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ABSTRACT

This paper considers an induction motor model controlled by stator currents in the presence of
unknown resistance, inductance, and load torque. A parameter-linearized regression model is
derived from the control-signal dynamics, enabling the application of the Dynamic Regressor
Extension and Mixing (DREM) technique. Using measurements of the rotor angular velocity, an
estimation algorithm for the unknown parameters and a rotor-flux observer are developed. The
proposed dynamic control law stabilizes the motor at a constant reference speed and guarantees
global stability of the closed-loop system.
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1. INTRODUCTION

Induction motors are extensively utilized in industrial and transportation systems due to their
robustness, low cost, and high reliability. Nevertheless, the design of high-performance control
strategies for induction motors remains challenging in the presence of uncertainties in key
electrical and mechanical parameters, such as stator resistance, inductance, and load torque, which
may be unknown or time-varying. These uncertainties can significantly deteriorate control
performance, particularly in sensor-limited scenarios where only partial state measurements are
available [1].

In [2], a class of electromechanical systems relevant to alternating current (AC) electric motors
is studied, and an output-feedback passive control law is proposed. This work provides an
important contribution to the theory of output-feedback passive control for AC machines under
realistic assumptions on system structure and parameter availability. The main result identifies a
class of machines for which the output torque-tracking problem can be addressed using passive
output-feedback control. The invertibility condition established in [2] is analogous to the full-rank
condition of the decoupling matrix in geometric control theory [3].

Several approaches have been developed for the estimation of unknown constant parameters,
including least-squares methods [4], gradient- and integral-based adaptive schemes [5, 6], and
optimization-based techniques [7]. In this work, the Dynamic Regressor Extension and Mixing
(DREM) method [8] is adopted due to its ability to combine the advantages of least-squares and
gradient-based adaptive estimation. By applying linear filtering to regression models with time-
varying coefficients and exploiting the swapping lemma, DREM converts a vector regression into
a set of scalar regressions, thereby enabling efficient estimation of unknown parameters using
measurable or computable signals.

This paper proposes an output-feedback control strategy for an induction motor with
unknown stator resistance, inductance, and load torque. The proposed approach integrates a
DREM-based parameter and rotor-flux estimation scheme with a nonlinear backstepping control
design [9, 10]. A novel control law is developed to ensure online estimation of the unknown
parameters while guaranteeing closed-loop stability and asymptotic convergence of both torque-
and flux-tracking errors.
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The main contributions of this paper are summarized as follows:

1. A linear regression model is derived to enable DREM-based estimation of unknown motor
parameters and rotor flux.

2. An output-feedback control law is developed by integrating parameter and flux estimation
with nonlinear backstepping control, while ensuring closed-loop stability.

3. Arigorous stability analysis is provided to establish global asymptotic convergence of both
estimation and tracking errors.

4. Numerical simulation results are presented to demonstrate the effectiveness and robustness
of the proposed method under parameter uncertainties.

The remainder of this paper is organized as follows. Section 2 presents the induction motor
model and problem formulation, followed by the development of the DREM-based parameter
estimation algorithm, the proposed control design, and the corresponding stability analysis.
Section 3 presents the simulation results. Finally, Section 4 concludes the paper.

2. METHODOLOGY

2.1. Problem statements
We consider the dynamic model of an induction motor [13].

. R_. R

=——2A+— 1
A L'H_Lu (1)
ran—puT]/l (2)
Dw=1t—1 3)

where A(t) € R? is the rotor flux vector, u(t) € R? represents the stator currents serving as the
control input, w(t) € R is the rotor angular velocity, assumed to be measured without error, T €
R denotes the electromagnetic torque, and 7; € R is the load torque, which is assumed to be
constant. The parameters R > 0, L > 0, and D > 0 correspond to the resistance, inductance, and
rotor inertia, respectively; n,, € Z, is the number of pole pairs, and

)= [(1) 01]

The control objective is to design a control law that asymptotically stabilizes the rotor speed at
the prescribed reference value, under the assumption that the resistance, inductance, and load
torque are unknown and satisfy

lim (w(t) —w?) =0 4)
2.2. Controller design
2.2.1. Estimation of unknown parameters

Proposition 1: [11] Let the control signal u(t) € R? be generated by a dynamic system
described by

u(t) = hi x(6), x(t) = Tox(t) + bov(t) (5)

with the initial condition ¥(0) € R? and a new control input v(t) € R?. The vectors are defined
as h,, = col(l,0,...,0), by = col(0, ...,0,I), I - the identity matrix with appropriate dimensions.

