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ABSTRACT

This paper proposes a finite-time sliding mode controller for model-free SISO nonlinear
systems within the framework of model-free control. Unlike previous studies that primarily focused
on asymptotic stability and required prior knowledge of the upper limit of the disturbance, the
proposed method uses a power approach law to achieve finite-time convergence, while
simultaneously constructing an attenuated online adaptive disturbance amplitude estimation
mechanism. This eliminates the requirement for prior knowledge of the disturbance bound in
controller design and avoids the phenomenon of unlimited gain. The stability of the closed-loop
system is demonstrated through a non-smooth Lyapunov function, establishing practical finite-
time stability conditions and ISS robustness against slowly varying disturbances. The effectiveness
of the method is verified through simulations on a standard nonlinear system with strongly
nonlinear dynamics and a reference signal with breakpoints. The results show that the proposed
controller significantly improves convergence speed, reduces integration errors (ISE, ITAE), and
limits control vibration compared to traditional MFC-iPID and SMC controllers.
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1. INTRODUCTION

Model-Free Control (MFC), proposed by Michel Fliess and Cédric Join [1], has opened a new
approach in nonlinear control by using an ultra-local model instead of a full dynamic model. The
term “ultra-local” emphasizes that the model is only valid for a very short period of time and is
continuously updated online, thus avoiding the need to describe the system globally. This approach
has been successfully applied to the electromechanical system in [2], showing good tracking
capability and simplicity in implementation. In parallel, variable structure control and power
approach law developed by Weiping Gao and Jin-Cheng Hung [3] allow for faster convergence
and improved robustness against disturbances.

Recent studies by Radu-Emil Precup et al. [4—6] have combined MFC and SMC in the
MFAC-SMC structure. However, most of these works only ensure asymptotic stability. Tight
sliding mode structures with exponential approach law and fixed interference suppression are
analyzed in [7], but still require prior knowledge of the interference boundary. The data-driven,
model-free adaptive sliding mode control method in [8] allows for online updating of the
interference compensation coefficient, but the monotonically increasing adaptive law can lead
to prolonged overestimation.

In high-precision military applications such as target-tracking servos, radar platform stabilizers,
or guidance systems, the requirement for fast convergence within a finite time and limiting control
vibration is particularly important. Therefore, a control structure is needed that ensures
convergence within a finite time, does not require prior knowledge of the upper interference
boundary, avoids excessively increasing adaptive parameters, and has a tight stability proven
according to the extended Lyapunov and ISS.
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This paper proposes a finite-time sliding mode control structure in a model-free control
framework with a two-stage adaptive disturbance boundary estimation law with attenuation. The
proposed structure does not require prior knowledge of the disturbance bound, but also overcomes
the unlimited gain increase of traditional adaptive laws. The stability of the closed-loop system is
demonstrated using an extended Lyapunov function, while establishing conditions to ensure practical
finite-time stability and ISS for slowly varying disturbances.

2. PROBLEM MODEL AND STATEMENT

Consider the SISO nonlinear system whose exact physical model is unknown, represented as
an ultra-local model (1):

y@) =F() +a-u(®) (1)
In there:

e y(t): The output.

e u(t): The control signal.

e F(t): The combined dynamic component including unknown elements and external noise.
e a > 0: An unknown parameter, but can be chosen by the designer.

The representation (1) originates from the principle of the ultra-local model in model-free
control proposed in [1], where the entire unknown dynamics and disturbances are grouped into a
composite component F(t). In [2], the MFC-iPID structure has shown that online estimation of
this component allows for good tracking quality for the electromechanical system. However, when
F(t) varies rapidly or contains a disturbance component that does not match the model, the
estimation error can affect closed-loop stability. Therefore, this paper combines the ultra-local
model structure [1, 2] with a robust disturbance compensation mechanism based on the sliding
mode principle [3].

Unlike the model-based approach, within the MFC framework, F(t) does not need to be
explicitly known but is estimated online through measurement data. A simple discrete estimate
can be constructed as (2):

y(k) —yk—1) )

F(k) = T a-ulk—1)

where T is the sampling period.

