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ABSTRACT

In this paper, a non-holonomic dynamic model of an unmanned ground vehicle (UGV) mounted
with a launcher (LV) is established based on the Lagrange equations with multipliers. The inverse
dynamic model of the UGV-LV mechanical system is formulated as a basis to determine the
required wheel-axle torque laws for tracking target trajectories, as well as the dynamic nature of
the Lagrange multipliers. The integrated UGV-LV dynamic model serves as the basis for the
structural design of the UGV-LV and the synthesis of its controller.

Keywords: Unmanned ground vehicle; Nonholonomic system; Lagrange multiplier; Pseudoinverse matrix.

1. INTRODUCTION

UGVs typically navigate complex terrains while carrying an LV that demands high-
precision elevation and azimuth control. From a mechanical standpoint, the UGV platform,
due to its wheeled locomotion, constitutes a nonholonomic system, when integrated with an
LV, the combined UGLV inherits this nonholonomic property. Dynamic modeling of UGVs
remains a highly relevant research domain that has attracted a vast body of literature. Unlike
holonomic systems, which are governed exclusively by geometric constraints, nonholonomic
systems are subjected to additional kinematic constraints. These are characterized by non-
integrable, first-order differential equations that couple the system's velocity components,
thereby rendering the formulation of nonholonomic equations of motion far more complex
than that of holonomic counterparts.

Among the published literature, Albagul and Wahyudi [1] presented significant results on the
dynamics and control of a mobile module. In their dynamic model, the authors formulated the
nonholonomic constraint equations for a UGV undergoing planar motion. The system of non-
holonomic constraint equations developed by the authors for the case of a UGV moving on a plane,
combined with the equations of motion, was used to synthesize the controller. Additionally, Chu
Anh My et al.[2] published findings on establishing the dynamic equations for a UGV propelled
by omnidirectional (Omni) wheels. Anna Jaskot and Bogdan Posiadala [3] developed a dynamic
model for UGVs under unstable conditions with non-collinear wheel steering orientations. Igor
Zeidis and Klaus Zimmermann [4] formulated the dynamics of a UGV equipped with Mecanum
wheels, a configuration widely adopted for indoor mobile robots. Furthermore, Jiri Balla [5],
J.Dziopa [6] investigated the vibration responses of a UGLV system subjected to firing forces. In
general, existing literature has predominantly focused either on the independent dynamics of the
UGV platform or on the vibration analysis of the vehicle during stationary firing. The coupled
dynamic behavior of the integrated UGLV system during on-the-move operations remains
unaddressed. Moreover, the conventional governing equations of motion have been limited to the
operational space formulation. In practice, these equations are highly challenging to implement in
control law synthesis due to the significant errors and difficulties associated with feedback signals
regarding the UGV's center of mass and orientation. To overcome this limitation, this paper
presents the formulation of the dynamic equations for the coupled UGLV platform undergoing
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simultaneous motion. Utilizing a multibody dynamics approach, the kinematic relations,
nonholonomic constraints, and equations of motion are systematically derived in a concise and
explicit closed-form. Furthermore, Lagrange multipliers are eliminated to reduce the governing
differential equations of motion into a minimal form within the joint space. Combined with the
nonholonomic constraints, these reduced formulations yield a system of differential-algebraic
equations ideally suited for both structural design and control loop synthesis. The validity of all
intermediate analytical steps in this derivation has been cross-verified using Maple and MATLAB.
The remainder of this paper is organized as follows: development of the mathematical model,
result simulation based on a set of initial parameters, discussion, and conclusion.

2. MATHEMATICAL MODEL

2.1. Kinematics model

The mechanical system, illustrated in Figure 1, comprises two main interconnected rigid
bodies: (1) a UGV platform configured with two rear driving wheels and a front castor wheel,
whose dimensions and mass are negligible compared to those of the UGV and LV, and are thus
omitted from the mechanical formulation; and (2) a launching vehicle (LV) attached to the UGV
body via a revolute joint aligned with the vehicle's center of mass, without loss of generality.
Driven by independent torques applied to the left and right wheels, the UGV is capable of
maneuvering across any location on an infinitely rigid ground plane.

The mathematical model of the mechanical
system is formulated based on the following
assumptions: (i) all components within the
system, including the vehicle chassis, left and
right wheels, and the LV, are treated as perfectly
rigid bodies; (ii) the UGV navigates exclusively
on a flat and infinitely rigid surface; (iii) the
driving wheels satisfy pure rolling conditions
without slipping; (iv) all kinematic joints are
assumed to be frictionless; and (v) the mass and
inertia of the castor wheel are negligible relative Zc
to the entire system. k

G

0]

XG
Figure 1. Kinematic model of the UGLV.