Then, for the system described by (1) — (3), the following relation can be derived:

z(t) =y"q() (6)
where z(t) ER and q(t) = col(qy,...,q¢) € R® are computable functions, and y =
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Y(R,L,t;) = col(yq, ..., ¥e) € R® is a vector of constant unknown parameters.
Proof:

Define a = % and b = nL_p; then equation (1) — (3) can be rewritten as

A=—al+ axs (7
Di + 1, =bylja (8)
Differentiating (8) twice yields
Dis = (x} — ax})bJa 9
D& — x3abJx1 = (X3 — 2ax} + a’x1)bJA (10)
Equations (8) and (9) are expressed in matrix form as
D“’”L]_L( % ]b]/l, (11)
where we define
T
X
w=|, ! Tl
XZ - a)(l
Substituting the expression for bJ A obtained from (11) into (10) gives
1[Dw+7t
D& — x5abJx1 = (x5 — 2ax} + a’x;)W! [ D L]
. 12)
_ (T _ T, 2 Dw+r1y (
= (){3 2ax% + a7 det(W) ———adj(W) Dé ]

Substituting the values of the Cramer operators det(W) = y3Jx; and adj(W) =
[aJx1 —Jx2 Jx1]into (12) yields the following relation

JxZ]T [Po + 1) (13)

(D& — xFabJx)x2lx1 = (x5 — 2ax5 + a?x7) [ Jx1 D

] X1
which, after expansion, can be rewritten as
DaxiJxz —DixiJxs + Do® xi)x1
= a(Daoxs) x1—2Ddx3 ] x1) — TLx3) X2 + abxp X1 X3 X1 (14)
+a?Dwxilxz + at x3)x1 + a*t x1)x2

To eliminate the unavailable derivatives of the variable w in (14), linear time-invariant filters
of the form
1

(p+a)
are applied, where p = % denotes the differentiation operator, @ > 0 is a tuning parameter, and
i = 1,2,3. These yields

Hs[Dax§)xz — Dix5Ixs + Do®x3)x1]
= aH3[Dwxs ] X1 — 2Ddx3 ] X1] — T H3[X5)x2] + abH3 [ x5 X120 x4
+a® H3[D oxi)x2] + at, Hsxz)x1l + a>t . Hs X1 x2]
Using the Swapping Lemma [12], the unmeasurable derivatives of the speed w are eliminated

Hil] = ——[1]
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through a sequence of transformations. In particular, for the first term on the left-hand side of (14),
the Swapping Lemma yields

. 1 .
HsDax3Jxz =D W)(g])(zw

p
pt+a

1
P +a [w] = DW(XIIXZ + x5 x3) [w]

= DH, x3) X2 — DH3 x40 X2
Applying the same procedure to the remaining terms in (14) and collecting the resulting terms,
equation (14) can be expressed in the linear regression form (6), where the functions z and q are
computed as
z=Dx3Jx1903 — DH; [Xg])h(ﬂz + 393)]
+ DH, [Xgl)(z (Q1 + 20, +303) + x4Jx1(2Q, + 393)]
= DH3[x4) X2 (Q1 + 207 + 303) + vTJxa (22 + 03)]

q. = —D}[1[2X£]X192] + DH, [X£]X1(Q1 + 492)] - D}[3[(X£]X1 + XEIXZ)(Q1 + 292)]

42 = —3:[xX)x]. a5 = 73 [ (X3Ix0)° | € = DI [xEIx1 0] — DHs[XT X0

s = Hz[x3x1] 46 = Hs[x1Jx:]

where Q; = p'(p + a)"‘[w], i = 1,2,3, and the parameter vector ¥ depends nonlinearly on the

load torque t; and the parameters a and b, which are functions of the resistance R and the
inductance L.