Remark 1: At each time t, the system is very complex, but we approximate it instantaneously
with a purely mathematical system of the form (1). After a very small time interval, we will update
F(t). Therefore, (1) is called an ultra-local model. It does not describe every state of the system,
but it accurately describes the system in a small neighborhood over time. Because the ideal
reaching law contains a discontinuous sign term, the closed-loop trajectories are understood in the
Filippov sense. In numerical implementation, the sign function is replaced by a saturation function
to reduce chattering.

Assumption:

Al: F(t) is bounded: |F(t)| < D(t)

A2: D(t) is finite and varies slowly: |D(t)| <6

Control problem: Design a control law u(t) such that the tracking error converges to 0 within
a finite time interval D (t) without prior knowledge. The tracking error is defined as e(t) = y(t) —
yd(t), where y(t) is the measured output and y, (t) is the reference signal.

3. CONTROLLER DESIGN

To achieve the stated goal, a nonlinear sliding surface (3) is constructed:
s =é+ Ale|Vsgn(e) 3)
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With0 <y <1;1>0.

This type of sliding surface belongs to the class of nonlinear sliding surfaces that ensure time-
finite convergence, developed from the principle of variable structure control in [3] and later
extensions of the power approach law. Compared with traditional linear sliding surfaces used in
previous MFAC-SMC structures [4-6], the nonlinear form allows for increased convergence speed
near the origin. This structure ensures the deviation dynamics on the nonlinear sliding surface
leading to time-finite convergence:

e = —Ale|Vsgn(e) 4)
Derivative of a sliding surface:
d 5
s = E(é + llel”sgn(e)) )
When designing the control, we directly force the s dynamics according to the power reaching
law (6):
§ = —kylslPsgn(s) — kps (©)
This reaching law is based on the foundational work of Gao and Hung [3], and has been used
in tight sliding structures with noise suppression in [7]. However, studies [3, 7] assume a known

upper limit of noise, while this paper rejects that assumption through a weakened adaptive
mechanism.

To suppress unwanted components, a control law (7) is proposed:
1, . ~
u= p (—F +y; — Ale|Vsgn(e) — kq|s|Psgn(s) — ks — Dsgn(s)) )

Where, kq,k, >0,0<p <1,and D is an estimate of the disturbance margin.

To avoid the requirement of knowing the noise boundary beforehand, an adaptive attenuation

law (8) is proposed:
D = pyls| — pD ®)

In model-free adaptive sliding mode control structures like [8], the disturbance compensation
coefficient is usually updated according to a monotonically increasing law of error. This approach
ensures robustness but is prone to prolonged overestimation. Unlike [8], this paper adds a decay
component proportional to the estimate amplitude itself, creating a dynamic balancing mechanism
between gain increase and decrease, thereby avoiding infinite increase, limiting control vibration,
and is suitable for high-precision servo systems as investigated in [7].

4. STABILITY ANALYSIS

In [3], stability is proven based on a second-order Lyapunov function with the assumption that
the disturbance is bounded by a known constant. In [7], the tight sliding structure also requires a
predefined disturbance-bounding condition. Unlike the above works, this paper does not assume a
known D, ., but allows D(t) to vary slowly, using an extended Lyapunov with an additional
adaptation variable. The stability analysis below establishes the finite-time and ISS stability
conditions for the closed-loop system. Because the reaching law contains a discontinuous sign
term, the closed-loop solutions are understood in the Filippov sense. In implementation, sgn(.) is
replaced by sat(.) within a thin boundary layer to reduce chattering.

