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ABSTRACT

ICL-RCTAC is a hierarchical reinforcement learning algorithm for adaptive optimal trajectory
tracking of an Autonomous Underwater Vehicle (AUV) in the horizontal plane. It addresses two
key limitations of existing continuous-time reinforcement learning: the warm-up phase and the
persistent excitation (PE) condition, via a two-phase framework. In Phase I, Integral Concurrent
Learning (ICL) exploits stored historical data to identify stable Critic weights under a finite-
excitation (FE) condition, with convergence formally proven in Proposition 1. Phase Il then
activates an Actor—Critic loop under relaxed conditions for efficient policy optimization. Lyapunov
analysis confirms uniform ultimate boundedness (UUB) of the closed-loop system. Simulations in
MATLAB/Simulink 2024a show faster convergence, lower tracking error, and reduced control
effort than PID and RCTAC, confirming the algorithm's practical potential for AUV applications.

Keywords: Autonomous underwater vehicle; Reinforcement learning; Integral concurrent learning; Lyapunov stability;
Adaptive control; Optimal control.

1. INTRODUCTION

AUVs play a key role in marine research, exploration, and defense missions, operating
underwater for long periods unmanned [1] to perform tasks like seabed surveying, water-quality
monitoring, pipeline inspection, and maritime reconnaissance [2]. Reliable tracking remains
difficult due to AUVs' nonlinear dynamics, time-varying hydrodynamics, and unpredictable
disturbances such as ocean currents and turbulence. Model-based methods PID, sliding mode,
backstepping, model predictive control perform well with an accurate model, but their
effectiveness declines as parameters vary or disturbances arise, as is common in underwater
operations [3, 4]. Recent research thus focuses on reinforcement learning and adaptive optimal
control, letting controllers refine policies through interaction with the environment and reducing
reliance on precise modeling [5, 6]. Within continuous-time reinforcement learning, the Actor—
Critic framework is widely used for nonlinear optimal control; however, many methods require a
warm-up phase and the PE condition for convergence, hard to maintain in real AUV operations
with limited inputs [7], raising energy use and causing transient oscillations. ICL addresses this
via convergence under the FE condition using stored data [8], while RCTAC relaxes convergence
requirements to speed learning, though their integration remains limited.

This paper proposes ICL-RCTAC, combining an ICL phase for Critic weight stabilization with
an RCTAC-based Actor—Critic framework for policy optimization. Contributions: (i) a two-phase
architecture removing the warm-up stage and PE requirement via the FE condition; (ii) relaxed
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convergence for continuous-time Actor—Critic; (iii) a Lyapunov-based UUB proof.
2. MATHEMATICAL MODEL OF THE AUV
Theoretical foundations
The AUV model uses Earth-fixed and body-fixed frames [9]: state n=[x,y,z,4,0,]" in the

Earth frame and v =[u,v,w, p,q,r]" in the body frame, linked by kinematic equations.
Mv +C(v)v+D(w)v+gn)=t+7,,, n=J(Mv (D

For an AUV operating at near-constant depth with negligible pitch and roll (¢ ~0, 8~0) (a

standard assumption [3, 7]), the 6-DOF system decouples into horizontal and vertical subsystems.
The states (v, r, ¥, X, y) in (2) describe trajectory tracking in the OXY plane:

1=M"[Fy+G+Ts,] )
Where: G=[0, 0, 0, u,cy —vsy, uosw+vc¢//]r; Tz[)’gyuj, Ny ug, 0,0, O]T;
xr=[v. r, v, x, y]T;
(m+7, Y, 0 0 0] | Y+ Y bl Yu+Y, [l 0 0 0]
Nir Izz+Nr' 0 O O Nuvu0+jv\v\v|v| Nuru0+]v\r\r|r| 0 O O
M= 0 0 1 0 0; F= 0 0 0 0l
0 0 010 0 0 000
0 0 0 0 1] 0 0 0 0

c(-)=cos(), s(-)=sin()
From (2), the heading-angle dynamics can be written as
w=r, F=_—N,)"'[Ny+N,un]|+U.—N,)" Nsu;d, 3)
The model (3) can be rewritten in the affine nonlinear form
x =f(x)+g(x)u )
Where: the control input is u =0, with |5V| <9, =n/6rad, the system dynamics are

f(x)=U_-N,)" [NQ'/ +N uor] and the input gain is g(x)=(I_ - N,) " N,u, .

