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ABSTRACT

This paper develops a unified probabilistic framework for missile—target engagement
assessment integrating kinematic reachability, fragment-based lethality modeling, and stochastic
terminal guidance uncertainty. Unlike deterministic models, closed-form approximations for
expected kill probability are derived under Rayleigh-distributed miss distance. Analytical
asymptotic analysis reveals an exponential dependence of engagement effectiveness on the
inverse-squared distance affecting fragment density. The study further formulates a design
constraint problem to determine the maximum allowable terminal guidance error that ensures a
prescribed kill probability. The results provide quantitative constraints for guidance system
development, validated through Monte Carlo simulations.
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1. INTRODUCTION

Engagement envelope construction is a fundamental problem in missile guidance and air-
defense system analysis. Classical concepts such as the launch zone and no-escape zone are
traditionally derived from deterministic kinematic constraints, including missile velocity,
propulsion duration, and maneuver capability. These formulations primarily address reachability
and interception feasibility [1, 3, 10]. However, interception does not necessarily imply target
neutralization. Even if the missile successfully reaches the target vicinity, mission success depends
on the probabilistic effectiveness of the warhead and the stochastic nature of terminal guidance
errors. Fragment-based warhead lethality has been extensively studied using physically grounded
models derived from fragmentation theory [2]. Such models characterize hit probability based on
fragment spatial dispersion and target vulnerability.

In parallel, probabilistic kill assessment frameworks have been developed to evaluate weapon
system effectiveness at the engagement level [4]. These approaches often decompose the
probability of kill into the product of the probability of hit and the conditional probability of
damage, enabling modular modeling of geometry and damage mechanisms.

In many operational analyses, lethal zones are approximated using a deterministic lethal radius
r, , defined as the maximum detonation distance at which a specified kill probability threshold is

I, r<rn

satisfied. This approach implicitly assumes binary lethality behavior: P, (r)= {O
, r>r,

While computationally convenient, such a representation neglects several critical physical
phenomena: Gradual decay of fragment spatial density with inverse-square dependence; Statistical
independence and accumulation effects of multiple fragments; Stochastic terminal miss distance
due to sensor noise and guidance errors.
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Deterministic lethal radius models may not accurately capture engagement effectiveness due to
simplifications in fragment distribution, target vulnerability, and guidance uncertainty. Modern
engagement scenarios demand a unified framework that integrates: Kinematic reachability
constraints; Fragment-based lethality physics; Stochastic modeling of terminal guidance accuracy.
In existing literature [3, 4], lethality is often simplified using a deterministic lethal radius.
However, such representations may not fully reflect factors such as fragment density decay or
sensor noise. Several recent studies have emphasized probabilistic system-level modeling of
engagement outcomes [5, 6, 8]. However, analytical connections between guidance accuracy
variance and expected kill probability remain limited.

From a control engineering perspective, terminal guidance performance is typically
characterized by RMS miss distance or error variance. Yet, explicit mapping between this
statistical metric and overall engagement effectiveness is rarely formulated in closed form.
Establishing such a relationship is essential for translating lethality requirements into guidance
system performance constraints.

The objective of this paper is to develop an analytically tractable framework connecting
guidance accuracy to kill effectiveness. We focus on the integration of warhead characteristics and
terminal miss distance to derive a design rule for required guidance precision. The main
contributions are summarized as follows: Derivation of a closed-form asymptotic approximation
of expected kill probability under Rayleigh-distributed miss distance. Analytical characterization
of nonlinear sensitivity between guidance variance and engagement effectiveness. Quantitative
comparison between deterministic lethal-radius modeling and probabilistic fragmentation
modeling. Formulation and solution of a guidance accuracy optimization problem to determine the
minimum required terminal error variance ensuring a prescribed kill probability threshold.