4.1. Finite time convergence

Theorem 1. Consider the closed system (1) with Assumption A1. With sliding surface (3),
control law (7), and adaptation law (8), there exist constants c1,c, > 0 such that:

V < —Clva + Cy (9)

In that case, the system is stable for a finite amount of time.
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Proof:

According to the control design principle, the step-down form of the closed-loop system has
the form (10):

$ = —kq|s|Psgn(s) — kps + D (10)
WithD =D - D.
Select Lyapunov extension (11):

1 1 .2 (11)
=—s24+—(D
V=c5st+ 2 (D)
Take the derivative:
1 -
V=ss+—DD (12)
pl
After detailed modifications:
) - 1_/,. -
V = s(—kls|Psgn(s) — ks + D) +p—D(D —D) (13)
1

After simplification, we obtain:

. ~ 1 _ . - 14
V:—kllslp“—kzsz+sD+p—D(D—p1|s|+p2D) (14)
1
) ~ 1 . ~ 1
V=—hbW“—kﬁ2+D@—BD+—DD+&DD (13)
p1 P1
According to Assumption Al, we have |D| < 4. Using Young’s inequality (16):
(16)

~ € 1
sD|<=s?+—D?
| | 2 2€

Thus, there exist ¢;, ¢, such that:
V < —c;sP™ — 352 — ¢,D? + ¢, (17)
Since V~(s2 + 52), therefore:

. p+1
V-V 2 +¢ (18)

According to the finite-time real-world stability theory, the system converges in time T

1—p
vy z- (19)
T ad-p)
2
The theorem has been proved.
[
4.2. ISS stability

Theorem 2. Consider a closed-loop system with slowly varying noise satisfying Assumption
A2. Then the closed-loop system is ISS with respect to the disturbance D(t), meaning there exist
class functions K L and K such that:

Is®)] < B(Is(0)],t) +v(6) (20)

Where B is the time-convergent fraction, and y(8) is the noise effect fraction; y(-) € K if
y:[0,0) = [0, ) is continuous, strictly increasing function and y(0) = 0, B(-,-) € KL if with
everyt 20, B(-,t) € K, and witheveryr =0, B(r,t) > 0 when t — oo.

Proof:

6 N. Q. Binh, V. Q. Huy, “Finite-time sliding mode ... adaptive disturbance bound estimation.”



Research

According to Theorem 1, from (18) we have:
V< —V*+c 21
With0<a <1landc, =kd
In the case where the system is free from noise: § = 0
V<—c¢ V@ (22)
This implies a finite-time convergence system T
V(t)=0 after T < oo
In the case of a noisy system: § # 0
When: ¢;V* > ¢, = V < 0, this means the system is being pulled back to the set.:
V< (E)W 23)
€1
Since V ~ s2, therefore: |s| < Cre™C2t + €361/ (24)
Thus (20) has the form (24). The system is ISS.

The theorem has been proved.
[

Remark 2: The ISS property implies that tracking performance degrades gradually and gently
with the rate of change of the noise. Specifically, with constant noise, perfect convergence within a
finite time is restored, while slowly changing noise causes only a small, limited steady-state error.

5. SIMULATION AND DISCUSSION

5.1. Simulation parameters and object
Verification system used:
y=—y3+sin(t) +u (25)
Within the framework of model-free control, the system (25) is rewritten as an ultra-local model
(26), (27):
y(@) =F(t) +a-u(t) (26)
F(t) =—y3+sin(t);a=1 (27)
In the simulation, F(t) is not used directly but is estimated through a discrete differential

estimator (28) and a low-pass filter (29) to reduce measurement noise. Here, y(k) denotes a
discrete sample of the output at the time t = kT, so y(k) = y(kTy).

y(k)—ylk—1) (28)
Fraw(k) = T —a-ulk—1)
S
F(k) = 09F(k — 1) + 0.1F4,, (k) (29)
The initial reference signal y;*" (t) is the segment function (30):

sin(0.5t): t<8 (30)

raw )1 : 8<t<12

ya (=) _05 :12<t<16

sin(0.8t) : t> 16
To avoid derivative interference, the signal is filtered through (31):
ya(k) = 0.98y,(k — 1) + 0.02y;*" (k) 3D
The simulation uses a first-order high-pass filter of the form (32), (33) to approximate the
derivative, which helps reduce noise amplification and makes the system feasible in practice. Here,
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e(k) denotes the discrete tracking error at the time t = kT, which is determined from e(k) =
y(k) = ya(k).
(32)

é(k) = (e(k) —e(k— 1) + e(k ~1)

(33)

Ya(k )=—(}’d(k) }’d(k—l))+ T}’d(k—l)

Then apply the saturation limit of the derivative (34). This value is chosen based on the
expected maximum amplitude of signal variation in the simulation scenario, and to avoid
unrealistic amplification of noise from the approximate differentiator.