ur

3. HIERARCHICAL LEARNING ALGORITHM ICL-RCTAC

3.1. Optimal trajectory-tracking control problem
Consider the affine nonlinear system (4), with infinite-horizon cost function [7]:

V(xo,u(.))=Itw(xTQx+uTRu)dT (%)
where Q>0and R >0. Set L(x,u) =x"Qx +u’Ru . The Hamiltonian function is defined as
H(x,u,AV)=L(x,u)+ AVTX, Vx,u. (6)

The optimal value function V" (x) must satisfy the HIB equation [7]: min[H(x,u,AV)]=0

The optimal control policy is OH /ou=2Ru" +g(x)"VV ' (x)=0 obtained from the
stationary condition:

4 N. V. Hoa, ..., N. T. T. Huong, “ICL-RCTAC hierarchical ... AUV in the horizontal plane.”



Research

u'(x)= _(R'lg(x)T AV*(X)) /2 (7)
Substituting (7) into the Hamiltonian leads to the optimal HIB equation
X' Qx+ (') Ru' +VV" (x)" [f(x) —g(0) (R (g00) V' (0))/ 2} ) ®)

Because (8) is difficult to solve analytically, (8) is approximated using Critic and Actor
networks with weight vectors W, e R™, W_eR™ respectively [4]:

V(x)=¢"W, and u(x)=c¢"W, )

Where: @, ¢ are bounded activation-function vectors. The gradient of the approximated
V(x) by:
VV(x)=Vo'W, (10)
3.2. Phase 1: Task-oriented system parameter adaptation

Assumption 1: The environmental disturbance d(x,7) and ¢, and &, are bounded [7], there

>0:||d(x,0)|<d <¢

a,max *

<&

c,max

exists d___,¢&

max ? “c,max ga,max

gC gd

max >

Integrating both sides over the interval [t,t + At] , with Az >0, yields
jt’”’ H(x,u, AV)dzr =0 (11)

Substituting (10) into (11) results in a model that is linear with respect to the Critic weights:
W.E =y, + 5Bell,i (12)

t+At . . . t+A1 .
Where: & = _[ Vo (x(7))d7 is the integral regression vector, v, =I L(x(7),u(r))d7 isthe
t t
accumulated observed cost, and residual error Jy,, ; arises from the neural-network approximation

error ¢, and satisfies ||5B€H’i|| <A,,,where A, is a known upper bound [8].

Historical data are stored in the ICL stack S={&,y, }1}:4:1 which is used to minimize the least-

squares cost function [8], set E:[fl,gz, oSy ]T eR"" and ‘I’z[l//l,l//z, ...,l//M]T eRY.
M
minJ,., (W,)=(1/2M) 3 (&'W, —y,)* =(1/2M ) [EW, ~|’ (13)
¢ i=1
Assumption 2 (FE condition) [8]: W, converges to a neighborhood of W. if S satisfies
rank(E)=n,, det(E'E)#0, so E'E is invertible. The W, update law in Phase 1, with learning
rate ., >0, is given by W, =—a,, VI, =—(a,, / M)E [EW, —¥]. When the convergence
condition ||AWC (t)|| <é&. , Where g, is a small convergence threshold, the resulting stabilized

is used as the initial Critic weight for Phase 2.

ident

weight vector W, =W,

Proposition 1: Under Assumption 2, the Critic weight error W, = W. — W under update law
(Assumption 2) converges to the compact set € = {“WC < r,CLH} .