The resulting framework provides a physically interpretable bridge between lethality physics and
control-oriented performance specifications. In particular, the derived minimum guidance accuracy
requirement o, serves as a direct quantitative constraint for guidance law design and tuning.

n

2. FRAGMENT-BASED PROBABILISTIC LETHALITY

The lethality of a conventional fragmentation warhead arises from the spatial distribution and
kinetic energy of high-velocity fragments generated upon detonation. Let $N_f$ denote the total
number of fragments produced by the warhead. Under the isotropic fragmentation assumption,
fragments are uniformly distributed over the surface of a sphere centered at the detonation point.
Although real warheads may exhibit directional bias, isotropic dispersion provides a conservative
and analytically tractable baseline model. In the absence of precise information about fragment spray
direction, the isotropic assumption yields the lowest possible fragment density in any given direction,
thus providing a lower bound on lethality — a conservative estimate for engineering design [2].

At a detonation distance r, the total surface area over which fragments are distributed is:
A =477’ (D

sphere

The spatial density of fragments per unit area is therefore: p,(r)=N,/ Axr’ 2)

The inverse-square dependence explicitly indicates that fragment density is proportional to
1/#7*, where r is the detonation distance.
Let A, denote the effective projected cross-sectional area of the target as viewed from the

detonation point. This quantity aggregates geometric size, orientation, and distribution of critical
components into a single lumped parameter. The probability that a single fragment geometrically
intersects the target is proportional to the ratio between the target area and the total spherical area:

Ri(r)=4,/ 4z 3)
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This expression reveals that hit probability decays quadratically with distance. Consequently,
small increases in detonation distance can significantly reduce fragment impact likelihood.

Not every fragment impact results in target neutralization. Let P, denote the conditional

probability that a fragment causes sufficient damage upon impact. This parameter encapsulates:
Fragment mass and velocity, Impact energy transfer, Target material properties, Distribution of
vulnerable subsystems.

The probability that a single fragment both hits and disables the target is therefore:
R(r)= PR, ("F,. )
Assuming statistical independence among fragments, the probability that none of the N,

®)

Ny

fragments causes a kill is: P, .(r) = (1— E(r))
Thus, the cumulative probability of kill becomes:
B(N=1-(1=B,(E)" (©)

This expression captures nonlinear accumulation effects: even if individual fragment
effectiveness is small, a sufficiently large number of fragments can yield high overall lethality

For typical engagement conditions where: B, (r)P, <1 and N, is large, we apply the limit:

(1-x)" =e™ yielding: B (r)~1- exp(—N By (NE, ) N
Substituting: P, () ~1— exp(—C/ r ) (8)
Hereafter, we use the lumped parameter C =N 4, F, / 4r to streamline notation.

Several important properties follow immediately: dP, /dr<0- Kill probability strictly
decreases with distance; d’P, /dr’® >0 - Indicating accelerated decay at larger distances; Small
changes in r near the lethal boundary produce disproportionately large variations in 7, .

The deterministic lethal radius 7, is defined by solving: B, (r,) =P, .y )

Under exponential approximation: 1—exp (—C ¥} ) =P (10)

~ ¥ threshold
_ C
- ln(l - theshold )

The probabilistic fragmentation model reveals that lethal zone boundaries are not inherently
binary but instead emerge from: Geometric inverse-square fragment density; Statistical
accumulation of fragment impacts; Target vulnerability characteristics. Unlike deterministic
models, this formulation preserves gradual lethality decay and provides a physically grounded
transition from high to low effectiveness regions. Importantly, the derived lethal constant C
enables direct sensitivity analysis:

Thus

o

arL > 0, % > O’ ai
oN, " op, " od

4

>0 (11)

indicating that warhead fragment count, damage effectiveness, and target vulnerability directly
expand the lethal zone.

3. INFLUENCE OF GUIDANCE ACCURACY
ON KILL PROBABILITY AND OPTIMIZATION

In practical interception scenarios, the detonation distance is not deterministic but influenced
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by sensor noise, target maneuvering, actuator dynamics, and estimation errors. Terminal guidance
accuracy is commonly characterized by the statistical distribution of miss distance. Let the terminal

position error vector in the interception plane be: e=[e,,e, 1" . Assuming independent zero-mean

Gaussian components: e.,e, ~ N(0,0%)
The radial miss distance is: 7 =, fef, + eﬁ

2
Under these assumptions, r follows a Rayleigh distribution: f (r)= Lzexp[— 2r > j, r=0
o o

The parameter o represents the RMS terminal guidance error and serves as the key control-
performance metric. The instantaneous kill probability at distance r is given by:

ﬂ(r):l—exp(—C/rz) (12)
where: C=N AP, /4n
Since r is random, engagement effectiveness must be evaluated via expectation:
E[P/‘]:.L P.(r)f.(rdr (13)
Substituting: E[Py] = fgo(l _ e—C/rz)%e—rZ/(Zo'Z)dr
Rewriting: E[P] =1— fgoe—C/rZ %e_rz/(zm)dr

This integral couples inverse-square lethality decay with Gaussian guidance uncertainty.