To formulate the mathematical model, the
following reference frames are established:

Og (XG,YG g )IThe global inertial reference frame fixed to the ground plane; 0, (XP,YP »Zp )3
The body-fixed coordinate system attached to the vehicle chassis; OL (XL,YL WLy )3The wheel-fixed
coordinate system attached to the left driving wheel; OR (XR,YR "Ly )3 The wheel-fixed coordinate

system attached to the right driving wheel; Og (XS,YS,ZS )3 The coordinate system fixed to LV.

q, = [(]L qR]T eR’: The vector representing the angular displacements (rotation angles) of
the left and right driving wheels; q, = [xp y, @, ]T e R’ The vector of generalized coordinates

of the vehicle chassis; g; — The generalized coordinate of the LV;
The total vector of generalized coordinates investigated within the system configuration is

T
deﬁnedas:qez[% qr Xp Vp ®p %] eR’
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2.1.1. Forward kinematics

- The direction cosine matrix (rotation matrix) mapping the wheel frame O, to the chassis frame
Oris expressed as:

1 0 0
Ap =|0 cos(g,) —sin(g,) (1
0 sin(g;) cos(q,)
- The direction cosine matrix mapping the frame O to the frame Op is expressed as:
1 0 0 |
App = 0 cos(gy) —sin(qg) )
|0 sin(gz) cos(q)
- The direction cosine matrix mapping the frame Op to the frame Og is expressed as:
[cos(p,) —sin(@,) 0]
Agp =| sin(gp)  cos(g) 0 3)
0 0 1

- The direction cosine matrix mapping the frame Oy to the frame Op is expressed as:
cos(q,) —sin(g,) O
Ay =|sin(q,) cos(g) 0 4)
0 0 1
- The direction cosine matrix mapping the frame Ok to the frame Og is expressed as:
Ap =Ag A AL =AG Ay S Ag=Ag A ®)
- The position vector of the origin Op expressed in the frame Og is expressed as:
r,=[x, v, R+H| (6)
The position vector of the origin Oy expressed in the frame Og:
X, —W cos(@,)+esin(g,)
o =Top + A ey =| ¥, ~Wsin(p,) - ecos(p,) %)
R
The position vector of the origin Or expressed in the frame Og as:
X, +W cos(@,)+esin(g,)
For = Top + AgpTons =| v + W sin(p,) — ecos(p,) ®
R
The position vector of the origin Os expressed in the frame Og as:
Fys =Tpp+ Agplpp =[%» v, R+H+h] )
The position vector of the LV center of mass Os expressed in the frame Og as:
X, —rcos(@,)sin(g,) —rsin(e,)cos(q,)

Yog =Yy + Ao =| Vp +7C08(¢,)c0s(q,) — rsin(@,)sin(g, ) (10)
R+H+h
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Consequently, the formulations from (1) to (10) fully parameterize the geometric configuration
of UGLV model. The mathematical expressions for identifying the system's kinematic parameters
are detailed below.

The determination of the angular velocity for each rigid body within the frame Og is based on
the skew-symmetric matrix (hat operator) of the angular velocity vector. This skew-symmetric
operator is defined by the following formulation [7]:

®d=AA" (11)

From this kinematic operator, the components of the angular velocity vector for individual

bodies can be readily obtained.

The angular velocity vector of the left wheel, the right wheel, vehicle chassis and LV resolved
in the frame Og is

g, cos(¢p) 4 cos(@p) 0 0
0, = qL sin(qop) ;) Op = q.R Sin((”.v) s®p = 0 |; O, = 0 (12)
¢P qbp ¢P q‘l + ¢P

The linear velocity of the center of mass is determined through the derivative of the center of
mass's coordinate with respect to time.

A critical aspect investigated in this system is the nonholonomic constraint formulation. It is
readily apparent that employing all six generalized coordinates within the vector introduces
redundancy, given that a subset of only three independent generalized coordinates such as gi, gr
and ¢ is sufficient to fully parameterize the configuration space of LV. Consequently, these six
coordinates are interdependent; selecting any three coordinates allows the remaining ones to be
implicitly coupled through constraint equations. Although variations in the generalized coordinates
gL, gr and g alter the spatial pose of LV, unlike conventional serial or parallel manipulators, no
direct algebraic geometric constraints can be established among these variables to uniquely define
the robot's position. Instead, the spatial positioning of LV is governed by wheel-ground physical
interactions, which are mathematically manifested as non-integrable kinematic constraints in
velocity form.