1 T
= Dm)(s])(z

yi=[a t, aba? at, a?t]
This completes the proof.m

Following the DREM approach [8], six distinct positive constants a;, [l = 1, ...,6, are selected,
and the corresponding equations (6) are stacked to obtain

Z(t) = Q)Y
with Z(t) = col(z(t, ay), ..., z(t,ag)) and Q(t) = col(q” (t, @), ...,qT (t, ag)). The regressor
Q(t) is then mixed using the Cramer operators.
{(t) = adj(Q(t))Z(1), A(t) = det(Q(D))
This  procedure yields a set of regression equations of the form
{(t) = Ay +(t)

with a common scalar regressor A(t) E R and a vector of computable functions
§(t) = col(3y(t), .., {(1)) € RC.

Next, based on the relations
=n i L=n 1—n £ L=V
- k= 7 L =72
Pys Pb Py
An estimation algorithm for the unknown parameters is constructed using the constants
u>0andd, > 0.

R=n

SalIES]

p

~2 ~

~ Y1 - Y1

R=n,—,L=n,—, T, =7 (15)
p)’3 pV3 t 2

=G = A7), 1=123
2.2.2. Controller synthesis
The well-known field-oriented control (FOC) method [13] provides a framework for achieving
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convergence of the torque-tracking error to zero. Motivated by this approach, a novel
backstepping-based control law for v(t) in (5) is proposed below.

Proposition 2: The control law

u(®) = U+ VONALO) (16)
ha(®) = TV () 2400 (7

with |A4(t)| = B4 and I denoting the identity matrix, guarantees that the following condition
is satisfied

lim (A(t) — 2a(®)) = 0, Lim(z(t) = 74(t)) = 0
Proof:
Consider the tracking error e; = 4 — A4 and its derivative:

L R R . R_ R R R R
e,1=/1—ld=—zl+zu—ld=—ZA+Z(1+V])/1d—ZV]Ad=—Z(A—Ad)=—ze,1

It follows directly that
L@im e,(t)=0, gim(/l(t) —A4(t)) =0.
Substituting the control law (16) into the electromagnetic torque expression (2), we obtain
_M™ o7 _Mp o7 T _ M T _
T=7 u'jJdg+ey) = 1 AgU+V])JAg + &, = 1 VAgAg+ e, =14+ &;

where &; = 72—” u’Je; is an exponentially decaying term. Note that the identity JTJ = I.
Therefore,
lim (x(6) = 7a(1)) = 0,
which completes the proof. m
The nominal control law (16) does not provide the number of integrators required for the
synthesis of the unknown parameter estimation algorithm presented in Proposition 1. Therefore,
the backstepping design is adopted by introducing the error vector between the implementable
control law, which enables the estimation of unknown parameters, and the nominal control law
that guarantees the stability of the closed-loop system.
To this end, consider the variable
et=u—{I+V])A,
and its derivatives.
ey =¢e,=x2—alV]+V]-V?Di,
es=é,=y3—a’(VJ+V]=3VVI-ViI-V3]1,
es=63=x4—aS(VOJ+ V] —=3V2I—4VVI—-3VVI—-6V2V] - V3] +V*Di,
es=e,=v—(qqaV, )
where v is the auxiliary control input and g4(a, V, A;) is a known nonlinear function.
qs(aV,g) = a*(VP] + VO] —10VVI - 5VV ST — 3V 2] — 4VVI — 15VV 2] — 10V 2V]
—6VZV] + 10V3VI+ V4 + V5] )24
At the fourth derivative of e4, a new control input v(t) appears on the right-hand side. This
input is defined in the following proposition.
Proposition 3: [14] The control law (5), with
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v(t) = —Keg1€1 — KeZeZ - Ke3e3 - Ke4e4- + CI4,((1, V’ )ld) (18)
vy =210 = Rrea 19
T, B a(t) = T (®)J24(t) (19)

Tg = ! [koD(w* — w) + kq7;] (20)

p* + kap3 + ksp? + kop + ky
where the coefficients K, , i = 1, ...,4, and k;, j = 0, ... 4, are coefficients of appropriate Hurwitz
polynomials

D(p) = p* + Keab® + Keap? + Keap + Ken,

M(p) = p° + kap* + k3p® + kop® + kyp + ko,
ensures that the control objective (4) is achieved.
Proof:

