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A FINITE ELEMENT METHOD FOR MODELING  
OF ELECTROMAGNETIC PROBLEMS  

Dang Quoc Vuong*, Bui Minh Dinh 

Abstract: Electromagnetic devices are present everywhere in our daily life. In 
particular, they extremely play an important role  in the fields of the electrical 
system. Therefore, the modeling and analyzing the electromagetic problems become 
currently a matter of concern and topicality for researchers and designers of 
electrical devices. This paper introduces a finite element method to compute 
accurate distributions of leakage and fringing fluxes with air-gap variations, and 
eddy current losses of the magnetic circuits, that cannot generally be solved by a 
direct analytic method. The method is approached for the magnetic flux density 
formulation. 
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1. INTRODUCTION 

As we have known, all classical electromagnetic phenomena are presented by 
Maxwell’s equations together with constitutive material laws. These equations are 
partial differential equation associated with the magnetic fields and their sources. 

The direct application of the analytic method for solving these models is really 
difficult or even not possible [1]. Moreover, if possible, the obtained results from 
this method often has great inaccuracies because of the neglecting of leakage and 
fringing fluxes at the air gap of the magnetic circuits in the studied problem. In 
[2], many authors have been used a perturbation finite element methods for 
magnetic circuits. 

In order to scope with this challenge, in this paper, we introduce a finite element 
method (FEM) [3] for taking leakage and fringing fluxes of the magnetic circuits 
into account. The goal of this research is not to construct physical theories of the 
method, but to use these theories to calculate accurate distributions of magnetic 
flux densities and eddy current losses with air-gap variations of the magnetic 
circuits. The method is validated on a practical test problem. 

2. DEFINTITION OF MAGNETODYNAMIC PROBLEMS 

2.1. Theory of the magnetodynamic problem 

In this problem, the characteristic size of the studied domain Ω with boundary 
�Ω  = Γ = Γh ∪ Γe, is considered much less than the wave-length λ = �/� in each 
medium. Hence, the displacement current density is negligible. The Maxwell’s 
equations together with the following constitutive relations [2-6] 

		curl	� = −���, curl	� = ��, div� = 0,	                               (1a-b-c) 

with behavior relations of materials, i.e. 

� = ��,			� = ��,                                                   (2a-b) 

where � is the magnetic flux density, � is the magnetic field, � is the electric field, 
� is the magnetic permeability, � is the electric conductivity, � is the eddy current 
density belonged to the conducting part Ω�	(Ω� ⊂ Ω) ,  and ��  is the imposed 
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electric current density defined in the non-conducting Ω�
�, with	Ω� = Ω� ∪ Ω�

�. 

Equations in (1 a) and (1 b) are to be solved with the boundary conditions (BCs) 
that the tangential component of the magnetic field on BC  � × �|��

, for n being 

the unit normal exterior to Ω. 

The magnetic flux density b in (1 c) can be derived from magnetic vector 
potential a such that  

� = curl	�.                                                            (3) 

 

Combining equation (3) with (1 a), one gets curl	(� + ���) = 	0, that leads to 
the definition of an electric scalar potential �, i.e. 

� = −(��� + grad	�).                                          (4) 

The field a in (3) is not unique because its divergence is not specified. Thus, a 
gauge condition has to imposed to obtained the unique solution of a. In addition, 
an implicit gauge in conduction regions is given by setting � to zero everywhere in 
the Ω�.  Hence, essential BC is defined as 

� × �|��
 = 0,                                                    (5) 

which implies � ∙ �|��
= 0. This means that the field b is always unique even if a 

is not. 

The magnetodynamic problem is herein suitable with the Tonti’s diagram [4]. 
That means that the unknown fields �	 ∈ ��	(curl; Ω) , �	 ∈ ��	(div; Ω	) , �	 ∈
��	(curl; Ω	). Where the function spaces (��	(curl; Ω) and ��	(dive; Ω)) contain 
the BCs applicable to the fields on the complementary parts  Γ�  and Γ�  of the 
studied domain Ω. Thus, Tonti’s diagram of the dynamic case is defined as the 
below diagram [4]: 

 
Figure 1. Magnetodynamic Tonti’s diagram [2].  

2.2. Theory of weak formulation 

A partial differential problem of form is considered as [4] 

                             L u = k   in  Ω,    B u = g   on  �Ω = 	Γ,                                (6a-b) 
where L is a differential operator of order n, B is an operator which defines a BC, k 
and g are functions respectively defined in Ω and on its boundary Γ, and u is an 
unknown function from a function space U and defined in Ω�, i.e, � ∈ U(Ω)���. Note 
that f can eventually depend on u. 

The problem (6a-b) constitutes what is called a classical/strong formulation. A 
function � ∈ U(Ω)��� which verifies this problem is called a classical/strong solution. 
In particular, as L is of order n, the function u has to be n-1 times continuously 
differentiable, i.e. u ∈ ����(Ω). 
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A weak formulation of problem (6a-b)  is defined as having the generalized form 

(�, �∗�) − (�, �) + ∫ ��G�
(�)�� = 0,			∀	� ∈ �(Ω),	                    (7) 

where �∗ is the dual operator of L, defined by the generalized Green formula [4], 
�� is a linear form in t which depend on g, and the space �(Ω) is a space of test 

functions which has to be defined according to the operator �∗  and specially 
according to the BC (6 b). A function u  which satisfies this equation for any test 
function �	 ∈ �(Ω) is called a weak solution. 

The generalized Green formula [4] can be applied directly to formulation (7) to 
get L instead of �∗, which usually consist of performing an integration by parts. It 
is then possible to find again, thanks to a judicious choice of test functions, the 
equations and relations of the classical formulation of the problem, i.e. equation (6 
a) and BC (6 b). For that, the relation of vectorial analysis   

�. curl	� − 	curl	�. � = div	(� × �),                                 (8) 
integrated in the studied domain Ω�, after applying the divergence theorem, gives 
the Greenformula said of kind curl-curl in Ω�, i.e. 