é,y, € [—20,20] (34)
Updated law: D= p1|s| — p,D has a discrete form (35):
D(k +1) = D(k) + T(p1Is(k)| — p2D (k) (35)
with condition (36):
D(k)=0 (36)

The control law is implemented by using the sat(-) function (37) instead of the sgn(+) function
to reduce chattering.

s (37
sat(s) = ———
©=T+e
The control signal is limited according to (38) to ensure numerical feasibility:
€ [-50,50] (38)

Simulation time: 20 seconds, sampling period: s = 1 ms.

Table 1. Parameters of the verification system and controller.

A Y kq k, P1 P2
5 0.5 25 10 30 1
T F(1) y1(1) y2(1) y3(1) D(1)
0.02 0 1.5 1.5 1.5 1.5
KP KI KD ksmc ¢ P
8 5 0.1 15 0.2 0.6

5.2. Simulation results

Table 2. Comparison of integration performance between controllers.

Methods IAE ISE ITAE RMSE

Proposed 0.119 0.087 1.026 0.066
MFC-iPID [2] 1.481 0.582 14.234 0.171

SMC [4-6] 0.198 0.175 1.671 0.093

Table 2 shows that the proposed control structure achieved superior performance compared to
the two comparative methods across all evaluation criteria. Specifically, the IAE index of the
proposed method was only 0.119, approximately 12 times smaller than MFC-iPID and
significantly lower than traditional SMC, indicating a marked improvement in overall tracking
error. Similarly, the lowest ISE value (0.087) reflects the ability to suppress errors more quickly
and effectively throughout the transient process. For the ITAE criterion, the proposed method
achieved 1.026, much lower than MFC-iPID (14.234) and a further improvement over SMC,
demonstrating that the error was reduced rapidly from the initial stage, consistent with the time-
finite convergence characteristic. At the same time, the smallest RMSE (0.066) confirms highly
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stable tracking accuracy in the steady state. These results demonstrate that the combination of
nonlinear sliding surfaces, power approach laws, and attenuation adaptation mechanisms
significantly improves both convergence speed and control quality, effectively overcoming the
limitations of traditional MFC-iPID and SMC methods.

15 T T T T T T T T T

-

0.5

Rotatio Angle (rad)

0 Proposed
— — — MFC-iPID
05+ |7 —— SMC
————— Reference
_1 | | | | | | | | 1
0 2 4 6 8 10 12 14 16 18 20

Time (s)
Figure 1. Output signals between controllers.

Figure 1 shows the output responses of three controllers: the proposed method, the MFC-iPID
[1], and the MFAC-SMC structure [4-6]. Figure 1 shows that the proposed controller achieves the
shortest settling time, consistent with the time-finite convergence proof in Theorem 1. Overshoot
is almost negligible, demonstrating the effect of the nonlinear sliding surface and the power
approach law. The MFC-iPID has a significantly slower transient response, consistent with the
large ITAE index in Table 2. The traditional SMC converges faster than iPID but is still slower
than the proposed method due to its asymptotically accurate response.

T T T T T T

Q 200 Proposed | |
—
= — — — MFC-iPID
s [ | N PP SMC
S
— 100 B
=)
.20
A -10
3 8 81 82 83 84 l
g O 1
: |
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_100 Il 1 | L 1 L 1 1 Il

0 2 4 6 8 10 12 14 16 18 20

Time (s)
Figure 2. Control signals between controllers.