From the definition of the auxiliary errors,
e; =é1,e3 =264 =2¢3€6,=v—qqaV, 1),

and the control law (18), one obtains

é1= e
é; =e3
ez =e,y
ey = —Kp1€1 — Kpzey — Kezez — Kppey
Hence,
D(p)ey =0
where

D(p) = p* + Keap® + Kezp? + Keap + Koy
Since D (p)is Hurwitz, the origin of the error dynamics is exponentially stable, yielding
gim ei(t)=0,i=1,..4
Proposition 2 ensures the convergence of the actual torque to the desired one. In this case, for

the speed tracking error & = w — w”, considering the mechanical dynamics of the motor (1) — (3).
Substituting (20) into the mechanical equation, yields

—koD® + kq14,
p* + kyp® + k3p? + kop + ky
where @ = w — w”*. Applying the operator
P(p) =p* + kap® + kap® + kop + ky
to both sides and using the fact that 7; is constant, i.e.,
P(p)t, = ki1,

Dw = — T, + &

gives
M(p)o = &
where
M(p) = p° + kup* + ksp® + kop® + kap + ko
is Hurwitz and &; — 0.
Therefore,
fim 30 = 0
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which proves that
gim (W) —w") =0
This completes the proof. m

It should be noted that the control law (18) - (20) contains the values of the resistance parameter
R, inductance L, and the load torque 7;, which are unknown a priori. Since the estimates of these
parameters converge to their true values independently of the controller (i.e., in open loop),
substituting these estimates into the control law that ensures satisfaction of the control objective
(4) yields
u(t) = hix (), x(t) = Tox(t) + bov(t) R
v(t) = —Ke1€1 — Kep€z — Kezez — Kesey +q4(a,V, 4q)

_ L Ta % _ R ~
V() = ag,ld(t) = fV]ld(t)
1
- p* + kyp3 + k3p? + kyp + ky
where the estimates R, L and £; are defined in (15).

3. RESULTS AND DISCUSSION

Ta [koD(w" — w) + k1% ]

Figures 1 — 6 present simulation results illustrating the performance of the proposed control
algorithm with unknown resistance, inductance and load torque. The motor parameters are as follows:

R=276,L=042,7,=01,D =0.06,n, = 2
with initial conditions A(0) = [1 0]Tand w(0) = 0.
The controller parameters are selected as

Qo = 1.2, ko = qo, k1 = 545, k = 103, k3 = 12q5, k4 = 343
Ce = 10, Koy = 4Ce, Koz = 6¢2, Koy = 4¢3, Koy = ¢5,and Bg = 1
The simulation results demonstrate the effectiveness of the proposed adaptive controller under

the considered operating conditions. The convergence of the estimated parameters is consistent
with the theoretical analysis presented in Propositions 2 and 3. It can be observed from Figures 2
and 6 that relatively large transient deviations occur at the initial stage. This is mainly due to the
initial mismatch between the estimated and actual motor parameters, together with the initial
tracking errors. As the DREM estimator progressively updates the parameter estimates, the
control accuracy improves, leading to the subsequent convergence of the tracking errors.
Experimental validation and robustness evaluation under time-varying load disturbances will be
investigated in future work.

0 10 20 30 40 50
t,c
Figure 1. Parameter estimation error.
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Figure 2. Rotor flux tracking error.
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Figure 3. Inductance estimates L.
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Figure 4. Resistance estimates R.
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Figure 5. Load torque estimates T,
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Figure 6. Transient of rotor speed a/(2).
4. CONCLUSIONS

This study has presented an output-feedback control framework for induction motors operating
under unknown electrical and mechanical parameters. By integrating a DREM-based estimation
scheme with a dynamic regulator, the proposed approach enables online parameter estimation
while ensuring closed-loop stability and asymptotic convergence of the speed and rotor-flux
tracking errors. The simulation results demonstrate the effectiveness and robustness of the
proposed method under parameter uncertainties. The current limitation of the model is that
mechanical friction and backlash associated with varying loads are not considered. Future work
will incorporate these nonlinear factors to further improve control accuracy and reliability under a
wider range of operating conditions.
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TOM TAT
Piéu khién thich nghi theo dau ra dong co cam tng v6i thong sé chwra biét

