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USING ROBUST PI AND LQR CONTROLLERS 
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Abstract: In this paper, a robust PI controller in combination with a linear 
quadratic regulator (LQR) is proposed to control a two-wheeled inverted pendulum 
robot (TWIPR) such that it is kept balanced while moving. The proposed TWIPR 
control system consists of two control loops. The inner loop has two PI controllers 
for two DC motors’ currents, which are separately designed based on a robust PI 
controller structure. The outer loop contains a LQR controller for the tilt angle, 
heading angle and position of the TWIPR. The proposed PI controller is compared 
to the existing method such as the magnitude optimum (MO) and genetic algorithm 
(GA) methods. The proposed control scheme is verified through simulations and 
practical tests, and it is also compared to the MO-LQR and GA-LQR strategies. 

Keywords: PID tuning; DC motor control; Settling time; Overshoot; Two-wheeled inverted pendulum. 

1. INTRODUCTION 

TWIPRs were widely studied and applied in practice and literature [1-3]. The 
input to the TWIPR is usually torques produced by two DC motors. This torques is 
directly proportional to currents caused by the DC motors. Thus, the current 
controllers are crucial to the TWIPR. However, most of the works [4-19] about 
TWIPR have not addressed the problem of current or torque control. In addition, 
the voltages, applied to the DC motors, are considered as the input to the TWIPR 
instead of torques. 

In [4], an adaptive back-stepping controller combined with two PD controllers 
was proposed for an electric scooter. The inputs to the vehicle were torques 
produced by two DC motors, but there was neither torque nor current controller 
designed. Sliding mode controllers with model-based friction compensation were 
proposed in [5] for a TWIPR. However, the torque/current control problem was 
also not dealt with. In [6], a nonlinear state transformation-based controller was 
proposed. A combination of two PD controllers and a time-delayed controller [7] 
for fast movement of TWMR was proposed, in which the first PD controller was 
designed for the pitch angle, the other PD controller was applied for the 
orientation, and the time delayed controller was synthesized for the position. In [8], 
the proposed control scheme consisted of local controller and a global planner for 
the TWIPR based personal transportation vehicle, in which the local controller 
contains three PID controllers for the pitch angle, the yaw angle and the position. 
Three fuzzy logic inference system-based controllers in [9] were designed for the 
TWIPR. In [10], an indirect adaptive fuzzy controller based on trajectory planner 
for the TWIPR was given. Adaptive sliding mode control [11] in combination with 
direct fuzzy control was applied for balancing and trajectory tracking of the 
TWIPR. A state dependent nonlinear model based LQR [12] was investigated. A 
back-stepping controller [13] was designed for trajectory tracking and sliding 
mode controllers were applied for the TWIPR’s velocities and pitch angle. Four 
interval type 2 fuzzy logic inference system-based controllers [14] were designed 
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using the Takagi-Sugeno model for the TWIPR such that the vehicle can reach the 
desired point and orientation while its balancing is kept. A passivity-based 
controller [15] with two-rule Takagi-Sugeno fuzzy model was proposed for the 
TWIPR. A novel TWIPR with four-bar parallel mechanism [16] developed, in 
which the horizontal posture was guaranteed. A model predictive controller [17] 
for the trajectory tracking of TWIPR was proposed. A trajectory planning and 
tracking control for obstacle avoidance of the TWIPR was given in [18]. A control 
of cooperative double-wheel inverted pendulum robots based on Udwadia-control 
approach was recently proposed in [19] for the first time. This motivates us to 
propose a new control strategy, which is simpler and effective in terms of installing 
the controller on microcontroller. In this work, a robust PI controller design 
method is proposed for the current of DC motor, then it is combined with a LQR 
controller to control the TWIPR, and finally it is compared with the other methods.  

The next section presents the mathematical model and the proposed control 
system for the TWIPR. In section 3, robust PI controllers are designed for two DC 
motors’ currents and they are compared to the MO and GA methods through 
simulations and experiments. In section 4, a LQR controller is designed to keep the 
TWIPR balanced and reach a desired position. Some simulations and practical tests 
for the TWIPR are given in section 5. The final section provides a summary and 
future works. 

