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ABSTRACT

This study presents a method for estimating the temperature-dependent thermal conductivity of
phenolic/glass fiber composite materials using the Inverse Heat Transfer Problem (IHTP). The
thermal conductivity, assumed to be constant and a linear function of temperature, is determined
through fitting simulation results with experimental data. Temperature data obtained from the
heating experiment are used to construct the objective function according to the least squares
criterion between the calculated and measured temperatures. The forward heat transfer problem
is described by an unsteady one-dimensional heat conduction equation with a temperature-
dependent thermal conductivity. After discretization using the Finite Volume Method (FVM), the
heat partial differential equation (PDE) was transformed into a system of ordinary differential
equations (ODE). After that, the numerical solution of the ODE and the parameter optimization
were carried out in the MATLAB environment, with the optimization performed using the
“fminsearch” built-in function. The results show that the temperature-dependent thermal
conductivity model describes the heat transfer process more accurately than the constant thermal
conductivity model. The results confirm that the IHTP method is an effective tool for determining
the thermal conductivity of composite materials under experimental conditions.

Keywords: The temperature-dependent thermal conductivity; Inverse Heat Transfer Problem (IHTP); Phenolic/glass-
fiber composite.

1. INTRODUCTION

Glass fiber-reinforced phenolic composite materials (GPC), a charring ablator, are widely used
in thermal protection systems of rocket engines, high-temperature combustion chambers,
aerospace structures, and parts subjected to extreme heat loads due to their excellent heat
resistance, low density, and effective thermal insulation properties [1, 4, 6]. During exposure to
high-temperature gas streams, this material will form different regions (Figure 1): The virgin
material, the pyrolysis zone and the porous char layer [1, 10], leading to thermophysical properties
that also change with temperature and in different zones.

Thermal conductivity is one of the important thermophysical parameters that determines
directly the heat transfer rate and temperature distribution of materials. In the design and thickness
calculation of thermal protection systems, accurately characterizing the temperature dependence
of thermal conductivity is essential for improving the predictive accuracy and reliability of heat
transfer models. Although glass fiber-reinforced phenolic composites have been extensively
investigated with respect to their fabrication processes, mechanical performance, and thermal
resistance [7, 8], studies focusing on the experimental determination and mathematical
characterization of temperature-dependent thermal conductivity remain limited, especially in the
pre-pyrolysis (virgin zone) temperature range.

According to traditional experimental methods, determining the thermal conductivity
coefficient requires specialized equipment and high costs and is sometimes difficult to apply to
composite materials with heterogeneous structures or only provides average values within a certain
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temperature range. Therefore, with the increasingly strong development of computers in recent
decades, numerical processing of Inverse Heat Transfer Problems (IHTP) has been widely studied
and applied to determine thermophysical parameters from measured temperature data [2, 5].
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Figure 1. Physical model of the charring ablator thermal protection layer undergoing exposure

to a high-temperature gas stream [1].

Based on the above considerations, this study proposes an inverse heat transfer approach to
determine the temperature-dependent thermal conductivity of glass fiber-reinforced phenolic
composites in the pre-pyrolysis region (virgin material). The thermal conductivity is assumed to
vary linearly with temperature according to:A(7) = a + bT (with T [K]), where the coefficients a
and b are identified by minimizing the discrepancy between the calculated and experimentally
measured temperatures. To evaluate the necessity and effectiveness of considering the temperature
dependence of thermal conductivity, two thermal conductivity models are investigated:

Case 1: a linear temperature-dependent model, A(T)=a+bT (with T [K]),
Case 2: A=const.

The thermal conductivity parameters obtained from each inverse analysis are subsequently
employed in a one-dimensional transient forward heat transfer model to predict the temperature
history, and the numerical results are compared with the experimental measurements. This
comparison enables assessment of the predictive capability of each model and identification of
the most appropriate thermal conductivity representation for the investigated material. The
proposed methodology provides an effective approach for determining the thermal conductivity
of virgin phenolic composites and supplies reliable thermophysical properties for developing
more accurate thermal response models of thermal protection systems operating under high-
temperature environments.

2. THEORETICAL BASIS

2.1. Forward heat transfer problem

Consider a sample of a glass fiber-reinforced phenolic composite material with thickness (L). To
calculate the thickness of the heat-treated layer, several assumptions are used in this paper as follows:

- The heat transfer process in the sample is assumed to be one-dimensional (1D), perpendicular
to the heating surface.

- The density remains constant with temperature throughout the experiment.