Bai bdo xem xét mé hinh déng co cam iing diéu khién bang dong dién stator véi cdc
tham sé dién tré, do ty cam va mo-men tai khong xdc dinh. Mot mo hinh hoi quy tuyén tinh
héa tham sé dwoc thiét ldp dira trén dong lic hoc ciia tin hiéu diéu khién, cho phép ap dung
phirong phép mé réng va tron hoi quy dong (DREM). Trén co so phép do van toc goc rotor,
thudt toan woc luong cdc tham so bat dinh va bo quan sat tw thong rotor duoc tong hop.
Ludt diéu khién dong dwoc dé xudt dam bao én dinh van toc tai gia tri dat va tinh én dinh
toan cuc cho hé théng kin.

Tir khoa: Tham sé hoa dong; Diéu khién diu ra; Diéu khién thich nghi; DREM; Ddng co cam tng.
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  𝜏 =     n  p  L   𝒖  T 𝑱   𝝀


  D   𝜔 . = 𝜏 −   𝜏  L


  𝝀 ( t ) ∈  ℝ 2
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  R > 0


  L > 0


  D > 0
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     lim  t → ∞ ⁡   ( ω  ( t ) −  ω ∗ ) = 0
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   [    D   𝜔 . +   𝜏  L   D   𝜔 ¨ ] =  [      𝝌  𝟏  T     𝝌  𝟐  T − a   𝝌  𝟏  T ] b 𝑱 𝝀 ,


  𝑾 =  [      𝝌  𝟏  T     𝝌  𝟐  T − a   𝝌  𝟏  T ]


  b 𝑱 𝝀
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  adj ⁡ ( 𝑾 ) =  [    a 𝑱   𝝌  𝟏 − 𝑱   𝝌  𝟐  𝑱   𝝌  𝟏 ]


  ( D   𝜔 ⃛ −   𝝌  𝟐  T a b 𝑱   𝝌  𝟏 )   𝝌  𝟐  T 𝑱   𝝌  𝟏 =  (   𝝌  𝟑  T − 2 a   𝝌  𝟐  T +   a 2   𝝌  𝟏  T )    [    a 𝑱   𝝌  𝟏 − 𝑱   𝝌  𝟐   𝑱   𝝌  𝟏 ]  T  [    D   𝜔 . +   𝜏  L   D   𝜔 ¨ ]


  D   𝜔 .   𝝌  𝟑  T 𝑱   𝝌  𝟐 − D   𝜔 ¨   𝝌  𝟑  T 𝑱   𝝌  𝟏 + D   𝜔  ( 3 )   𝝌  𝟐  T 𝑱   𝝌  𝟏 = a ( D   𝜔 .   𝝌  𝟑  T   𝑱 ⁡    𝝌  𝟏 − 2 D   𝜔 ¨   𝝌  𝟐  T   𝑱 ⁡    𝝌  𝟏 ) −   𝜏  L   𝝌  𝟑  T 𝑱   𝝌  𝟐 + a b   𝝌  𝟐  T 𝑱   𝝌  𝟏   𝝌  𝟐  T J   𝝌  𝟏 +     a 2 ⁡  D   𝜔 .   𝝌  𝟏  T 𝑱   𝝌  𝟐 + a   𝜏  L   𝝌  𝟑  T 𝑱   𝝌  𝟏 +   a 2   𝜏  L   𝝌  𝟏  T 𝑱   𝝌  𝟐


  𝜔


   ℋ  i [ ⋅ ] =  1   (  p +  𝛼  )  i [ ⋅ ]


  p =   d  d t


  𝛼 > 0


  i = 1 , 2 , 3


   ℋ 3 [ D   𝜔 .   𝝌  𝟑  T 𝑱   𝝌  𝟐 − D   𝜔 ¨   𝝌  𝟑  T 𝑱   𝝌  𝟏 + D   𝜔   ( 3 )   𝝌  𝟐  T 𝑱   𝝌  𝟏 ] = a   


