9734 0.9734 0.000

It is hypothesized that the load at bus 5 undergoes sequential reductions of 2.5%, 5.0%, 7.5%,
10.0%, 12.5%, and 15.0% while maintaining a constant power factor. The power flow results
obtained through the sensitivity-based approach are subsequently validated against the NR
method, with the comparative data summarized in tables 6 and 7.

According to the data presented in tables 6 and 7, as the power demand at bus 5 scales down
from 2.5% to 15.0%, the resulting errors in both active and reactive power losses remain
remarkably small, peaking at only 0.153%. Simultaneously, the deviation in voltage magnitudes
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between the two computational techniques is negligible and can be safely disregarded.
Consequently, the sensitivity-based framework demonstrates high precision in determining power
losses and nodal voltages during load shedding or decrease scenarios in distribution networks.

4. CONCLUSIONS

This paper presents a method for constructing mathematical expressions for power-loss
sensitivity factors and voltage sensitivity factors based on the radial structure of power distribution
networks. These sensitivity factors obtained from the initial power flow computation are then used
to calculate power losses and voltage magnitudes as nodal power injections change in a six-bus
radial distribution system. The results reveal that the solutions obtained with the sensitivity
approach are reasonably close to those of the ACPF method. These findings provide valuable
information for the Distribution System Operator (DSO) to effectively operate and plan active
distribution systems. While the proposed Jacobian-free sensitivity method demonstrates high
efficiency for radial distribution grids, its application is currently limited to radial topologies.
Future studies will explore adapting this framework to ring and meshed network configurations.
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TOM TAT

Ap dung phuwong phap d9 nhay dé tinh toan ton thit cong suit va dién ap mit
trong lwéi dién phan phoi hinh tia

Bai bao nay trinh bay phwong phap do nhay aé tinh toan t6n thcft cong sudt va dién dp
mit trong ludi dién phdn phoi. Cdc hé so dg nhay ton that cong sudt va dién dp theo cong
sudt mit cé xét dén cdu triic hinh tia cua ludi dién phan phéi dwoc mé ta chi tiét. Luedi dién
6 nut dugc dp dung dé tinh todn ton that cong sudt va dién dp it theo phirong phap do
nhay va cdc két qua tinh todn nay dwoc so sanh véi phwong phap trao huu cong sudt xoay
chiéu (4 CPF). Phwong phdap ACPF sur dung ky thudt lap dé gidi hé phirong trinh phi tuyén
mé ta hé thong dién trong ché dg xdc lap va cdc ket qua tinh toan theo phuwong phap nay la
chinh xdc. Céc két qua tinh todn cho thay sai s6 ciia phwong phap dé nhay so voi phwong
phdp ACPF la nho va hoan toan co the chdp nhén dwoc. Véi dién ap nit, két qua tinh todn
cia cd hai phirong phdp gan nhw giong nhau.

Tir khéa: Ludi dién phan phdi hinh tia; Trao luu cong suit; Phan tich d6 nhay; Hé sé d6 nhay tén tht cong suét; Hé sb
do nhay dién ap.
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