2. TWO-WHEELED INVERTED PENDULUM ROBOT 

2.1. Mathematical Model 

In this work, the mathematical model of TWIPR in [21] is used for simulation 
and controller design. The schematic diagram of a TWIPR is shown in fig. 1. The 
notations and parameters of the TWIPR are shown in Tab. 1, in which � = ���/2, 
� = ���/4 , 	�� = �� = ���/2 , �� = ���/2 . The inputs of the model [21] are 
torques produced by motors, but in this work, the two motors’ currents are used 
instead of torques as the inputs to the TWIPR. Thus, the motion equations of the 
TWIPR are represented as in Eq. (1), (2) and (3). 
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Figure 1. Schematic diagram of a TWIPR.  

respectively. Then, 
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in which ��̇ = ��, 	��̇ = ��,��̇ = ��, ��̇ = ����, ��, ��̇ = ����, �� and 

��̇ = ����, ��, where ����, �� =
�����

�
, ����, �� =

�����

�
, and	����, �� =

��

��
	 with  

�� = ��(��� + ��) �
��(�����)

�
+

������
��
�
�

�
+ �����	(��)(��

� + ��
�)	�,  

�� = ���� cos(��) �������	(2��)��
� 	+ ��(�� + ��) + 2� ��� −

��

�
� + ��	�, 

�� = ����
� ���(�� + ��)−������	(2��)	��

� + 2� ��� −
��
�
� − ���,	 

�� = −�������	(��) �
��(�����)

�
+

������
��
�
�

�
+ �����	(��)(��

� + ��
�)		�	, 

�� = −2�� �
��(�����)

(��)
+ �����	(��)[���� − 4��������	(��)] +

�����

(���	)
	�,  

�� = (2�� + 4� +��� − 4���(��)	)�
� + ���, and  

� = (���)�(1 − (��)	) + 2��� + 2���� + (��� + 2��� + 2����)��. 

    Table 1. TWIP’s notations and parameters. 

Notation Definition Notation Definition 
x Position of the TWIPR K MOI of the wheel w.r.t the 

vertical axis 
� Pitch angle of the pendulum body �� The motor torque constant 
d Distance from the left to right wheels ��, �� The left, right armature current 
�� Left motor’s torque �� Right motor’s torque 
L Length from the center of the 

pendulum to the wheel axis 
C Coefficient of viscous friction 

on wheel axis 
J Mass moment of inertia (MOI) of 

the wheel with respect to (w.r.t) the 
wheel axis 

�� MOI of the pendulum w.r.t the 
frame at the center of the 
pendulum 

M Mass of the pendulum  M Mass of left (right) wheel 

� Yaw angle of the TWIPR R Radius of wheels 
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The motion equations (1), (2), and (3) are used to design the LQR controller in 
Section 4. In the next section, PID controllers are designed to stabilize two motors’ 
currents, which create desired inputs to the TWIPR. 

2.2. TWIPR Control System  

 
Figure 2. Block diagram of the TWIPR control system. 

The block diagram of the proposed control strategy is shown in fig. 2. It 
contains three control loops, in which the first two inner loops consist of two PI 
controllers and the third loop has a LQR controller. A TWIPR in the laboratory are 
shown in fig. 3 and fig. 4.The TWIPR control system mainly consists of two DC 
motors, two current sensors INA219, two incremental encoders, two wheels, 
pendulum body, the MPU 6050 sensor, three batteries and the STM32F411VE 
MCU (powered by a 9V and 200mAh battery). 

 
Figure 3. Front view of a TWIPR 

under control. 

 
Figure 4. Side view of a TWIPR 

under control. 

2.2.1. DC Motor  

Each DC motor has a gear chain with a gear ratio of n = 1/34. This means that 
the wheel, attached to the output shaft of the gear train, rotates n times for each 
revolution of the motor shaft. These two motors are powered by three 3.7V and 
4000mAh batteries (Ultrafire). 

2.2.2. Incremental Encoder 

An encoder is also attached to each DC motor’s rotor shaft. The encoder has 
two channels and each channel has N = 13 pulses per revolution of the motor. This 
incremental encoder is used with the highest resolution, so there are 4N/n = 1768 
pulses per revolution of the wheel. It is applied to measure both the angle and 
velocity of the wheel, then from these measurements, the position, heading angle, 
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velocity and vertical speed of the TWMR are estimated. 

2.2.3. Kalman Filter 

In this subsection, the Kalman filter [22] is applied to estimate the tilt angle of 
the pendulum. Let ��  be the gyroscope signal from the MPU6050 at k in time 
and	��

���� be the deviation of��, and ∆T be the sampling time. Then, the tilt angle 
of the pendulum can be approximately calculated as  

�� = ���� + ��� − 	��
�����∆T.     (7)  

Define state variables as �� = ���		��
����	�

�
. Then, the state space model is 

                          											�� = ������ + ���� + ��    (8) 

��� = ���� + ��, 

where �� = [1	 − ∆�; 	0	1	], �� = [	∆�	0	], �� = [1	0	], �� = �� , ��	is the input 
white noise, and �� is the measurement white noise. Denote covariance matrices 
for �� and �� as �� and ��, respectively.  

