Nghién ciru khoa hoc cong nghé

MO HINH CHINH XAC HOA TRANG THAI UNG SUAT BIEN DANG
CUA VO TRU MONG CO GAN GIA CUONG

V5 Anh Hiéu”, Tang Xuan Long, Tran Xuan Diéu

Tém tit: Bai bdo trinh bay mdt phwong dn dé nang cao dé chinh xdc khi xdc dinh
trang thdi img sudt bién dang ciia vé méng cé gan gia cuong. Chuyén vi ciia vé dwoc khai
trién thanh da thirc ¢6 bdc cao hon so voi Iy thuyét cé dién Kirchhoff-Love. Trén co s¢ cdc
phirong trinh ciia Iy thuyét dan hoi va nguyén Iy bién phan Lagrange dd xdy dung dwgc
mé hinh todn hoc chinh xdc hon cho vé ¢6 gdan gia cuong. M6 hinh todn bao gom cdc
phirong trinh cdn bang theo trwong chuyén vi va cdc diéu kién bién tirong vng. Tir d6 khdo
sdt dnh hwong ciia cdc logi tai trong, cdc tham sé ciia gan 1én trang thdi img sudt ciia vo.
Tién hanh so sanh trang thai vmg sudt ciia v khi tinh todn theo Iy thuyét chinh xdc héa va
Iy thuyét c6 dién. Két qua tinh todn cho thdy tai ving lién két, img sudt phdp cdt ¢é ciing
bdc véi cdc veng sudt chinh.

Tir khéa: Ly thuyét dan hdi; Nguyén 1y bién phan Lagrange; Vo c6 gan; Ung sudt phap cit.
1. PAT VAN PE
Két ciu vo tru mong duoc str dung rong rii trong cac linh vuc tén lira, may bay. Trong céc
linh vyc nay, do chi€u dai cta vo try thuong 16n hon nhi€u so voi duong kinh nén nguoi ta
thuong st dung ket cau co gan gia cuong de giam rng suat trong vé nham ting do cung viing, do
on dinh cho than vo tén Itra (vi du nhu trén hinh 1).

Céc gan ngang gia cuong

Hinh 1. Két cdu vo tru mong c¢é gan gia cueong trong tén lira dan dao P-12 (Lién X0).

Hién nay, v6 c6 gan dugc tinh toan theo 1y thuyét tém vo ¢6 dién cua Kirchhoff — Love [1]
hoac Reissner [2]. Cac gia thuyet trong ly thuyét tim vo c¢6 dién da khong tinh toan hét tit ca cac
bién dang cat do d6 s& din dén sai s6 khi x4c dinh trang thai ing suat bién dang tai cac ving lién
két, ving nbi hodc noi chiu tai trong tap trung.

Mot trong sd cac huéng nghién ctiru nham chinh xac héa 1y thuyét tim vo 13 viéc khai trién
cac chuyén vi ciia vo thanh da thirc bac cao theo toa do cat [3]. Dua trén hudng tiép can nay,
trong cac cong trinh [4] da tién hanh tinh toan trang thai img sudt cta vo tru tron khi khai trién
cac chuyén vi cia vo thanh cac da thic theo toa do cit cao hon mét bac so véi 1y thuyét co dién
cua Kirchhoff — Love. Két qua tinh toan theo phuong phap nay cho thay tai cac vung trang thai
g suét thay doi dot ngdt c6 xudt hién cac ing suat bo sung tuong ddi 1on.

Trong bai bao nay, dya trén cach tiép can [3, 4] da tién hanh xay dung mo hinh chinh xac hoa
trang thai ing sudt bién dang cta vo tru c6 gin ngang gia cuong. Viéc gidi md hinh toan dugc
thue hién bang phuong phép toan tir dua trén phép bién ddi Laplace.

2. XAY DUNG MO HiNH TOAN
2.1. Xay dung m6 hinh toan
2.1.1. Moi quan hé trwong chuyén vi - bién dang - img sudt

Khi v6 1am viéc trong gioi han dan hoi thi mbi lién hé gitia bién dang va Gng sudt tun theo
dinh luat Hooke:
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01 = A& + P&y + Ay, 0 = A6 + A&y + Ay,
Ty = Aia, 03 = Py1& + P&y + Agséy, 713 = Assl13y Tog = Pee s

trong d6 cac hé so6 Aj la cac hang s6 dan hoi phu thude vao tinh chat vat liéu cia vo.

1)

Dé tién tinh toan, chung ta xét vé tru trong hé toa do tru O£Hz nhu trén hinh 2, trong do & va
6 1a cac toa do khong don vi.