- The experiment was conducted only at temperatures lower than the temperature before the
degradation reaction occurred.
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Based on the energy balance equation and Fourier's law of heat conduction, the differential
equation of heat conduction, boundary conditions, and initial conditions of the problem are
expressed as follows:

opCT oT
v a2 =0 '
o + ( ij ,With 0<x<L (D)
T|[:0=TO = const 2)
T, -1
pC(T)%aa—Z; =/‘L(T)M—h(T(L,t)—T6) and T| =T, A3)
x=0

Where:
- T'— Temperature [K];
- Ty — Initial temperature of the test sample /K/;

- MT)= Ao(1+ PT) the temperature-dependent thermal conductivity (W/m-K); f is called the
temperature coefficient of thermal conductivity [3]. Therefore, in this study, the thermal conductivity
is regarded as A(T)=a+bT, T is temperature [K] and a and b are constant (b # 0)

- p - Density of the composite [kg/m?];
- Cp — Heat capacity of the composite [J/kgK].

- h— Convective heat transfer coefficient between the composite surface and the environmental
air, [W/m’K]

- At the right-hand position, i.e., x = L, the problem follows boundary conditions of type I, with
a surface temperature 7w = 443 [K].

- At left-hand position, x = 0, the problem follows boundary conditions of type III; heat released
at this position is exchanged by convection with the air, with a convective heat transfer coefficient
h =25 [W/m’.K].
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Figure 2. Discrete mesh generation using the finite volume method.

In this method, the partial differential equation is only discretized in space; the result of this
discretization is a system of ordinary differential equations at nodal points in space. Then this system
of ordinary differential equations will be solved using tools for solving ordinary differential
equations. The advantage of this method is that the computation time is very fast, the solution has
high accuracy, and the programming time is also much faster than discretizing both spatial and time
dimensions in the classical way [5]. On that basis, equation (1) is expressed for element i as follows:

iAv 5(cppT) iAx ( aT)d
(i—.l")Ax ot y (i—.1|.)m ox * ( )

Using discrete approximation, the thermal energy accumulation within the element is
approximated as follows:

iAx 8(0 pT) dT
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30 N. T. Anh, ..., L. V. Hoang, “Determining the temperature-dependent ... the inverse method.”



Research

The heat flux component due to conduction is integrated and approximated as:

iAx
[ v.[zaa—T)dx=(z,+l,, g, Aij ©)
X

(i-1)Ax

Combining equations (5) and (6), we obtain the ordinary differential equation representing the
temperature change process of element i over time.

dr, 1 (1 T, -T, T;—T,-lj
T+1,i

= A L1
dt Ax(cpp)‘ Ax S Ax (7
];.
At the x = 0 surface, the sample is in contact with air. Using the approximation method, we have:
Ax OT (,-7)
C(T)—— =MT)—-nT,-T 8
PC() S % AN =5~ -T.) @®)
At the surface x = L with Tx+1 = Ty, represented under discrete boundary conditions:
dTN _ 1 TN+1_TN -1 TN_TN—I
dt Ax(cpp)‘ Y Ax M Ax ©)
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Grid convergence was verified by incrementally increasing the number of elements from N =
30 to 101. The results indicated that the calculated parameters and the objective function show
negligible changes with further mesh refinement, with relative differences between refined grids
of less than 1% (Table 1). Therefore, N = 101 was selected as a suitable compromise between
numerical accuracy and computational time and was subsequently used in the IHTP calculations.

Table 1. Grid convergence analysis with different numbers of control volumes.

Number of control volumes, a b Calculation time Relative
N (s) difference
30 0.3716 | 0.0005 44.734 -
60 0.3903 | 0.0005 111.190 4.79%
80 0.3945 | 0.0005 185.936 1.06%
91 0.3961 | 0.0005 257.908 0.40%
101 0.3971 | 0.0005 362.914 0.25%

2.2. Inverse heat transfer problem

The basis of this method is usually expressed in the following form: f{X) = Min. With f being
the objective function of the problem, X is called the input variable, X = /a, b]. Accordingly, for
each value of the input variable X (a, b), the returned objective function is the sum of the squared
differences between the simulated and experimental values. The smaller the result of the objective
function, the smaller the difference between the simulated and experimental results. The problem
of determining the parameters of the equation A(7)=a+bT (T, [K]) becomes the problem of
determining the minimum point of the function f{X). The goodness of fit between the model and
the experiment is evaluated through the objective function:

2
ERR(a,b)= 3" (T, —Tops ) (10)
i=l,n
Where: + Tsim,iis the theoretically calculated temperature;
+ Texp,iis the experimental temperature;

In this paper, the problem of finding the minimum value is determined using the “fminsearch”
function built into MATLAB software.
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3. EXPERIMENTAL

The research procedure is shown in Figure 3. Temperature data obtained from Experiment 1
were used as input data for the inverse problem to determine the thermal conductivity of the
material in Case 1 and Case 2. The determined thermal conductivity was then fed into a forward
heat transfer model to simulate Experiments 2 and 3. The simulation results were compared with
experimental data to evaluate the accuracy of the determined thermal conductivity.