) ¢~ _aICLET (EWC +8/CL)/M V= (1 / 2)HWLH2

Proof: From Assumption 2 have . Define
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[1]

: Vi=—a,q W= (EW, +£,, )/ M

- "E2)>0
=V, =W'W_. Thus: ' e e ) :

and Ao (

Applying Young’s inequality: V, < —(aICL /M)/1min (ETE)HWCW +(a,CL /M)"E" €1t max HWC

E|/ (/Imin (ET E)), one obtains ¥; <0 whenever HW‘H > 1, - Therefore W,

Setting 7ic; = €z

converges to (Y.

3.3. Phase 2: Actor—critic policy optimization
The stabilized Critic weight W, =W, is used to evaluate the control policy. The instantaneous

Bellman error and the historical ICL error are combined to form the Critic objective function J_.

J, =(1/2)] L(x,u)+ quwcxf +(a 1 2M)|[EW, - | (14)
Here VJ, , =Ve [L(x,u) + Vq)TVVCX] . The gradient of the Critic objective is given by
VI, =V, +(a, | M)AE" (AEW, - ¥) (15)
With o, >0 denotes the learning rate of the Critic network, the Critic weight-update law becomes
W, =—a,(Vd,, +(aq | M)AZ' (AZW, - ) (16)

When ||VJ c|| < ¢, asufficiently small Actor network is allowed to begin updating [5]. W, are

updated to minimize the approximate Hamiltonian. The Actor objective function is defined as.

3, =(172)|6"W, +(1/2)R 'g(x) VoW, (17)
The gradient of the Actor objective is
Vv, =c[¢"W, +(1/2)R'g(x)' VoW, | (18)

Therefore, the Actor weight-update law W, =—a VJ_ becomes
W, =-a,6[6'W, +(1/2)R'g(x) VoW, | (19)

The process is repeated until both the Actor and Critic networks converge to the neighborhood
of the optimal solution.
Algorithm: ICL-RCTAC — Hierarchical Learning Controller

Initialization:

Initialize W,(0), W,(0); S« ; set phase<«1; Select T, ,cx,,a, >0; &,,,€, >0

Main loop:
1. for each sampling instant ¢+ do Measure state x(¢) ; apply control u(¢) to plant
2. if phase =1 then > Phase 1: ICL-based Critic Initialization

3. Compute integral regression pair: {é‘i, l,//,.} , Store into memory stack:
S« Su{s.p,}
4. if FE condition satisfied: rank(E) =n_ then Update Critic:
W, =—(a,, / M)E"[EW, -] end if
if “VVLH <& then > Phase I converged — switch to Phase 2. Set W, <« W_; Phase

b

6 N. V. Hoa, ..., N. T. T. Huong, “ICL-RCTAC hierarchical ... AUV in the horizontal plane.”



Research

2 end if

6. else > Phase 2: Actor—Critic Policy Optimization

7. Compute: u=6W, ; VIV =V@'W,; 5 =L(x,u)+VV" (f(x) +g(x)u)

8. Update Critic W, =—a, (Vd 5, + (0, / M)AZ" (AZW, - ¥))

9. if ||VJC|| <g, then > Critic sufficiently converged: Update Actor: W, =—a VI _;
end if

10. end if

11. end for

Output: Converged weights W., W ; control policy u” =eW,"
4. LYAPUNOYV STABILITY ANALYSIS AND UUB CONVERGENCE
4.1. Assumptions and lemmas
Assumption 3. The activation functions @(x) and o(x) satisfy [7]: Lipschitz continuity: There
exist positive constants L,,L, such that: |6(x)—o(y)|< L, [x—y|and |e(x)-em)|<L,|x-y]|.