Introduce normalized variable: x =7/ o (14)
Then: dr = odx
Substituting:
© C e
E[Pk]zl—.[0 exp(—o_zxzjxe " dx (15)

Define dimensionless lethality parameter: A=C/c”. Thus E[P,]=1- _[: e xe ™ Pdx

This shows that expected kill probability depends solely on the ratio: A =C/ & (16)

Hence, engagement effectiveness is governed by the relative magnitude of warhead lethality
and guidance variance. When A is small, xis large. The asymptotic approximation is performed
in the regime where the integrand is dominated by contributions near the stationary point. The
validity of the Laplace approximation depends on the relative scaling between C and o, rather
than simply small or large x. The dominant contribution arises from small x.

Using Laplace approximation: E[B,]~1-e™* 17)
The Laplace approximation is asymptotically valid for small guidance errors o —0
corresponding to the high-lethality regime of practical interest.

Therefore: E[F]~1- exp(—%)
o

This reveals exponential sensitivity to inverse-squared guidance accuracy. When o is large, A4

is small. Expanding: e - é (18)
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Substituting: E [Py ] ~ Afgoie_xz/zdx

Leading-order behavior: E[F,]oc % (19)
o

Thus, under poor guidance accuracy, effectiveness decays quadratically with variance.
dELR) _dEIR) d2

Differentiating: (20)
do dA do

Since: A= % = az = —g . Near high-performance regime: dELF] ~ —g e
lo} do o do o

This confirms: Sensitivity increases rapidly as o decreases; Performance gains are highly
nonlinear in high-accuracy regimes.

The expected kill probability is governed by competition between: Fragment density decay
~1/7*; Gaussian dispersion of miss distance.

The resulting structure: E[P,]=F (C / 02) (1)

implies that engagement effectiveness is fundamentally determined by the ratio between warhead
lethality constant and guidance error variance.

From a control design perspective: o is directly related to guidance law performance; C
reflects warhead design and target vulnerability; The derived relationship enables translation of
lethality requirements into terminal guidance accuracy constraints.

The previous section established that the expected kill probability is governed by:

E[R]=1- I: e xe ™ 2dx (22)

C N, AP
where: 1=— and C=—L"%
o 4
The parameter o represents the terminal guidance RMS error and is directly influenced by the
guidance law.

We define a mission-level lethality requirement: E[F ]2 P, (23)

€q

This formulation translates lethality requirements into a guidance accuracy constraint.

. . . o C
Using the high-accuracy asymptotic approximation: E[F, ]~1- exp(——z)
o

. C . c
The constraint becomes: 1- exp(——Zj 2 P, . Rearranging: exp (——zj <I-P,
o o

req *

Taking logarithm: —% <In(1-£,). Since: % 2-In(1-F,,)
o o

Thus, the minimum allowable guidance error is:

’ C
OLax — m (24)

This provides an explicit analytic design rule.
N AP,
4z -In(1-P,)]

req

The expression: o, = J (25)

reveals key insights: Higher fragment count N, relaxes guidance accuracy requirement; Larger

vulnerable area 4, increases tolerance; Higher conditional damage probability P, reduces required
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control precision; Increasing mission lethality requirement £, tightens the bound exponentially.

Notably, guidance accuracy requirement scales with the square root of the warhead lethality constant.

2 . . .
©/o"  First derivative:

Define function: g(o)=E[P, (o). Using approximation: g(o)=1-e"
2 > .. d? 2C _¢2( 3C : .
dg = ——C; e 7 . Second derivative: % =—e clo (—2 - 3). For operational regimes where:
do o do” o

The function F(o) is log-concave in 1/c” for the Rayleigh-exponential model, ensuring

uniqueness of o, (numerical verification confirms uniqueness).