Og Yo

Based on the idealized pure rolling without slipping
assumption, the absolute linear velocity at the center of
mass of LV is derived directly from the wheel kinematic
states specifically, the angular velocities of the two
independent driving wheels, ¢, and ¢, .

At any given instant, there always exists an
instantaneous center of rotation, denoted as M, for the
chassis. From the velocity distribution depicted in Figure
2, the following relationship can be readily derived:

Xs
Figure 2. Schematic for determining
the velocity at the chassis center of mass.

I Rsin(gp,) Rsin(g,) 1
. 2 2
1| Reostg,)  Reos(p,) |[4
. CoS(@p P L

=|- - 1

)‘;P > 5 L-J (13)
Op R R

LW ]
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The equation (13) is given in the following form

A(q,)4. =0 (14)
where A(qe) VR**
2 2
R R
Adq)=| - Reos@) _Reosgy) oy (15)
2 2
R _R 0 0 -1 0
LW w ]

The constraint formulation in (15) mathematically represents the nonholonomic constraints
of the system. From a physical perspective, these constraints govern the vehicle's motion profile;
in other words, they bound the admissible kinematic trajectories of the UGLV. Consequently,
this kinematics-velocity coupling induces constraint forces, which will be thoroughly
investigated within the framework of the dynamics section. Another noteworthy property is that
these three kinematic constraints are linearly independent. Therefore, the constraint matrix A(qe)
exhibits a full row rank of 3, a mathematical property that plays a critical role in subsequent
multi-body dynamic formulations.

2.1.2. Inverse kinematics

Here, a simple inverse kinematics problem is chosen: let
UGVLYV move along a straight line segment AB while LV
always aims at target M, as illustrated in Figure 3.

The yaw angle of the UGV and LV is determined as
follows:

- -

AB.PM
_ Yy B Y AN = - 16
=at ; acos
Pp aan(XB_xA) 9 (AB.PM) (16) X
Choosing a trapezoidal speed control law with acceleration
and deceleration times ts, the trajectory equation s(?) of the
UGV is determined as follows:

Figure 3. Spatial configuration of
the vehicle on the trajectory
segment AB.

s0+5amt2 0<t<t,

s(t) = t,<t<T—t,

(17

1
Sy — Eamtf +a,lt

sl—%amTz+amTl‘—lamt2 T—-t <t<T

where s signifies the initial position of the vehicle along the path; ., is the constant magnitude of
acceleration during both the startup and deceleration phases; and s; represents the total
displacement, equivalent to the length of the segment AB.

2.2. Forward dynamics
The non-holonomic constraint is a form of force, and therefore it is added to the Lagrange equation.

d(orY (erY (o) .
al%) &) (5] reraan a
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Consequently, the differential-algebraic equations of motion (18) can be compactly
transformed into the standard matrix-vector formulation:

M(q,)d. +C(q,.q.)4. +G(q,) =Q + A" (q)A (19)
where M(qe) - The generalized inertia matrix; C(qe,qe): The Coriolis and centrifugal matrix;
G(qe) - The generalized potential force vector obtained from the gradient of the total potential

energy; Q=[TL 7. 0.0 0 7 ]T - The generalized active force vector [8].

To facilitate the numerical integration of the differential-algebraic equations of motion (19), it
is necessary to eliminate the unknown Lagrange multipliers A, the constraint Jacobian matrix A(qe)
exhibits a full row rank of 3. Consequently, there exists an orthogonal matrix S(qe) with a full
column rank of 3 that spans the null-space of A(qe.), such that: A(q,)S(q,)=0

It is readily observed that:

1 0 0
0 1 0
Rsin(p,) ~ Rsin(g)
2 2
S(q.) = _ Rcos(¢,)  Rcos(¢,) 0 (20)
2 2
® R
w w
i 0 0 1]
It can be seen that
4. =S(q)4> 4. =S(q.)d +S(q.)q 21
Using Equation (21), multiplying both sides of Equation (19) by S’ yields
S'MS{+S"(MS+CS)q+S'G =S"Q (22)
Equation (22) can be written as
M,i§+C,q+G, =Q, (23)

where the reduced dynamic matrices are defined as: M, =S’MS; C,=S"(MS+CS);
G,=S"G; Q,=8"Q=1,V0it=[7, 7, 7] .

Combining equations (23) and (14) results in the complete differential-algebraic system of
equations governing UGLV dynamics:

MG+Cq+G =1
{ A+CATG, 24
Aq, =0
and
A=(AM"ATY(AM™(C4, +G-Q)-Aq,) (25)

Utilizing equation (25), the instantaneous magnitudes of the physical constraint forces A can be
explicitly computed at each time step, noting that A depends strictly on the generalized positions
and velocities of the redundant coordinate configuration q.