Boundedness: ¢, .o

max

eQ, 3¢,,.6,. >0 such that: |¢||<¢,, and |¢|<e,,,

Lemma (Boundedness of Critic—Actor gradients and coupling term) [7, 8, 10, 11]: Under
Assumption 1, the gradients of the Critic and Actor objective functions are bounded as

Jcé'(x, W, W,,) SL5(1+HV~VCH) (dependent on ||V(p||) and ||VJaH||SKa(1+”WC“+HWaH)

(depending onZ_, o,,. |R|). Moreover, the coupling term between the two networks satisfies

[W.ve seoa|<L,

W»”Hwa“Jnga where L,=L, SUP”g(X)”LUGmaX, and ¢, is a constant
xeQ

dependent on the approximation-error bounds ¢, £

4.2. Lyapunov stability analysis

Theorem: Consider the AUV system (3) with the ICL-RCTAC controller described in
Algorithm: ICL-RCTAC. If Assumptions 1-3 and the Lemma are satisfied, then the state error,
the Critic weight error, and the Actor weight error of the closed-loop system are UUB.

Proof: Consider the composite Lyapunov function V,, which is positive definite on
QxRY xRM .
V, =V (x)+(1/2a, )W/W,_+(1/2a,)W/W, (20)
Where: @, >0 and «, > FE, / I:/me (R)‘Gim:l (with FE,, - FE threshold) the weight estimation
errors are definedas W, =W, — W', W, =W, — W _ The time derivative of the Lyapunov function;
V, =V x)+(1/ o, YW'W, +(1/ t, )W/ W, (21)
Using the HIB equation (7) and the control error i=u—u", we obtain
V'(x)=—x"Qx—(u) Ru" + (V") gx)i+(VV) d (22)

Since 34, (Q)>0:xX' Qx> 4, (Q)|x
such that.

?. there exists —L(x,u’)< —Ain (Q)"X”2 —(u)"Ru’

coupling term becomes (VV") g(x)i =—2u"Re’ W, —2u’Re, . Applying Young’s inequality
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with &, >0, 0<x;, <2, (Q) .[(VV) d|<|VV|dy <L, [X]d,, <(x, /2)|x] +(1/ 25, L.

~2u"Re’W, <x[W, [ +(1/ & )Ju" R <x[W,[ +(1/ x)|R[ o2, Ju’[ (23)
Consequently, the derivative of the optimal value function satisﬁes
V' () <~ (A (Q) =1, ) X[ + 5, [ W,

L112
H +2||R||6max “u

Yl (24)

a

G =(1/%)R[ o,

&, max (L2 d../ 21(2) and L, : the Lipschitz constant

of V'(x).
Ve =(1/ @)W W, =(1/ @, )W W,, (By W, =0) (25)
From the Critic update law (16), the derivative of the Critic term becomes:
VCritic = _VNVCTVJ Bell ~ (alCL M )WCTETEWC +( Qe I M ) T:Tgcmic (26)
Applying Young’s inequality with ¢.c,>0, (1/2¢)+(1/2¢,)<(a;,/M)o,,, . and
VJ o <A, » Equation (26) is transformed into:
VCritic < _ﬁl ‘ Wc (27)
Let: 3 =[(a,CL /Mo, (1/201) (1/2¢,) | and C, =c,A%, /1 2+ ¢ |( @, / M)E e, /2
Vi =(1/ 2, )W/ W, =(1/t, YW/'W,,  (By W, =0) (28)

From (19), equation (28) becomes: V, . =—W o6’ W, —(1 / 2)R’1V~VT6gTV(pWC

)

Usmg the Cauchy—Schwarz mequahty [12]:

By Lemma |VJ,| SKa(1+HW |+ W,

‘min min

~'WoW' <-4 (R)o>.

~(1/2)R” wj chV(pVVC <(1/2)R"|W, o]

(29)
Applying Young’s inequality with ¢, >0, ”6" <o
(1/2)R|W,

Let: x, = [lmm (R)s’,, —R's, G o/ 403] and S, =[c3R c
and (30):

mex ad G, =”gT V(p”

W ]=/2)R s, 6, (1726 )W+ (e 2] eo

/4} Combining (29)

amax — g

Viior <15 ||W,

W[ G
Combining inequalities (24), (27), and (31) into (21), we obtain:
V, < (A Q) )X = (B = B)|W.| —(x, —x)[W.[ +(C, +C)) (32)

