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A FINITE ELEMENT METHOD FOR MODELING
OF ELECTROMAGNETIC PROBLEMS

Dang Quoc Vuong , Bui Minh Dinh

Abstract: Electromagnetic devices are present everywhere in our daily life. In
particular, they extremely play an important role in the fields of the electrical
system. Therefore, the modeling and analyzing the electromagetic problems become
currently a matter of concern and topicality for researchers and designers of
electrical devices. This paper introduces a finite element method to compute
accurate distributions of leakage and fringing fluxes with air-gap variations, and
eddy current losses of the magnetic circuits, that cannot generally be solved by a
direct analytic method. The method is approached for the magnetic flux density
formulation.
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1. INTRODUCTION

As we have known, all classical electromagnetic phenomena are presented by
Maxwell’s equations together with constitutive material laws. These equations are
partial differential equation associated with the magnetic fields and their sources.

The direct application of the analytic method for solving these models is really
difficult or even not possible [1]. Moreover, if possible, the obtained results from
this method often has great inaccuracies because of the neglecting of leakage and
fringing fluxes at the air gap of the magnetic circuits in the studied problem. In
[2], many authors have been used a perturbation finite element methods for
magnetic circuits.

In order to scope with this challenge, in this paper, we introduce a finite element
method (FEM) [3] for taking leakage and fringing fluxes of the magnetic circuits
into account. The goal of this research is not to construct physical theories of the
method, but to use these theories to calculate accurate distributions of magnetic
flux densities and eddy current losses with air-gap variations of the magnetic
circuits. The method is validated on a practical test problem.

2. DEFINTITION OF MAGNETODYNAMIC PROBLEMS

2.1. Theory of the magnetodynamic problem

In this problem, the characteristic size of the studied domain Q with boundary
Q0 =I'=T,UT,, is considered much less than the wave-length A = c/f in each
medium. Hence, the displacement current density is negligible. The Maxwell’s
equations together with the following constitutive relations [2-6]

curl e = —d;b, curl h = j,, divb = 0, (la-b-c)
with behavior relations of materials, i.e.
b = uh, j = ce, (2a-b)

where b is the magnetic flux density, h is the magnetic field, e is the electric field,
u is the magnetic permeability, o is the electric conductivity, j is the eddy current
density belonged to the conducting part Q. (. € Q), and j, is the imposed
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electric current density defined in the non-conducting Q¢, with Q. = Q. U Q¢.

Equations in (1 a) and (1 b) are to be solved with the boundary conditions (BCs)
that the tangential component of the magnetic field on BC n X h|r,, for n being
the unit normal exterior to ().

The magnetic flux density b in (1 c) can be derived from magnetic vector
potential a such that

b = curl a. 3)

Combining equation (3) with (1 a), one gets curl (e + d,a) = 0, that leads to
the definition of an electric scalar potential v, i.e.

e = —(0.a + grad v). 4)

The field a in (3) is not unique because its divergence is not specified. Thus, a
gauge condition has to imposed to obtained the unique solution of a. In addition,
an implicit gauge in conduction regions is given by setting v to zero everywhere in
the (.. Hence, essential BC is defined as

nxalr, =0, (5)
which implies n - b|r, = 0. This means that the field b is always unique even if a
is not.

The magnetodynamic problem is herein suitable with the Tonti’s diagram [4].
That means that the unknown fields h € H;, (curl;Q), j € H, (div;Q), b €
H, (curl; Q). Where the function spaces (H}, (curl; Q) and H, (dive; )) contain
the BCs applicable to the fields on the complementary parts I} and I, of the
studied domain Q. Thus, Tonti’s diagram of the dynamic case is defined as the
below diagram [4]:

, grady,
)

curl, . divy

h 0

p I
grad,_
€. a ‘

div. curl,
0 b

(%
Figure 1. Magnetodynamic Tonti’s diagram [2].
2.2. Theory of weak formulation
A partial differential problem of form is considered as [4]

Lu=k in Q, Bu=g on 0Q =T, (6a-b)
where L is a differential operator of order n, B is an operator which defines a BC, &
and g are functions respectively defined in Q and on its boundary I', and u is an
unknown function from a function space U and defined in Q, i.e, u € U(Q). Note
that f'can eventually depend on u.

The problem (6a-b) constitutes what is called a classical/strong formulation. A
function u € U(Q) which verifies this problem is called a classical/strong solution.

In particular, as L is of order n, the function u has to be n-1 times continuously
differentiable, i.e. u € C"~1(Q).
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A weak formulation of problem (6a-b) is defined as having the generalized form

(w,L't) = (k) + [ Qg ()ds =0, Vv EV(Q), (7)
where L* is the dual operator of L, defined by the generalized Green formula [4],
Qg is a linear form in ¢ which depend on g, and the space V() is a space of test

functions which has to be defined according to the operator L* and specially
according to the BC (6 b). A function u which satisfies this equation for any test
function t € V(Q) is called a weak solution.