2.3. Inverse dynamics

A core requirement for any practical autonomous system is to strictly satisfy its operational
mission and functional requirements. For UGLV under consideration, the L'V must continuously
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maintain line-of-sight tracking toward a designated stationary target, while the UGV
simultaneously navigates along a predefined spatial trajectory. The inverse dynamics problem
investigates the system force behaviors and torque profiles necessary to satisfy these targeted
functional specifications.

Within the framework of the inverse dynamics analysis, the reduced equations of motion (23)
are formulated explicitly to calculate the input actuation torques as follows:

T=M,4+C,q+G, (26)
3. RESULTS AND DISCUSSION

3.1. Forward kinematics and forward dynamics simulation

The UGLYV parameter set is used for this simulation as follows:

W=1[m];e=0; H=0,5[m]; R=0,2 [m]; #=0,5 [m]; r=0,2 [m]; m. = 1 [kg]; mg = mz; mp
=30 [kg]; ms =1 [kg]; g = 9,8 [m/s?]; I =2.107 [kg.m?]; [1. = 3.107 [kg.m?]; Ipy = L1x; Ip- = 112
Ip.=4.10% [kg.m?]; Ip, = 3.102 [kg.m?]; Ip. = 3.107 [kg.m?]; Is. = 0,5.107; 7, =0; 7z =-2 [N.m]; 7;
=0,5[N.m].

As illustrated in Figure 4, it is observed that the left and right wheels rotate in opposite
directions when the driving torque is selectively applied only to the right wheel. Note that the
rotational direction of the wheels is opposite to the forward translational motion of UGLV. Figure 5
indicates that the vehicle moves along a spiral trajectory, where the expansion rate of the spiral
radius depends strictly on the applied driving torque.

T T T 0.15
w0~ B R e
______ aR ' ' 0.1
= at | ; :
200 b T Feesa
E ' : e -
T il E
o 0 I e LR LR, Q ¥
o T
i e
=3 ' ' h"“‘"h ' 0.05
Bl A S
“-“ 01
-
_400 | | | |
0 2 ‘_ & & 10 0133 025 0z 015 o1 005 0 005
Time[s] - xP[m]
Figure 4. Time histories of the left wheel, Figure 5. Planar trajectory of UGLV under
right wheel, and LV angular displacements. single-wheel actuation.
The constraint forces A and A, oscillate 5 , ,
. . . . . - Lamdai . .
with an increasing amplitude over the time . ' T
. . .= Lamdaz2 , :| i 0
domain (Figure 6), whereas A; remains Lamda3 ! i !I i
invariant during the spiral trajectory of the A il aldl

robot. The progressive growth in the
oscillation amplitude implies that as the radial
displacement of the spiral path increases, the
physical constraint forces required to maintain
the non-slip wheel-ground contact aligned
with the directional row vectors of the = : : i i
constraint Jacobian matrix A(qe) must scale up 0 2 + B & 10
accordingly. Conversely, the joint constraint . ) .T'm&[sf]

force keeps UGLV rotating stably about its Figure 6. Time histories of the Lagrange

own revolute axis remains stationary. multipliers .

Lamda[r]
(=]
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3.2. Inverse kinematics and inverse dynamics simulation

During the simulation, the joint torques (7z,7z and 7;) are determined based on a predefined
motion trajectory and UGLYV velocity profile. The UGLV configuration parameters are identical
to those in the previous simulation, supplemented by the following parameters: 4(0;0); B(4;2);
M(1;3); t, =2 [s]; s0 = 0; Viax = 0,5 [m/s].

Based on these numerical inputs, the transient simulation results are obtained as follows:

4 . .
: : : P : :
N N N Vot 1 1
' ' ' [ ' ' '
8 IO U S N Al R S e
""" A : :
' ' S ' ' f— ' '
— 1 1 [ 1 1 = 1 1
P U T N R i e S
L 2 4 E . . .
o : [ : :
E = h h h
Y SRS 77 SO
! L mlai phiP
L at
I:IE '—'-'—'-'—'-I:-'-'—'-'—'-'—r-'—'-'—'-'—':l'—'-'—'-'—'i:'—'-'—'-'—'-lh'-'—' =1
0 2 4 6 8 10 12
Time[s] Time[s]
Figure 7. Time histories of the global Figure 8. Time histories of the orientation
position coordinates xp and yp. angles @p and q,.