  𝜔


   ℋ 3 D   𝜔 .   𝝌  𝟑  T 𝑱   𝝌  𝟐 = D  1   (  p +  𝛼  ) 3   𝝌  𝟑  T 𝑱   𝝌  𝟐   𝜔 . = D  1   (  p +  𝛼  ) 2   𝝌  𝟑  T 𝑱   𝝌  𝟐   p  p + 𝛼 [ 𝜔 ] − D  1   (  p +  𝛼  ) 3   ( 𝝌  𝟒  T 𝑱   𝝌  𝟐 +   𝝌  𝟑  T 𝑱   𝝌  𝟑 )   p  p + 𝛼 [ 𝜔 ] = D  ℋ 2   𝝌  𝟑  T 𝑱   𝝌  𝟐  Ω 1 − D  ℋ 3   𝝌  𝟒  T 𝑱   𝝌  𝟐  Ω 1


  z


  𝒒


  z = D   𝝌  𝟐  T 𝑱   𝝌  𝟏  Ω 3 − D  ℋ 1  [   𝝌  𝟑  T 𝑱   𝝌  𝟏  (  Ω 2 + 3  Ω 3 ) ] + D  ℋ 2  [   𝛘  𝟑  T 𝑱   𝛘  𝟐  (  Ω 1 + 2  Ω 2 + 3  Ω 3 ) +   𝛘  𝟒  T 𝑱   𝛘  𝟏  ( 2  Ω 2 + 3  Ω 3 ) ] − D  ℋ 3  [   𝛘  𝟒  T 𝑱   𝛘  𝟐  (  Ω 1 + 2  Ω 2 + 3  Ω 3 ) +   𝒗  T 𝑱   𝛘  𝟏 (  Ω 2 +  Ω 3 ) ]


    𝒒 1 = − D  ℋ 1  [ 2   𝛘  𝟐  T 𝑱   𝛘  𝟏  Ω 2 ] + D  ℋ 2  [   𝛘  𝟑  T 𝑱   𝛘  𝟏  (  Ω 1 + 4  Ω 2 ) ] − D  ℋ 3  [  (   𝛘  𝟒  T 𝑱   𝛘  𝟏 +   𝛘  𝟑  T 𝑱   𝛘  𝟐 )  (  Ω 1 + 2  Ω 2 ) ]


    𝒒 1 = − D  ℋ 1  [ 2   𝛘  𝟐  T 𝑱   𝛘  𝟏  Ω 2 ] + D  ℋ 2  [   𝛘  𝟑  T 𝑱   𝛘  𝟏  (  Ω 1 + 4  Ω 2 ) ] − D  ℋ 3  [  (   𝛘  𝟒  T 𝑱   𝛘  𝟏 +   𝛘  𝟑  T 𝑱   𝛘  𝟐 )  (  Ω 1 + 2  Ω 2 ) ]


    𝒒 2 = −  ℋ 3  [   𝛘  𝟑  T 𝑱   𝛘  𝟐 ]


    𝒒 3 =  ℋ 3  [    (   𝛘  𝟐  T 𝑱   𝛘  𝟏 ) 2 ]


    𝒒 4 = D  ℋ 2  [   𝛘  𝟑  T 𝑱   𝛘  𝟏  Ω 1 ] − D  ℋ 3  [   𝛘  𝟏  T 𝑱   𝛘  𝟑  Ω 1 ]


    𝒒 5 =  ℋ 3  [   𝛘  𝟑  T 𝑱   𝛘  𝟏 ]


    𝒒 6 =  ℋ 3  [   𝛘  𝟏  T 𝑱   𝛘  𝟐 ]


   Ω  i =   p  i ( p + 𝛼  )  − i [ 𝜔 ]


  i = 1 , 2 , 3


  𝜸


    𝜏  L


  a


  b


  R


  L


    𝛄  T =  [    a   τ  L  a b        a 2  a  τ  L    a 2  τ  L ]


  ∎


    𝛼  l


  l = 1 , … , 6


  𝒁 ( t ) = 𝑸 ( t ) 𝜸


  𝒁 ( t ) = col ⁡ ( z ( t ,   𝛼 1 ) , … , z ( t ,   𝛼 6 ) )


  𝑸 ( t ) = col ⁡ (   q  T ( t ,   𝛼 1 ) , … ,   q  T ( t ,   𝛼 6 ) )


  𝑸 ( t )