 
Figure 5. Measured pitch angle with and without Kalman filter. 

Let �̂�
�  be the prior estimate, �� = �� − �̂�

�  be the estimation error, and the 

corresponding error covariance matrix �� = � �������
�
�. Then, the measurement 

��
�  will be used to improve the prior estimate as follows 

�̂� = �̂�
� + ��� ��

� − ���̂�
��,                            (9) 

where Kk is a Kalman gain (or blending factor) and �̂� is the updated estimate. The 
Kalman gain is computed as  

 �� = ��
���

������
���

� + ���
��
.                            (10) 

The covariance matrix with respective to the optimal estimate can be calculated as 

          	�� = (� − ����)��
�.                   (11) 

At time k+1, 

�̂���
� = ���̂� + ����                                       (12) 

        ����
�  = ������

� + ��. 

Thus, the Kalman filter is implemented as the following steps:  
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Start with a prior estimate �� and its error covariance matrix ��
�  

• Step 1: Calculate the Kalman gain using Eq. (10).  

• Step 2: Update estimate with measurement using Eq. (9) 

• Step 3: Determine error covariance for updated estimate using Eq. (11).  

• Step 4: Project ahead using Eq. (12), then goes back the first step. 

This algorithm will be used to estimate the tilt angle of the pendulum based on 
the MPU6050 sensor. In fig. 5, an example of the measured tilt angle is shown, 
where the black curve is the angle with Kalman filter and the blue curve is the 
angle without the filter. 

3. CURRENT CONTROLLER DESIGN 

3.1. Current Model Identification  

In this section, the transfer function for the current of DC motors will be built 
using unit-step response. The electrical equation [23] for a DC motor is described as 

� = � + �� + �
��

��
,      (13) 

where u is the motor armature voltage, R is armature coil resistance, L is armature 
coil inductance, i is the armature current, e = Keω is the back electromotive-force 
voltage, ω is the motor angular speed, τ = Kmi is the motor torque, Ke is an 
electrical constant, and Km is the motor torque constant.  

Thus, the transfer function for the current of the motor is 

                                ��(�) =
�(�)

�(�)
=

�

����
, or     (14) 

    ��(�) =
�

����
,     (15) 

where k = 1/R and T = L/R.  

To determine these parameters, a unit-step response approach is applied. A 
voltage of 6V is supplied to the motor, and then the motor’s current is measured as 
shown in fig. 6. Based on this measured current, the current transfer function is 
obtained as follows 

��(�) =
�.�����

�.��∗�������
.     (16) 

From the identified model (16), the current controllers are designed with 
methods in the next section. 

3.2. Robust PI Controller Design   

Consider a plant as in Eq. (15). A PI controller is chosen as �(�) = ��(1 +
�

���
). 

Then, the closed-loop system is  

�(�) =
���(�����)

���(����)����(�����)
.                                        (17) 

Let � =
��

�
. Then, the characteristic equation is 

����� + ����1 + ���� + ��� = 0.       (18) 
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� = ∫ �|�(�)|��
������
�

	→ ���. The GA based PI controller is obtained as ���(�) =

0.064 +
����

�
.  

 
Figure 9. Practical control signal. 

These controllers are utilized to control the motor’s current. Both simulation and 
practical tests are carried out to compare the proposed method with the other 
methods as shown in fig. 7, 8 and 9. For simulation, Eq. (16) is used as the DC 
motor’s current model and the PID controllers were designed above. In fig. 7, the 
controlled current is plotted via simulation. The proposed PI provides shorter 
settling time than the GA and MO methods. It also produces a zero overshoot as 
the GA method.  

Table 2. Comparison of methods through simulation and real test. 

Method ��%	(��) Overshoot (%) 
Simulation Test Simulation Test 

OSA 1 1.1 0 1.36 
MO 1.04 3 4.32 29.92 
GA 2.42 2.5 0 1 

For experimental test, the DC motor given in section 2.2.1 (see fig. 3) was 
applied and its gear shaft is kept fixed, and the sampling time is 0.25 (ms). The 
practical result is shown in fig. 8, where the robust PI produces the best 
performance in comparison with the GA and MO methods. This will improve the 
control performance of the TWIPR. Fig. 9 shows the actual control signal (the 
applied voltage to the DC motor) produced by the di�erent controllers. The 
overshoot and settling time given by the controllers through both simulation and 
real test are compared in Tab. 2. Overall, the proposed PI controller is better than 
PID controllers using MO and GA methods in terms of both overshoot and settling 
time. In the next section, an LQR controller combined with the proposed PI 
controller is designed to keep the TWIPR balanced and follow desired trajectories. 