Figure 2 illustrates the amplitude and oscillation characteristics of the control signal.
Observations show that traditional SMC exhibits large amplitude oscillations (chattering), while
MFC-iPID has a smooth signal, but the amplitude is maintained for a long time due to slow
convergence. The proposed method produces a control signal with a smaller amplitude than SMC,
rapidly decreasing to a stable value, and without prolonged gain increase. This demonstrates that
the attenuation adaptation mechanism has overcome the overestimation of the adaptation
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coefficient, which is often encountered in structures such as adaptive SMC.
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Figure 3. Tracking error between controllers.

Figure 3 directly illustrates the bias dynamics. From the graph, it can be seen that the bias of
the proposed method decreases to near zero within a clearly finite time interval. Traditional SMC
tends to converge asymptotically, while MFC-iPID has a longer convergence tail, and notably, the
bias does not exhibit large high-frequency oscillations, nor does it have a small error extension
region like iPID. This is consistent with the ISS analysis in Theorem 2: When the noise varies
slowly, the system converges to a small neighborhood that is blocked.

Remark 3: The three figures along with the IAE, ISE, ITAE, and RMSE indices in Table 2
show that the proposed controller offers faster convergence speed, smaller bias, less oscillating
control signals, and no prolonged adaptive gain increase. This indicates that the attenuated
adaptive mechanism has resolved the classic conflict between fast convergence and control
amplitude reduction.

6. CONCLUSIONS

This paper proposes a finite-time sliding mode control architecture within the framework of
model-free control for uncertain SISO nonlinear systems. The method combines an ultra-local
model, a power approach law, and an attenuated adaptive disturbance amplitude estimation
mechanism; thereby, it does not require prior knowledge of the disturbance bound in designing
and stability analysis, and limits the phenomenon of unlimited gain increase. Unlike traditional
MFAC-SMC architectures, the proposed method establishes realistic finite-time stability
conditions and ISS for slowly varying disturbances through extended Lyapunov analysis.
Simulation results show significant improvements in convergence speed, tracking accuracy, and
control amplitude reduction.

In the future, the method can be extended to multivariable systems, incorporating disturbance
observers and experimental verification on real systems. This is an effective approach for uncertain
nonlinear systems requiring fast response and high robustness.
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TOM TAT

Piéu khién truwgt thoi gian hiru han cho hé phi tuyén phi mé hinh
voi wéc lwgng gidi han nhiéu thich nghi

Bai bdo dé xudt mét cau tric diéu khién triot thoi gian hitu han cho hé phi tuyén SISO
khong biét mé hinh trong khudn kho diéu khién phi mé hinh. Khdc véi cdc nghién civu trieée
day chu yéu dam bdo 6n dinh tiém cdn va yéu cau biét trude chan trén cia nhiéu, phwong
phdp dé xudt sir dung ludt tiép can liy thira dé dat hoi tu thoi gian hitu han, dong thoi xdy
dung co ché woe liwong bién nhiéu thich nghi trie tuyén cé  suy giam, qua do loai bo yéu cau
phdi c6 kién thite truée vé gidi han ciia nhiéu trong thiét ké bg diéu khién va tranh hién
twong tang dg loi khong gidi han. Tinh 6n dinh ciia hé kin dwoc chitng minh théng qua ham
Lyapunov khéng tron, thiét ldp diéu kién on dinh hitu han thoi gian thuec té va tinh bén viing
ISS doi véi nhiéu bién thién cham. Hiéu qua cua phwong phdp dioc kiém chitng théng qua
mo phong trén h¢é phi tuyen chudn voi dong hoc khong tuyen tinh manh va tin hiéu tham
chiéu c6 dzem gdy. Két qua cho thdy, bé diéu khién d@é xudt cdi thién ré rét toc o hoi tu,
gidm sai s6 tich phan (ISE, ITAE) va han ché rung diéu khién so voi céc cdu tric MFC-
iPID va SMC truyén thong.

Kkhoa: Diéu khién phi mé hinh; Truot hitu han thoi gian; Thich nghi bién nhidu; Hé phi tuyén SISO; Piéu khién bén vimng.
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