Where: ensures state error convergence I', =4 (Q)—x, >0, ensures Critic convergence

min

I', =B, — B, >0, ensures Actor convergence I'; =x, —k;, >0 and C=C, +C,.

v, < 5[ -, [W] -1, [W,[ +c (33)
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The state vector is defined as: %é[x, W, Wa ]T and Fémin{l“l, r,, 1“3} >0. Do
@) Ru" >0:
Y, <-T[ef +c (34)
Equation (34) is the standard Lyapunov inequality proving UUB [12], with attraction radius
r,=NC/T: ||&||2 >75: V, <0, and the system converges toward the origin; when §||2 <.V,

may become positive and the trajectory oscillates within the bounded set Q= {& eR": ||§|| < rub} .

Convergence rate: from (34), using the comparison lemma [12]:

V() <V, (O)Qf(zr/umax(m)t +r, (1 _ o (TG (P ) (35)

Where P is related to the Lyapunov structure and A __(P) denotes the largest eigenvalue.

max

Therefore, all errors are bounded, satisfying the UUB property. o
5. RESULTS AND DISCUSSION

5.1. Simulation setup
To evaluate the effectiveness of the ICL-RCTAC controller for an AUV model with mass 295
kg, length 2.4 m, diameter 0.386 m, and inertia matrix / = diag[160.203, 160.203, 4.03 |. The
AUV dynamic parameters are listed in Table 1.
Table 1. Dynamic parameters of the AUV in the horizontal plane.

Params| Value [Params| Value |[Params| Value |[Params| Value [Params| Value
Y, 272847 Y, -37.7687 YVM -696.795 N, 6511.6 N, |41.7501

v

Y, |654.8328| Y, |-783.5168| Y, |-1633.239| N, |30.2832| N, |[2708.8

7

N, |654.8328| ¥, 249861 | N, | 65200 | N, [-1520.74

v

The MLP neural network with Gaussian activation functions is used for both Actor and Critic,
with learning parameters @, =5x107, a,, =2x107,&,, =10 . ICL-RCTAC is compared with

. . . T 2 T T 2
PID and RCTAC using the indices ISE = [ [e(t)] dt, TAE = [ |le()|dt, and E, = (0] d.
Environmental ~disturbances are modeled by d(x,t)=d,sin(ot+¢),o=n/10rad /s
d._.=0.5N,introduced at 7] =555 and 7, =150 s to evaluate the system's noise immunity.

5.2. Simulation results

Sinusoidal trajectory Control signal
T T T T T T T T

1 22 i T T T [ [—Dbelta_rID
- ) | | | | | | | |——Dpelta_RCTAC
al X Delta__ ICLRCTAC
2 -/
) A 2 8
A

B
L ]) r
“ als ——trajectory__PID
-35 ——trajectory_RCTAC

sk | 55 55.5 56 56.5 | |-~ ~trajectory_ICLRCTAC|

4] 20 40 60 80 100 120 140 160 180 200
Time (seconds)

Figure 1. Tracking process and control signals over time.
Figure 1 shows ICL-RCTAC tracking the reference more closely than PID and RCTAC,

| I | | | | | | |
0 20 40 60 80 100 120 140 160 180 200
Time (seconds)
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especially at 7, =55sand 7, ~150s, where it has the smallest deviation and fastest recovery, while
PID shows the largest transient excursion. Before # <555, PID already shows pronounced spikes

and RCTAC moderate oscillations, whereas ICL-RCTAC maintains smoother, smaller-peak
control with the smallest error.

Figures 2 and 3 confirm that both W, and W, converge rapidly and remain bounded, validating
the fast learning and UUB stability of ICL-RCTAC. Phase 2 benefits from the well-initialized
Critic weight W, certified by ”Wc " < &, » which keeps exploiting historical data, eliminating the

need for manual warm-up tuning. Quantitatively, the Critic settles at ¢~ &8s versus #~18s for
RCTAC, and the Actor at ¢ =~ 8s versus ¢ ~15s , confirming superior initial convergence.