Experimental 1
Tw = 443K

1 Thermocouple type K (2mm)
Estimated & = IHTP
I Thermocoupie type K (0,2mm)
‘ * o)
Case 1: Case 2:
J=a+hT J=const nonnnnonnong Narbertherm
I ] Precision Temperature Furnace
Scanner =
Forward heat Fluke 15864 Testing sa
transfer model
F— I
Validation ™ ‘ l’
Experimental 2 Experimental 3
Tw = 400K Tw = 523K
(a) (b)

Figure 3. Methodology of the proposed approach: (a) inverse—forward heat transfer analysis
and (b) experimental setup.

The composite specimens were cured at 160 °C under a pressure of 25 MPa for 30 minutes
using a direct thermocompression machine (symbol: Starmark) with a pressure of up to 30 tons
and a temperature of up to 230 °C at the Institute of Missile, Academy of Military Science and
Technology (dimensions: 70x70%20 mm (length x width x height)).

Table 2. Input parameters for calculation.

Property ‘ Symbol ‘ Value ‘ Source

Density P 1785 [kg/m’] measured
Heat capacity c 58.0123+3.1188.T [J/kg K] measured
Surface temperature Ty 443 [K] measured
Thickness of sample L 20x107 [m] measured
Initial temperature of sample. Ty 304 [K] measured
Convective heat transfer coefficient h 25 [W/m’ K] [3]
Environmental Temperature T, 304 [K] measured
*Throughout this paper, temperature is expressed in kelvin (K) and converted from the
measured sample temperature, Tsampie(°C), according to: T = Tsampie+273 (K).

In this experiment, the sample was heated from one side using a Nabertherm furnace (SN
217837), while the opposite side exchanged heat with the air via convection. The side surfaces of the
sample were insulated with glass wool to minimize heat loss and lateral heat flow. Consequently,
heat flow occurred primarily perpendicular to the heated surface; that is, through the thickness of the
sample, allowing the problem to be treated as one-dimensional heat transfer. Temperatures at the
heated surface and the opposite surface were continuously measured using K-type thermocouples
(2.0 mm, 0-1200 °C range; 0.2 mm, 0-300 °C range, respectively) and recorded at 25-second
intervals using a Fluke 1586A data logger (Figure 3b). Since the actual temperature at the heated
surface (Tw) was measured directly, this value was used as a boundary condition (Type I) for the
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mathematical model. To validate the inverse method, the sample's thermal conductivity at room
temperature (304 K) was independently measured using C-Therm equipment in accordance with
ASTM D7984 and compared with the results obtained from the inverse method. All experiments
were conducted at the Institute of Technology, General Department of Defense Industry.

The input parameters for the computational simulation are given in Table 2.
4. RESULTS AND DISCUSSION

4.1. Estimation A

Figure 4 and Figure 5, respectively, present the response surface and contour plot of the ERR
objective function for two cases of selecting the starting point of the optimization process. Case
1: Starting point xo = [ao, bo] = [0.3, 0.0001], corresponding to simultaneously optimizing two
parameters a and b. Case 2: Starting point xo = ao = 0.3, corresponding to the case where only
parameter a is optimized when the thermal conductivity coefficient is assumed to be temperature-
independent (A=const).
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Figure 4. Optimization results for determining the linear thermal conductivity function:
(a) response surface and (b) contour plot.

The results show that in both cases (Table 3), the objective function only exhibits one global
minimum within the domain under investigation, demonstrating that the inverse problem has a
definite solution and the fminsearch built-in function converges stably to the optimal solution. The
red point on the graph represents the position of the minimum of the objective function,
corresponding to the optimal set of parameters obtained after the optimization process (Figure 4a
and Figure 5).

Table 3. Identified thermal conductivity values.

Thermal conductivity
Case ERR
[W/m.K]
Case 1 MT)=0.3971 + 0.0005T" 5.2277
Case 2 A=0.5784 16.276
Experimental value (ASTM D7984-16) A=0.570 -
Reference value ('OCT 20437-89) A=0.6 -

*Throughout this paper, temperature is expressed in kelvin (K) and converted from the
measured sample temperature, Tsampe(°C), according to: T = Tsampie+273 (K).

For Case 1, the contour lines exhibit elongated elliptical shapes rather than nearly circular
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distributions. This feature indicates that the two unknown parameters, a and b, are correlated
during the inverse identification process. In other words, the effect of a variation in one parameter
can be partially compensated by an opposite variation in the other while maintaining a low value
of the objective function (ERR=5.2277). Such parameter correlation is commonly encountered in
inverse heat transfer problems involving the simultaneous estimation of multiple material
properties from the same set of temperature measurements.