The generalized Green formula [4] can be applied directly to formulation (7) to
get L instead of L*, which usually consist of performing an integration by parts. It
is then possible to find again, thanks to a judicious choice of test functions, the
equations and relations of the classical formulation of the problem, i.e. equation (6
a) and BC (6 b). For that, the relation of vectorial analysis

w.curl t — curlu.t = div (¢t X u), (8)
integrated in the studied domain (};, after applying the divergence theorem, gives
the Greenformula said of kind curl-curl in €};, i.e.

fﬂ u-curltdﬂ—fQ curlt-uszfr nxudlLVu,te H'(Q), (9

where H*(Q) is a function space built for the vector field. Note that the surface
integral term appearing in this last formula can take the following similar forms:

Jo nxu-tdl'= [ uxt-ndl =— [ tXxn-udl. (10)
3. MAGNETODYNAMIC WEAK FORMULATION

Based on the Maxell’s equations (1a-b-c) together with the constitutive relations
(2a-b), the weak form of Ampere’ law (1 b) is write [5-9]

Jo curlh-a' dQ = [, js-a' dQg,Va' € HY(curl; Q), (11)

where @’ € H2(curl; Q) is the test function which does not depend on time. By
applying the Green formula of tye curl-curl already presented in (9) to the fields 4
and a’ in (11), one has

Jo h-curla’ dﬂ+frhn><h-a’ dTy, = [, Jjs-a' dQg,V a' € H(curl; Q). (12)

In order to satisfy strongly the lower part of the Tonti’s diagram (fig. 1), the
constitutive laws (2 a-b) have to introduce in (12), i.e.

1Jb-curla’dﬂ—cf e-adQ.+ jnxh-a’dl“h = st-a’dﬂs,

# Q T Qs

Vv a' € H(curl; Q). (13)
By substituting the magnetic vector potential @ in (3) and the electric field e in

(4) into (13), one has

%fﬂ curla-curla’'dQ—o [, d,a- a' dQ.+o [, gradv- a’' dQ. +

frhn Xh-a'dly = [, js-a' dQ,Va' € H(curl; Q), (14)
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where HY(curl; Q) is a curl-conform function space defined on € containing the
basis functions for a as well as for the test function a’(at the discrete level, this
space is defined by edge finite elements). The electric scalar potential v is only
defined in (.. A gauge condition must be imposed everywhere in (1 in order to get
is uniquely the magnetic vector potential a defined in ().

The tangential component of h on I';, in (14) is considered as homogeneous

Neumann BC, e.g. imposing a symmetry condition of “zero crossing current”
(nXhlrh = 0 = n'Curlthh = 0 (=1 n'jlrh = 0

4. APPLICATION TEST

The test problem is an actual problem, including the excitation coil, a magnetic
circuit and a plunger (fig. 1, /eff). The relative peameability of the magnetic circuit
and plunger u,=1000, the electric conductivity of the magnetic circuit and plunger
is 0 = 6.484 S/m, the frequency /= 50 Hz and the magnetomotive force is 500
(Ampere. Turn).

Magnetic circuit

2 ‘ 2

Cut line 2| Cut line 2

1 1
Cut line 1 Cut line 1

Coil Coil i hs
\; Plunger K \L P K J

Figure 1. Geometry (left) and the mesh (right) of the 2-D model.
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Figure 2. Flux lines (real part) of the magnetic vector potential (real part)

in the plate (left)and with the extrusion (right).
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Figure 3. Distributions of the magnetic flux density b (left)
and magnetic field intensity h (right).
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Cut lines (1-1) along the air and perpendicular to the inductors (m)
Figure 4. The cut lines of the magnetic flux density (real part) along the air gap
and perpendicular to the inductors with the different air gaps.
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Figure 5. The cut lines of the eddy current (real part) perpendicular to the plunger
and coil with the different air gaps.
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The adapted mesh in 2-D model is shown in figure 1 (right). The flux lines of
the magnetic vector potential (real part) in the plane and with the extrusion are
pointed out in figure 2. The distributions of the magnetic flux density b and the
magnetic field intensity /& due to the exciting/imposed current in the coil are shown
in figure 3. The figure 3 and 4 show clearly us the significant on the leakage and
fringing fluxes in the air gaps and near edges and corners of the magnetic circuit
and the plunger as well.

The cut lines (1-1) on the real part of the magnetic flux density along the air gap
(AG) and perpendicular to the coil/inductor are presented in figure 4. The obtained
results indicate that the value of the fringing and leakage fluxes changes with the
variations of the AGs. Namely, for the AG = 15 mm, the flux value is equal to 3,3
times of the AG = 5 mm, or 1.5 times of the AG =10 mm. This means that when
the AG is big, the fringing and leakage fluxes are high and inversely.