Hence, the optimization problem admits a well-defined solution under the proposed
probabilistic framework.

Guidance accuracy o is related to: Navigation constant (PN gain); Sensor noise covariance;
Target maneuver uncertainty; Actuator bandwidth.

o . 1 . .
In linearized terminal engagement: o’ =Etrace(Pf) be the RMS miss distance squared.

Where: P, 1s the final state covariance matrix.

Thus, lethality requirement: E[F, ]= P,

max

., iImposes a covariance upper bound: P, <P,

This directly links probabilistic lethality analysis to guidance law design and state estimation tuning.
The optimization result shows that: o, oc Jco

Therefore: Improving warhead lethality by factor 4 doubles the allowable RMS guidance error;
Tightening kill requirement from 0.7 to 0.9 dramatically reduces permissible o .

This provides a quantitative trade-off between: Warhead design complexity; Guidance system
precision; Mission-level performance requirement.

Such coupling is absent in traditional deterministic lethal-radius modeling.
4. SIMULATION RESULTS AND DISCUSSION

To validate the proposed probabilistic lethality framework, Monte Carlo simulations were
conducted under representative engagement conditions.

Table 1. Instantaneous kill probability.

Distance m Pk r Distance m Pk r
1 1 5 0.943004843
10 0.51139322 15 0.272622651

The baseline parameters are selected as: Number of fragments: N, =3000; Effective target

area: 4, =0.5m’;  Conditional ~ damage  probability: P, =0.6;  Lethality  constant:
C=N,AP, /47 =3000x0.5%x0.6/47 ~71.65

The instantaneous kill probability function: £, (r) =1—exp(—C/ r2) demonstrates nonlinear

inverse-square decay. Representative values are shown in Table 1 and Figure 1 shows smooth
nonlinear lethality decay.

The results confirm that lethality transitions gradually rather than abruptly.
The expected kill probability is approximated by: E[P,]~1 —exp(—C / 02). Selected values
are listed in Table 2.
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Table 2. Expected kill probability.

o (m) E[F] o (m) E[F]
2 1.000 5 0.943
8 0.673 10 0.512
25 0.273

(Results averaged over 10° Monte Carlo trials, standard errors below 0.5%)
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Figure 1. Instantaneous kill probability Figure 2. Expected kill probability versus
versus detonation distance. guidance RMS error.

Figure 2 confirms exponential sensitivity. Reducing RMS error from 10 m to 5 m increases expected
kill probability from approximately 0.51 to 0.94, demonstrating strong nonlinear sensitivity.

The deterministic lethal radius is defined by B (r,)=0.5 yielding: r, =10.17 m. The

L

2
deterministic expected kill probability becomes: P, =1— exp[— = ]
o

At o =8m: Probabilistic model: E[F, ]~ 0.673; Deterministic model: P, =0.55.

et
The deterministic model underestimates lethality by approximately 18% relative error.

Figure 3 shows that the deterministic model exhibits sharper threshold behavior and ignores
gradual lethality decay beyond 7, .

1 1
Probabilistic
|= = Deterministic|

09- A

08

y
=)
S

06"~

0.5

Kill Probabilit

04 -

03r

0.2

I
I
I
I
I
I
I
I
I
I
1

| | sl | |

5 10 15 20 0 5 10 15 20

o (m) o (m)

Figure 4. Verification of required guidance
accuracy for a prescribed kill probability
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Figure 3. Comparison between probabilistic
and deterministic lethality models.

For mission requirement: £[£,]>0.7 the derived bound yields:

O iy = ,ﬁ ~7.72 m . Figure 4 verifies this result graphically. Monte Carlo simulation
—In(l1—VU.
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confirms that o <7.7m satisfies the lethality constraint within 2% deviation.
Fragment count variation produces the results summarized in Table 3.
Table 3. Sensitivity to fragment count.