For Case 2, only one parameter is optimized, resulting in a simpler response surface and a
faster, more stable convergence of the optimization process (Figure 5). However, the objective
function value (ERR = 16.276) is higher than that obtained for Case 1, indicating that the
assumption of a constant thermal conductivity is insufficient to accurately represent the heat
transfer characteristics of the material. Although the identified thermal conductivity is A=0.5784
W/(m-K), which differs by only approximately 3.6% from the reference value of 0.600 W/(m-K)
reported in the literature according to FTOCT 20437-89, the higher ERR suggests that neglecting
the temperature dependence of thermal conductivity reduces the predictive accuracy of the heat

transfer model.
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Figure 5. Optimization results for determining the constant thermal conductivity case.

4.2. Validation

For case 1, the thermal conductivity identified by the inverse heat transfer method at 304 K is
0.55 W/(m-K). This value agrees well with the authors' experimental measurement performed in
accordance with ASTM D7984-16 and differs by only approximately 8.3% from the reference
value of 0.600 W/(m-K) reported in the TOCT 20437-89 standard.

To assess the reliability of the results obtained, the paper conducted experiments using the
thermal conductivity coefficients obtained from Table 1:

Experiment 2: Front surface temperature Tw = 400 K (Figure 6a).
Experiment 3: Front surface temperature Tw = 523 K (Figure 6b).

Figure 6 shows that the back surface temperature of the samples increased rapidly in the initial
phase and gradually reached a steady state in both experiments. The model using the temperature-
dependent thermal conductivity coefficient (A = a + bT) fits the experimental data better, while the
A = Const model consistently predicted a higher value of approximately 4—7 K. This trend was
consistent under both experimental conditions, suggesting that considering the dependence of the
thermal conductivity coefficient on temperature more accurately describes the heat transfer process
in the material.
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Figure 6. Comparison of the predicted and experimental back-surface temperatures: (a)
Experiment 2 (T,w=400 K) and (b) Experiment 3 (T,,=523 K).

5. CONCLUSIONS

In this study, an inverse heat transfer method was employed to determine the thermal
conductivity of glass fiber-reinforced phenolic composites from experimentally measured back-
surface temperatures. The results show that the thermal conductivity is temperature dependent and
can be expressed as:

MT)=0.3971 + 0.0005T
Where: T [K], applied in the range 273 < T <573 K.

Compared with the constant thermal conductivity model, the proposed temperature-dependent
model provides better agreement with the experimental temperature histories, confirming the
importance of accounting for the temperature dependence of thermal conductivity. The proposed
thermal conductivity function can be used in the design and thermal analysis of glass fiber-reinforced
phenolic thermal protection systems. Moreover, the proposed inverse heat transfer approach can be
extended to determine the thermophysical properties of other thermal protection materials.
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TOM TAT

Xic dinh hé s6 din nhiét phu thudc nhiét do
cua vit li€éu composite nhya phenolic/sgi thiiy tinh bang phwong phap ngugc

Nghién ciru nay trinh bay phwong phdp xdc dinh hé sé dan nhiét ' phu thuge nhiét do cua
vdt liéu composite phenolic/soi thiy tinh bang phuong phap truyen nhiét nguoc (Inverse
Heat Transfer Problem — IHTP). Hé s6 dan nhiét, dwoc gia thiét la hang sé va ham tuyén
tinh ciia nhiét @b, dwoc xdc dinh thong qua qud trinh khép giita két qud mé phong va div
liéu thuc nghiém. Dir liéu nhiét do thu dwoc tir thi nghiém gia nhiét duoc sur dung dé xay
dung ham muc tiéu theo tiéu chudn binh phuong 16i thiéu gitta nhiét do tinh toan va nhiét
do do dwoc. Bai toan truyén nhiét thudn dwoc mo ta bc%ng phuwong trinh dén nhiét mét chiéu
khong on dinh véi hé sé dan nhiét phu thugc nhiét do. Hé phuwong trinh sau khi roi rac hoa
theo phwong phdp phan tir thé tich duoc chuyén thanh hé phwong trinh vi phan thiuong. Qua
trinh giai phwong trinh vi phan va 161 wu tham s6 dwoc thue hién bang phan mém MATLAB.
Cdc tham s6 ciia ham hé so dan nhiét dwoc xdc dinh thong qua qud trinh 16i wu héa nham
cuee tiéu héa ham muc tiéu. Két qua nghién curu cho thay mé hinh hé sé déan nhiét phu thuoc
nhiét do mo ta qua trinh truyén nhiét chinh xac hon so véi mé hinh hé sé déan nhiét khong
doi. Két qua khang dinh phirong phdp THTP la mt cong cu hiéu qua dé xdc dinh hé sé dan
nhiét cua vat ligu composite trong diéu kién thuc nghiém.

Keywords: Hé sb din nhiét phy thudc nhiét do; Phuong phap ngugc; Composite phenolic/soi thity tinh.

36 N. T. Anh, ..., L. V. Hoang, “Determining the temperature-dependent ... the inverse method.”