10 RCTAC (Sinusoidal trajectory) 107 ICLRCTAC (Sinusoidal trajectory)
; . : : m— of ﬁ:}
—Wa2 Wa3
! Wa3 a4+ Wad
Wa4 Wab
JZaN Wa5 3 | N Wab
N\ Wab AN / ——Wa7
fl—war | 2 \ xag
\ / Nl || —was | = N @
-‘lﬂ\-,_.:/ Was , h\ | \ h w::?
s e | watD N VAR N S N
\ — — T ——t ]
wat1 Y e e s s :
E M\ s
I I I I I I -2 i i i i i i i
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
Time (seconds) Time (seconds)
. .
Figure 2. Weighted convergence rate of the Actor network.
8 <108 FCTAC (Slnus?idal traljectory) s 10° IC‘LRCTA‘C (Sinu‘snidal t_rajectorly}
Wel
—Wc2
4 We3
Wed
2 We5
Web
0 We?
o Wes
=5 Weg
W10
Wet1
A We12,
Wel3)
-6 ——Wecl4)
Wc15)
8 W16
8

B0 100 120 140 160
Time (seconds)

B0 100 120 140 o w46
Time (seconds)

20 40 60

o

160 180

Figure 3. Weighted convergence rate of the Critic network.

Table 2 shows ICL-RCTAC achieves significantly lower ISE and IAE than both PID and RCTAC,
with Ec also improved. Simulation results confirm the UUB stability of the proposed algorithm.

Table 2. Evaluation criteria.

Controller ISE ISE improve | IAE |IAE improve| Ec Ec improve
IPID 0.042981 0 1.537 0 0.33986 0
RCTAC 0.029903 30.428% 1.1103 27.762% |0.29801| 12.313%
ICLRCTAC |0.020137| 53.149% 0.86161 43.943% 10.20738| 38.98%

6. CONCLUSIONS

The proposed ICL-RCTAC is a hierarchical control framework for uncertain nonlinear systems,
integrating ICL with an adaptive Actor—Critic structure. Replacing the restrictive PE requirement
with the FE condition removes the need for manual warm-up tuning. Simulation results show
smaller tracking errors and lower control effort than PID and RCTAC. UUB analysis confirms
closed-loop boundedness, with learning-rate conditions ensuring positive convergence constants.
Future work will extend this framework to AUV 6DOF motion with actuator saturation constraints
and experimental validation.

10 N. V. Hoa, ..
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TOM TAT

Thuét toan hoc phian _c?ip ICL-RCTAC diéu khién t6i wu bam quy dao
va thich nghi véi nhiéu moi trudng cho AUV trong mat phang ngang

ICL-RCTAC la thuadt toan hoc tang cuong phdn cap cho bai todn bam quy dao toi uu
thich nghi cia AUV trén mdt phdang ngang, giai quyét hai han ché ciia hoc tang cuong thoi
gian lién tuc — giai doan khéi dong va diéu kién kich thich lién tuc (PE) bang khung diéu
khién hai pha. Pha I sir dung co ché hoc dong thoi tich phan (ICL) dé khai thac dir liéu lich
sir, nham xdc dinh trong s6 Critic on dinh dwéi diéu kién kich thich hitu han (FE), voi hoi
tu dwoc chirng minh trong Ménh dé 1. Pha Il kich hoat vong lap Actor—Critic voi diéu kién
néi long dé toi wu héa chinh sach mét cach hiéu qua. Phan tich Lyapunov xdc nhén rcfng hé
vong kin hoi tu deu va bi chan (UUB). M6 phong MATLAB/Simulink 2024a cho thay héi tu
nhanh hon, sai s6 bdam va né luc dzeu khién thap hon so véi PID va RCTAC, qua dé khdng
dinh tiém néng iing dung thee tién ciia AUV,

T khéa: Phuong tién ngdm ty hanh; Hoc ting cuong; Hoc ddng thai tich phan; On dinh Lyapunov; Diéu khién thich
nghi; DBiéu khién toi wu.
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