4. LQR CONTROLLER DESIGN 

4.1. Linearized Model of the TWIPR  

Let �� be an equilibrium point of the system (6), then xe is the solution to the 

equation ���, 0� = 0. Thus, �� = [∗ 	0	 ∗ 	0	0	0	]� where ‘*’ are any values of �� 

and��, which are desired position and heading angle of the TWIPR. Without loss 
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of generality, it is assumed that ‘∗’ is zero, this means �� = 0. Thus, the linearized 

model of the system (6) around the equilibrium point �� can be obtained as follows 

�̇ = �� + ��,      (22) 

where  

� =

⎣
⎢
⎢
⎢
⎢
⎡

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

0 ��� 0 ��� ��� 0

0 ��� 0 ��� ��� 0

0 0 0 0 0 ��� ⎦
⎥
⎥
⎥
⎥
⎤

                                  (23) 

and  

                  � = [0	0; 0	0; 0	0; ���	���; ���	���; ���	���],   (24) 

with ��� =
�(���)��

�
, ��� =

���(������������)

�
, ��� =

�����������������

�
, ��� =

���(�����������)

�
, ��� =

�������(�����������)/�

�
, ��� =

���������������������

��
, 

��� =
����

�����(����������)��
, ��� = ��� =

�����������������

�
, ��� = ��� =

��������������������

�
,	��� = −��� =

�����

����(����������)��
, and � = 2��� +

2���� + ����� + 2����� + 2������. 

4.2. LQR Controller  

From the linearized model (22), a LQR controller [26] is designed such that the 
following cost function is minimized. 

� = ∫ ������ + ��������
�

�
→ ���,     (25) 

in which ��  is a symmetric positive definite matrix, and ��  is a symmetric 
nonnegative definite matrix. The controller, which satisfies the cost function (25), 
is � = −�����, where 

���� = ��
������,     (26) 

and �� is the solution to the Riccati equation 

�����
������ − ��� − ���� = ��.    (27) 

In this paper, the values of the TWIPR’s parameters are determined from a real 
TWIPR as follows M = 0.5kg, m = 0.04kg, l = 0.08m, d = 0.16m, r = 0.033m, g = 
9.81m/s2, C = 0.005, Km = 0.41202Nm/A. Thus, the matrix B is 

  � = [0	0; 0	0; 0	0; 55.5	55.5;	−548.6	 − 548.6;	−138.9	138.9	],  (28) 

and the matrix A has the form as in Eq. (29) with ��� = −11.4, ��� = −40.8, 
��� = 1.35, ��� = 176.8, ��� = 403.4, ��� = −13.31, ��� = −8.1. 

� =

⎣
⎢
⎢
⎢
⎢
⎡

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

0 ��� 0 ��� ��� 0

0 ��� 0 ��� ��� 0

0 0 0 0 0 ��� ⎦
⎥
⎥
⎥
⎥
⎤

   (29) 
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methods through the DC motor’s current. It produces better performance than the 
others. Then, the proposed control system is verified and compared to the other 
methods through simulations and practical tests. The obtained results show that the 
TWIPR with the proposed method is kept balanced and able to reach the desired 
position and direction, and it produces better performance than the others. Future 
works will focus on the combination of the proposed method with other advanced 
control methods for the TWIPR. 
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TÓM TẮT 

ĐIỀU KHIỂN XE HAI BÁNH CÂN BẰNG  
SỬ DỤNG BỘ ĐIỀU KHIỂN PI BỀN VỮNG VÀ LQR 

Trong bài báo này, một bộ điều khiển PI bền vững kết hợp với bộ điều 
khiển LQR được đề xuất để điều khiển xe hai bánh sao cho xe thằng bằng khi 
di chuyển. Hệ thống điều khiển gồm hai vòng. Vòng trong có hai bộ điều khiển 
dòng PI để điều khiển dòng động cơ một chiều, được thiết kế riêng sử dụng 
cấu trúc PI bền vững. Vòng ngoài có bộ điều khiển LQR cho góc nghiêng, góc 
hướng và vị trí xe. Phương pháp thiết kế bộ điều khiển PI đề xuất được so 
sánh với phương pháp tối ưu độ lớn và giải thuật di truyền. Cấu trúc điều 
khiển đề xuất được kiểm chứng thông qua mô phỏng và thực nghiệm, và nó 
được so sánh với các phương pháp MO-LQR và GC-LQR.  

Từ khóa: Chỉnh định PID; Xe hai bánh; Điều khiển động cơ; Thời gian xác lập. 
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