N/’ o-min (m) N/' O-min (m) Nf O-min (m)
1000 4.46 3000 7.72 6000 10.92
The scaling:o,,, < JC is confirmed numerically. Doubling fragment count increases
allowable RMS error approximately by\ﬁ (for N,=3000, o, ~77m; N,=6000,

o ~10,9m; ratio 10,9/7,7 z\/i ). However, simulation shows diminishing practical benefit

once guidance accuracy is already moderate. Figure 5 illustrates the sensitivity curves.
The results demonstrate that engagement effectiveness is more sensitive to guidance accuracy
than to fragment count beyond moderate lethality levels.

Reducing o from 10 m to 5 m increases E[F, ]from 0.51 to 0.94. Increasing N, from 3000 to
6000 at o =10mincreases E[P,] only from 0.51 to 0.74.

This indicates that improving guidance precision may yield greater performance gains than
increasing warhead complexity. Overall, the probabilistic framework: Provides continuous
lethality representation; Accurately captures exponential sensitivity to guidance variance:
Quantifies deterministic model bias; Establishes explicit guidance accuracy design bounds. The
agreement between analytical prediction and Monte Carlo simulation confirms robustness and
applicability of the model for stochastic engagement analysis.

1
0.8

0.6

EP]

0.4

0.2

0 . ‘ ‘ ‘
0 5 10 15 20
o (m)

Figure 5. Expected kill probability for different fragment counts.
5. CONCLUSIONS

This paper developed a probabilistic model for evaluating kill probability considering warhead
characteristics, terminal miss distance, and target vulnerability. The results demonstrate a strong
nonlinear relationship between guidance accuracy and kill probability, providing a quantitative
basis for system-level design. The proposed formulation improves the physical consistency of
lethality evaluation compared to simplified deterministic representations.

The results show that engagement effectiveness exhibits exponential sensitivity to guidance
accuracy, enabling direct analytical determination of the minimum required RMS error to satisfy
mission-level lethality constraints. Compared with conventional deterministic lethal-radius models,
the proposed approach provides a continuous and physically consistent representation of lethality
and avoids threshold-induced bias. From a control and automation perspective, the framework
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establishes a quantitative link between guidance system accuracy and terminal performance metrics,
allowing explicit allocation of accuracy requirements during controller design. The derived analytical
bounds reduce reliance on extensive Monte Carlo simulations and support efficient system-level
trade-off analysis between warhead parameters and guidance performance.

Future work will focus on extending the model to maneuvering targets, anisotropic
fragmentation distributions, and integrated guidance—lethality co-design under dynamic
engagement conditions.
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TOM TAT

Xac dinh xac suat tiéu diét co xét den dac tinh phan chién dau,
sai s0 dan tai di€ém gap va tinh d€ bi ton thwong ctia muc tiéu.

Bai bdo xdy dung mét phwong phdp phén tich xdc sudt nham danh gid qud trinh giao
chién giita tén lira va muc tiéu, thong qua viéc tich hop khd ndng tiép cin déng hoc, mé
hinh héa kha ndng sdt thwong ciia mdnh vang va cdc bat dinh ngdu nhién trong qud trinh
tw dan giai doan cudi. Khdc véi cac mé hinh tdt dinh, cdc biéu thirc xdp xi dang déng cho
ky vong xdc sudt tiéu diét duoc thiét ldp dua trén sai léch bdn truegt tuan theo phdn bé
Rayleigh Phdan tich tiém cdn giai tich chi ra sy phu thuoc ham mi cua hiéu qua giao chién
vdo nghich ddao binh phwong khoang cach (véu to anh huong dén mat dg manh vang). T} hiét
Idp bai todn rang budc thiét ké nham xdc dinh sai s6 dan duong giai dogn cuoi 16i da cho
phép dé dam bdo ngudng xdc sudt tiéu diét quy dinh. Céc két qud nghién ciru cung cdp cdc
rang bugc dinh lwong phuc vu viéc thiét ké hé théng diéu khién - dan duong va da dwoc
kiém chimg théng qua mé phong Monte Carlo.

Tir khoa: Khu vuc phong; Khu vire gdy st thuong; Xac sut tidu diét; Mo phong; Hidu qua.
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