The cut lines (2-2) on the real part of eddy current perpendicular to the plunger
and inductors are depicted in figure 5. The eddy current values also vary with the
changes of the AGs. When the AG is small, the fringing and leakage fluxes is then
small and the main flux in the magnetic circuit is high. This leads to the eddy
current value of the AG = 5 mm being greater than the AG = 10 mm, or the AG =
15 mm. Specifically, when the AG = 5Smm, the eddy current value is qual to 2.75
times of the AG = 15 mm, or 1,85 times of the AG = 10 mm.

5. CONCLUSION

A FEM has been successfully applied with the magnetic flux density
formulation for computing the local fields (magnetic vector potential, magnetic
flux density, eddy current density) in the variation of the air gap and the magnetic
circuit as well. The obtained results of the method give researchers a general
picture about the accurate distributions of the fringing and leakage fluxes with the
variations of the AG. In particular, the method has been also successfully tested on
the practical problem.

REFERENCES

[1]. Pang Véan Dao - Lé Van Doanh, “Cdc phuwong phap hién dai trong nghién
ciru tinh todn thiét ké Ki Thudt Pién”, Nha Xuat ban Khoa hoc K¥ thuat Ha
Noi - 2001.

[2]. P. Dular, R. V. Sabariego, M. V. Ferreira de Luz, P. Kuo-Peng and L.
Krahenbuhl  “Perturbation  Finite Element Method for Magnetic
Circuits”, TET Sci. Meas. Technol., 2008, Vol. 2, No.6, pp.440-446.

[3]. S. Koruglu, P. Sergeant, R.V. Sabarieqo, Vuong. Q. Dang, M. De Wulf
“Influence of contact resistance on shielding efficiency of shielding gutters for
high-voltage cables,” IET Electric Power Applications, Vol.5, No.9, (2011),
pp. 715-720.

[4]. R. V. Sabariego, “The Fast Multipole Method for Electromagnetic Field
Computation in Numerical and Physical Hybrid System,” Ph. D thesis, 2006,
University of Liege, Belgium.

[5]. P. Dular, Vuong Q. Dang, R. V. Sabariego, L. Kréhenbiihl and C. Geuzaine,

30 D. Q. Vuong, B. M. Dinh, “A finite element method for ... electromagnetic problems.”



Research

“Correction of thin shell finite element magnetic models via a subproblem
method,” 1IEEE Trans. Magn., Vol. 47, no. 5, pp. 158 —1161, 2011.

[6]. Vuong Q. Dang, P. Dular, R.V. Sabariego, L. Krihenbiihl, C. Geuzaine,
“Subproblem approach for Thin Shell Dual Finite Element Formulations,”
IEEE Trans. Magn., vol. 48, no. 2, pp. 407-410, 2012.

[7]. Vuong Q. Dang, P. Dular R.V. Sabariego, L. Krdhenbiihl, C. Geuzaine,
“Subproblem Approach for Modelding Multiply Connected Thin Regions with
an h-Conformal Magnetodynamic Finite Element Formulation”, in EPJ AP.,
vol. 63, no.1, 2013.

[8]. Patrick Dular, Ruth V. Sabariego, Mauricio V. Ferreira de Luz, Patrick Kuo-
Peng and Laurent Krahenbuhl “Perturbation Finite Element Method for
Magnetic Model Refinement of — Air Gaps and Leakage Fluxes, Vol 45, No.3,
1400-1404, 2009.

[9]. Vuong Dang Quoc and Christophe Geuzaine “Using edge elements for
modeling of 3-D Magnetodynamic Problem via a Subproblem Method”, Sci.
Tech. Dev. J. ; 23(1) :439-445.

TOM TAT

_ MO HINH HOA BAI TOAN BIEN TU
BANG PHUONG PHAP PHAN TU HUU HAN

Cdc thiét bi dién tir dd c6 mat tai khd'p moi noi xung quanh cugc sé'ng cua
chung ta. Pac bi¢t, chung dong vai tro cuc ky quan trong cac linh vuc cua hé
théng dién. Do do, viec mo hinh hoa va phan tich bai toan dién tw da tro
thanh mét van dé dang quan tdm va mang tinh chat thoi sw déi véi cdc nha
nghién cieu va thiét ké thiét bi dién hién nay. Bai bdo ndy gidi thiéu phirong
phdp phan tir hitu han dé tinh todn sw phdn bé chinh xdc ciia tir théng tan va
tir thong ro véi sw thay déi ciia khe hé khéng khi, va sw phdn bé ciia ton hao
dong dién xody trong mach tir, cdi ma khéng thé gidi truc tiép bang phwong
phap gidi tich. Phuong phdp dwoc tiép cdp véi cong thirc véc to mdt do tir
cam.

Tuw khoa: Bai toan tir dong; Thiét bi dién tir; Mat do6 tir cam; Tir thong tan; T thong ro; Dong dién xody;
Phuong phap phan tir hitu han.

Received 06" March 2020
Revised 13" April 2020
Published 6™ May 2020

Author affiliations:
School of Electrical Engineering, Hanoi University of Science and Technology.
* Corresponding author: vuong.dangquoc@hust.edu.vn.

Journal of Military Science and Technology, Special Issue, No.66A, 5 - 2020 31