The time histories of the generalized coordinates is illustrated Figures 7 and 8. xp, yp, and ¢
exhibit trends similar to s(z), while @p remains constant as the UGLV moves along the straight line
segment AB.

: . 0.23 . : : . :
I ek dgldt | : : : : :
_|:|_2. e m == P [ - 1 1 I 1 1
_ ! daRudt | 02}----- T PR . Fe--e- oo
E 0.45-}--- PR R s PR B 7 _ : : | \ |
% 05}--%-- ----- ------ ----- ---------- . E LRl R SR """ """
=g Y S W R P & s - Y [ o . W
£ : : : : : T : : : ; :
2 Af---- I Ao [R— N SR {4 - : : : : :
U L} 1 1 1 1 1 1 1 1
= : : : : 0.05 |- -- T s e booe- .
12 p-----f----- a------ r----- inlelr il b ! ! ! ! !
14 : : : : : 0 : : : : !
0 2 4 ] 2 10 12 0 2 4 ] 2 10 12
Time[s] Time[s]

Figure 9. Time histories of the left and right Figure 10. Time history of the LV angular

wheel angular velocities ¢, and g,. velocity dg,
dt

The joint velocities of individual components initially increase and subsequently decrease over
the time domain, as illustrated in Figures 9 and 10. This behavior agrees with the prescribed
velocity of the UGV.

The joint torques over time are illustrated in Figures 11 and 12. This trend is consistent with
the variation in the angular acceleration of the revolute joints. These profiles serve as a basis for
selecting the corresponding motor parameters and mechanical design.
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0.5 :
E Lo
Z :
o 0
s : : :
0 2 4 6
Timels] Time[s]
Figure 11. Temporal evolution of the left Figure 12. Time history of the LV revolute
and right wheel driving torques. Jjoint driving torque.

Furthermore, by evaluating the analytical closed-form expression (25), the corresponding
verification results for the physical constraint forces A are explicitly obtained and illustrated in the
figures below.

4 1 1 1
: , : 0.02
Z 2 l_-;_-iidl______L_____J:______5' ___________
o H 1 ! ' — 0.1
T i : : =
E H ' ! ]
o 0 | : e 3
= | ' ! E 0
3 ; ; . 3
E : : DL
E 2 B -0.01
' P mem— Lamda
! ! Lamdaz
-4 L L L _0.02 1 1 1 L 1
0 2 4 6 g8 10 12 poz 4 6 g 10 12
Time[s] Time(s]
Figure 13. Time histories of the Lagrange Figure 14. Time history of the Lagrange
multipliers A; and A». multiplier As.

The constraint forces, as illustrated in Figure 13 and Figure 14, required to strictly satisfy the
prescribed kinematic velocity profiles possess opposite signs (orientations) along the directional
row vectors spanned by the constraint Jacobian matrix A(qe).

4. CONCLUSIONS

Based on the formulation of kinematic constraints and inverse kinematics ensuring that the LV
mounted on UGV constantly tracks the target during motion and by applying the Lagrange
equations with multipliers, the dynamic equations describing the motion of the UGLV have been
successfully established in matrix form. Through mathematical transformations, redundant
generalized coordinates were eliminated, and the multipliers were successfully decoupled and
isolated, thereby clarifying the physical nature of these components. Application to a specific
physical model initially demonstrates the validity of the developed mathematical model. These
results serve as a foundation for structural design, as well as the design and synthesis of the control
system for the UGLV.

Future research will focus on controller synthesis, simulation, analysis, and the development of
the UGLV control system for real-world applications, building upon the verified dynamic model.
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TOM TAT

X4y dyng mé hinh dong lyc hoc phi ho-16-ném
cuia thiet bi khong ngwoi lai mat dat mang thiét bj phong

Trong bai bao nay, mé hinh dong luc hoc phi holonomic cua xe ty hanh mat dat (UGY)
gdn bé phéng (LV) dwoc thiét ldp dira trén phwong phdp phwong trinh Lagrange nhan tir.
M6 hinh dong luc hoc nguoc cuia hé co hoc UGV-LV dwoc xdy dung lam co so dé xac dinh
cdc quy ludt mé men truc banh xe can thiét cho viéc bam quy dao muc tiéu, ciing nhw ban
chat dong luc hoc cua cac nhan tr Lagrange. M6 hinh dong luc hoc tich hop cua hé UGV -
LV lam co s6 cho viéc thiét ké két cau ciia UGV-LV va tong hop bé diéu khién.

khoa: Thiét bj khong ngudi 1ai mat dit; Phi ho-16-n6m; Nhan tir Lagrange; Ma tran tira ddo.
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