  𝜻 ( t ) = a d j ( 𝑸 ( t ) ) 𝒁 ( t ) ,   𝛥 ( t ) = d e t ( 𝑸 ( t ) )


  𝜻  ( t ) = 𝛥  ( t ) 𝜸 + 𝜀  ( t )


  Δ ( t ) ∈ ℝ


  𝜻 ( t ) = col ⁡ (   𝜁 1 ( t ) , … ,   𝜁 6 ( t ) ) ∈  ℝ 6


  R =   n  p   a  b =   n  p     𝛾 1 2    𝛾 3 ,   L =   n  p  1  b =   n  p     𝛾 1    𝛾 3 ,     𝜏  L =   𝛾 2


  𝜇 > 0


    𝛿 0 > 0


    R ^ =   n  p       𝛾 ^ 1 2      𝛾 ^ 3 ,     L ^ =   n  p         𝛾 ^ 1        𝛾 ^ 3   ,     𝜏 ^  L   =     𝛾 ^ 2


        𝛾 ^  i . = 𝜇 𝛥  (   𝜁  i − 𝛥     𝛾  i ^ ) ,   i = 1 , 2 , 3


  𝒗 ( t )


  𝒖  ( t ) =  ( 𝑰 + V  ( t ) 𝑱 )   𝝀  𝒅  ( t )


      𝝀 .  𝒅  ( t ) =   R  L V  ( t ) 𝑱   𝝀  𝒅  ( t )


   |   𝝀  𝒅 ( t ) | =   𝛽  d


  𝑰


      l i m  t → ∞ ⁡   ( 𝝀  ( t ) −   𝝀  𝒅  ( t ) ) = 0 ,         l i m  t → ∞ ⁡   ( 𝜏  ( t ) −   𝜏  d  ( t ) ) = 0  


    𝒆  𝝀 = 𝝀 −   𝝀  𝒅


      𝒆 .  𝝀 =   𝝀 . −     𝝀 .  𝒅 = −   R  L 𝝀 +   R  L 𝒖 −     𝝀 .  𝒅 = −   R  L 𝝀 +   R  L  ( 𝑰 + V J )   𝝀  𝒅 −   R  L V 𝑱   𝝀  𝒅 = −   R  L  ( 𝝀 −   𝝀  𝒅 ) = −   R  L   𝒆  𝝀


    l i m ⁡  t → ∞   𝒆  𝝀 ( t ) = 0 ,     l i m ⁡  t → ∞ ( 𝝀 ( t ) −   𝝀  𝒅 ( t ) ) = 0 .


  𝜏 =     n  p  L     𝒖  T 𝑱 (   𝝀  𝒅 +   𝒆  𝝀 ) =     n  p  L     𝝀  𝒅  T ( 𝑰 + V   𝑱  T ) 𝑱   𝝀  𝒅 +   𝜀  𝜏 =     n  p  L   V   𝝀  𝒅  𝑻   𝝀  𝒅 +   𝜀  𝜏 =   𝜏  d +   𝜀  𝜏


    𝜀  𝜏 =     n  p  L     𝒖  T 𝑱   𝒆  𝝀


    𝑱  T 𝑱 = 𝑰


    l i m ⁡  t → ∞ ( 𝜏 ( t ) −   𝜏  d ( t ) ) = 0 ,


  ∎


    𝒆  𝟏 = 𝒖 − ( 𝑰 + V 𝑱 )   𝝀  𝒅


    𝒆  𝟐 =     𝒆 .  𝟏 =   𝝌  𝟐 − a (   V . 𝑱 + V 𝑱 −   V 2 𝑰 )   𝝀  𝒅


    𝒆  𝟑 =     𝒆 .  𝟐 =   𝝌  𝟑 −   a 2 (   V ¨ 𝑱 +   V . 𝑱 − 3 V   V . 𝑰 −   V 2 𝑰 −   V 3 𝑱 )   𝝀  𝒅


  v


    q 4 ( a , V ,   𝜆  d )


    𝒒  𝟒  ( a , V ,   𝝀  𝒅 ) =   a 4  (   V   ( 4 ) 𝑱 +   V   ( 3 ) 𝑱 − 10   V .   V ¨ 𝑰 − 5 V   V   ( 3 ) 𝑰 − 3     V .    2 𝑰 − 4 V   V ¨ 𝑰 − 15 V     V .    2 𝑱 − 10   V 2   V ¨ 𝑱 − 6   V 2   V . 𝑱 + 10   V 3   V . 𝑰 +   V 4 𝑰 +   V 5 𝑱 )   𝝀  𝒅