∫ � ∙
�

curl	�	�Ω − ∫ curl	� ∙
�

�	�Ω = ∫ � ×
G

�	�G, ∀	�, � ∈ ��(Ω),      (9) 

where ��(Ω) is a function space built for the vector field. Note that the surface 
integral term appearing in this last formula can take the following similar forms: 

∫ � ×
G

� ∙ �	�G =	∫ � ×
G

� ∙ ��G	 = −∫ � ×
G

� ∙ ��G.	                (10) 

3. MAGNETODYNAMIC WEAK FORMULATION 

Based on the Maxell’s equations (1a-b-c) together with the constitutive relations 
(2a-b), the weak form of Ampere’ law (1 b) is write [5-9] 

∫ curl	� ∙
�

��	�Ω = ∫ �� ∙ ��
��

�Ω�, ∀	�� ∈ ��
�(curl; Ω),	              (11) 

where �� ∈ ��
�(curl; Ω) is the test function which does not depend on time. By 

applying the Green formula of tye curl-curl already presented in (9) to the fields h 
and �� in (11), one has  

∫ � ∙ curl
�

��	�Ω + ∫ � × � ∙ ��
G�

�G� 	= ∫ �� ∙ ��
��

�Ω�, ∀	�� ∈ ��
�(curl; Ω).	 (12) 

In order to satisfy strongly the lower part of the Tonti’s diagram (fig. 1), the 
constitutive laws (2 a-b) have to introduce in (12), i.e. 

1

�
� � ∙ curl

�

��	�Ω − σ � � ∙	

�

��	�Ω� + � � × � ∙ ��

G�

�G� 	= � �� ∙ ��

��

�Ω�,	 

∀	�� ∈ ��
�(curl; Ω).			(13) 

By substituting the magnetic vector potential a in (3) and the electric field e in 
(4) into (13), one has 

�

�
∫ curl	� ∙ curl
�

��	�Ω − σ∫ ��� ∙	
��

��	�Ω� + σ∫ grad	� ∙	
��

��	�Ω� +

∫ � × � ∙ ��
G�

�G� 	= ∫ �� ∙ ��
��

�Ω�, ∀	�� ∈ ��
�(curl; Ω),          (14) 
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The adapted mesh in 2-D model is shown in figure 1 (right). The flux lines of 
the magnetic vector potential (real part) in the plane and with the extrusion are 
pointed out in figure 2. The distributions of the magnetic flux density b and the 
magnetic field intensity h due to the exciting/imposed current in the coil are shown 
in figure 3. The figure 3 and 4 show clearly us the significant on the leakage and 
fringing fluxes in the air gaps and near edges and corners of the magnetic circuit 
and the plunger as well. 

The cut lines (1-1) on the real part of the magnetic flux density along the air gap 
(AG) and perpendicular to the coil/inductor are presented in figure 4. The obtained 
results indicate that the value of the fringing and leakage fluxes changes with the 
variations of the AGs. Namely, for the AG = 15 mm, the flux value is equal to 3,3 
times of the AG = 5 mm, or 1.5 times of the AG =10 mm. This means that when 
the AG is big, the fringing and leakage fluxes are high and inversely. 

The cut lines (2-2) on the real part of eddy current perpendicular to the plunger 
and inductors are depicted in figure 5. The eddy current values also vary with the 
changes of the AGs. When the AG is small, the fringing and leakage fluxes is then 
small and the main flux in the magnetic circuit is high. This leads to the eddy 
current value of the AG = 5 mm being greater than the AG = 10 mm, or the AG = 
15 mm. Specifically, when the AG = 5mm, the eddy current value is qual to 2.75 
times of the AG = 15 mm, or 1,85 times of the AG = 10 mm. 

5. CONCLUSION 

A FEM has been successfully applied with the magnetic flux density 
formulation for computing the local fields (magnetic vector potential, magnetic 
flux density, eddy current density) in the variation of the air gap and the magnetic 
circuit as well. The obtained results of the method give researchers a general 
picture about the accurate distributions of the fringing and leakage fluxes with the 
variations of the AG. In particular, the method has been also successfully tested on 
the practical problem. 
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TÓM TẮT 

MÔ HÌNH HOÁ BÀI TOÁN ĐIỆN TỪ  
BẰNG PHƯƠNG PHÁP PHẦN TỬ HỮU HẠN 

Các thiết bị điện từ đã có mặt tại khắp mọi nơi xung quanh cuộc sống của 
chúng ta. Đặc biệt, chúng đóng vai trò cực kỳ quan trong các lĩnh vực của hệ 
thống điện. Do đó, việc mô hình hoá và phân tích bài toán điện từ đã trở 
thành một vấn đề đáng quan tâm và mang tính chất thời sự đối với các nhà 
nghiên cứu và thiết kế thiết bị điện hiện nay. Bài báo này giới thiệu phương 
pháp phần tử hữu hạn để tính toán sự phân bố chính xác của từ thông tản và 
từ thông rò với sự thay đổi của khe hở không khí, và sự phân bố của tổn hao 
dòng điện xoáy trong mạch từ, cái mà không thể giải trực tiếp bằng phương 
pháp giải tích. Phương pháp được tiếp cập với công thức véc tơ mật độ từ 
cảm. 

Từ khoá: Bài toán từ động; Thiết bị điện từ; Mật độ từ cảm; Từ thông tản; Từ thông rò; Dòng điện xoáy; 
Phương pháp phần tử hữu hạn.  
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