    𝒆  𝟏


  𝒗 ( 𝒕 )


  𝒗 ( 𝒕 ) = −   K  e 1   𝒆  𝟏 −   K  e 2   𝒆  𝟐 −   K  e 3   𝒆  𝟑 −   K  e 4   𝒆  𝟒 +   𝒒  𝟒 ( a , V ,   𝝀  𝒅 )


  V ( t ) =   L    n  p       𝜏  d ( t )    𝛽  d 2 ,         𝝀 .  𝒅 ( t ) =   R  L V ( t ) 𝑱   𝝀  𝒅 ( t )  


    𝜏  d =  1    p 4 +   k 4   p 3 +   k 3   p 2 +   k 2 p +   k 1  [   k 0 D (   𝜔 ∗ − 𝜔 ) +   k 1   𝜏  L ]


    K    e  i


  i = 1 , … , 4


    k  j


  j = 0 , … , 4


  D ( p ) =   p 4 +   K  e 4   p 3 +   K  e 3   p 2 +   K  e 2 p +   K  e 1 ,


    𝒆  𝟐 =     𝒆 .  𝟏 ,     𝒆  𝟑 =     𝒆 .  𝟐 ,   𝒆  𝟒 =     𝒆 .  𝟑 ,     𝒆 .  𝟒 = 𝒗 −   𝒒  𝟒 ( a , V ,   𝝀  𝒅 ) ,


      𝒆 .  𝟏 =     𝒆  𝟐


      𝒆 .  𝟐 =   𝒆  𝟑


  D ( p )   𝒆  𝟏 = 0


  D ( p ) =   p 4 +   K  e 4   p 3 +   K  e 3   p 2 +   K  e 2 p +   K  e 1 .


  D ( p )


    lim ⁡  t → ∞   𝒆  𝒊  ( t ) = 0 , i = 1 , … , 4


    𝜔 ~ = 𝜔 −   𝜔 ∗


  D     𝜔 ~ . =   −   k 0 D   𝜔 ~ +   k 1   𝜏  L    p 4 +   k 4   p 3 +   k 3   p 2 +   k 2 p +   k 1 −   𝜏  L +   𝜀  𝜏


    𝜔 ~ = 𝜔 −   𝜔 ∗


  P ( p ) =   p 4 +   k 4   p 3 +   k 3   p 2 +   k 2 p +   k 1


    𝜏  L


  P ( p )   𝜏  L =   k 1   𝜏  L


  M ( p )   𝜔 ~ =     𝜀 ˉ  𝜏


  M ( p ) =   p 5 +   k 4   p 4 +   k 3   p 3 +   k 2   p 2 +   k 1 p +   k 0


      𝜀 ˉ  𝜏 → 0


    lim ⁡  t → ∞   𝜔 ~ ( t ) = 0


    lim ⁡  t → ∞ ( 𝜔 ( t ) −   𝜔 ∗ ) = 0


  R


  L


    𝜏  L


      𝒖 ( t ) =   𝒉  𝒖  T 𝝌 ( t ) ,   𝝌 . ( t ) =   𝚪  𝟎 𝝌 ( t ) +   𝒃  𝟎 𝒗 ( t )  


    R ^


    L ^


      𝜏 ^  L


  R = 2 . 76


  L = 0 . 42


    𝜏  L = 0 . 1


  D = 0 . 06


    n  p = 2


  𝝀 ( 0 ) = [ 1    0  ] ⊤


  𝜔 ( 0 ) = 0


    q 0 = 1 . 2


    k 0 =   q 0


    k 1 = 5   q 0 2


    k 2 = 10   q 0 3


    k 3 = 12   q 0 4


    k 4 = 3   q 0 5


    c  e = 10


    K  e 4 = 4   c  e


    K  e 3 = 6   c  e 2


    K  e 2 = 4   c  e 3


    K  e 1 =   c  e 4


    𝛽  d = 1


    𝜏  L