Hinh 2. Vo tru co gdn tron gia cuong.
Pé chinh xac hoa trang thai ing suét bién dang, chuyén vi cua vo duge khai trién thanh da
thirc bac cao va c6 dang [3 ]‘

K-1 k
u(é,0,7) nge v(£,6,7) nge @ﬁJFZN“é@%. ©)
k=0 -

Trong khudn khé bai bao nay chung ta s& xét t6i trudng hop da thire khai trién cta chuyén vi
cao hon mot bac so vdi ly thuyét c6 dién Kirchhoff — Love. Khi d6 chuyén vi ctia vo dugc viet
dudi dang sau:

U(£,6,2) =Ug(£,0) +Uy(£,0) 2+, (£,0)2% 2,
v(&£,0,7) =v,(&,0) +Vv,(&,0)z +v2(§,0)22/2, wW(&,0,z) =w,y(&,0) +w,(&,0)z

Theo phuong trinh bién dang — chuyén vi cta 1y thuyét dan hdi, bién dang cta vo c6 dang
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Trong do6: r =1/R; R — Bén kinh mit trung binh cta vo.

Vo tru ¢6 gan dugc xét nhu mot co h¢ bao gobm vo try tron va cac gan gia cuong. Gia thiét
rang chiéu day gan gia cuong rat bé so vdi chi€u dai cua vo, tac dung gilra vo tru va gan gia
cuong la theo duong, khi d6 anh hudng ctia gan 1én vo s€ bao gom hai thanh phan chinh theo
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hudéng ngang va huéng phap tuyen Gan gia cuong khi d6 dugc mé hinh héa theo dang thanh.
Véi dang két cAu nay ly thuyét ¢ dién dép ung du yéu ciu vé& d6 chinh xéc, vi vay, dé don gian
cho viéc tinh toan, chuyén vi cac gan duoc khai trién theo da thirc bac nhat:

VI6,2)=vi(@)+V/(0)-z, W (O)=wi(H), j=1.N, (5)
Trong d6, N 1a sb luong gan ngang.

Tai duong ti€p xuc cia vo va gan, chuyén vi cia chung l1a nhu nhau, do vay di€u kién ti€p xuc
duoc viet dudi dang:

Vi (0,h)=V(&],0,h), W (0, h) =w(¢;, 6,h), j=1..N, (6)
Trong dé: &; — Toa d¢ cac duong tiép xtic gitra gan va vo; h — Nira chidu day ciia vo.
Tir cac biéu thirc (3), (5), (6) ta thu duoc biéu thirc bién dang ddi voi gan
gg! =0,&! =0, y/itz =0, 7539 =0,

- Ta 0 h* o dy
gl =r [ v0(§,,9)+h vl(fj,9)+ > a0v2(§,,¢9) h d;? +hW1(§j|0)+W0(§j|0):|+ o
g h? o d
+1; {%‘r (aavo(é,,a)m 50 1O+ 575V (e 0)=h V.; +hW1(fr‘9>+W°(§"’9)HZ’

) 2 )
73 =T ( aa w (&, 9)+ 0 wo(fJ 9)j+V1 (vo(éJ 9)+h 0 v1(§J 6’)+h aa v2(§j,9)—hv1‘]+
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J{_nz( W1(§J,9)+ Wo(gj,a)j rjvlj+rj (VO(§,,9)+h V1(§J,9)+ Vz(§j19)—hv1jﬂz,

Trong do: T, :ZI/RJ- R =R+ h+ hj; hj — Nira chiéu cao cua gan thir j.
2.1.2. Céc phwong trinh can bang va diéu kién bién

Céc phuong trinh can bang va diéu kién bién dbi v&i vo tru co gan gia cudong duoc xac dinh
dua trén nguyén ly bién phan Lagrange.

N
SE=6U+5Y U’ -5A=0 8)
j=L
Trong do: U,U !, A twong tng 1a thé ning bién dang cta vo, ciia gn va cong cta ngoai luc.
Xét v6 tru chiu tac dung cla tai trong phan bd hudng tdm trén bé mat bén trong a, (5,9) .

Bién phan thé nang bién dang cua vd, gan va bién phan cta cong ngoai luc dugc xac dinh theo
cong thtrc:

ou = _m(ofd% +0,y08) + 0,08, +T:;0) 7 +T9;7 o, +T§g5759)(1+ rz)R*d&dadz,
ou’ =ﬂI (ol 06l +0} -8} +o)-5e)+cl, - oyl +tl - Syl e, - o), |1+ 1R RdEdodz, (9)
SA=[[ g, (5w, —how,) - (L-rh)R°dEdo.
Thay cac biég thire (4), (7), (9) vao (8) va tich phén timg phan phuong trinh thu dugc, sau d6

ap dung tinh chat ngau nhién ddc 1ap cua cac chuyén vi, ta xac lap dugc hé phuong trinh can
bang va di€u kién bién cta vo tru ¢ gan.
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Hé phuong trinh can bang ¢ dang sau:

N, | Ny =0, (Ma | M -Q., =0, (Me M ~-M,, =0,
EEIFY) oc o0 Py 20
N, N oN; )
=" o +rQ‘92+,BZ:kJrJ (—0+Q92] (§—§j)—0,

raMel +raM§91 +rM021_Q92 +ﬂhzkjrl (aaN +Q52] (é‘—fj)zo,
j=1

(10)
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ONJ oM}
hrja—;— 2 % +(1+1h)Q), =0, j=1.N,

Trong do: #=b/R,b — Chiéu day ctia gan; k; =R, /R; &(&—&; ) Ham Delta Dirac, N, M,
Q, p v6i cac chi s6 1a ky hiéu cta cac ndi luc suy rong.
Trong truong hop téng quat, diéu kién bién duoc viét dudi dang sau:
Tai cac bién cong theo toa d daidoc truc £=0u &=¢;:
Uo =Ehoac Ng =0;u, =u_lh02flc M§1=O; u, =Ehoac Mé2 =0,
Vv, :v_ohoac Neo =0; v, =\7l hoac M ¢z =0; v, =\/_2 hoac M ¢02 =0; 1)
W, =W, hoac Q;, =0; W =w, hogc M, =0,
Tai cac bién théng theo toa do goc #=0u 6=6,:

U =u_0hoac Nz =0; ulzu_lhoac M.y =05 u, =@hoac Mg, =0,

—_— N . —_— N .
Vo =VohoaerN, + > Bk;NJS (£ = &) =0;v, = vy hode M, + Y ki rhNJ5 (£~ £;) =0,
j=1 j=1
_ N pk;rh? — N j
Vv, =V, hoacrM,, +Z Ngﬁ(g—gj)zo; W, =W, hoacrQ,, +Z,Bkjer925(§—§j):0, (12)

j=1 j=1

W, =W, hodacrM +Zﬁkjrth9‘26(§—§j)=0; v} =v/ hodgc—hN) + M} =0,
j=1

Trong do6: u;,v;, W, i=0..2,k =0..1 1a cAc chuyén vi cho trudc tai cac bién.

i | 1
Thay cac bleu thtrc luc suy rong vao hé phuong trinh (10) ta thu dugc cac phuong trinh can
bang theo chuyén vi:

2

82 2 62 1
KKIn | g kin +Kk1“ K X2n 3m—W =0,k=1 2,3,
Z[ 11 852 22 5(92 Z f@@ Z

n=0 n=0 m=0
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(13)

Trong h¢ phuong trinh (13) cac h¢ ‘sé K la cac dai luong khong d6i, chung phu thudc vao cac
tham s6 hinh hoc va tinh chat dan hoi cua vét liéu. Do céac bi€u thirc cua chung phirc tap nén
khong trinh bay trong khuon kho bai bao nay.

2.2. Phuong phap giai

Dé giai hé phuong trinh (13) ching ta bién d6i nd vé hé phuong trinh vi phan thuong bang
cach khai trién cac chuyén vi va tai trong thanh chudi luong giac theo toa do 6. Sau d6 thay cac
khai trle~n nay vao (13) ta thu duoc cc hé phuong trinh vi phan thuong dbi voi mdi thanh phan
cua chuoi lugng giac.

Trong khudn kho bai bao nay ta chi xét mot truong hop riéng khi vo tru chiu tac dung cua tai
trong cuc bd ¢, =q, (cf ,9) theo quy luat sau:

0 khi 0< & <&y
q, =10(&)cosml khi & <E<Ey; (14)
0 khi &, <&<& =L/R,

Véi tai trong dang (14), chuyén vi ctia vo va gan c6 dang;
U (£,0)=U (&)cosm, v, =V, (£)sinmé,  w, (&£,0)=w, (&)cosmd, (15)
v/ (0)=B;sinmg, k=0.2,1=0.1
Trong do, B; 1a hing s6 chua biét.

Xét vo tru kin theo toa do goc. Khi do, dicu kién bién (12) dugc thay thé bing diéu kién tun
hoan theo toa d§ goc 0. V&i khai trién (14) va (15) di€u kién nay dugc ty dong thdéa man. Thay
(14) va (15) vao (13), ching ta thu dugc hé phuwong trinh vi phan thudng.

2 2
d d
Z;(Kkl”+|<lkf"—d§2—m2}<g“j +Zka2” 2 +ZK"3”§W -0, k=123,
n=
2 11 d 2 12 12 d2 2112 13 2 lwy 2
Z—mKlZ”d—unm + 3 KK MK |V, +Z—m|<2 "W+ Z(K wn _
n=0 5 n=0 df n=0 n=0

1 N
2K b2 )Vnmj n Z_mKéWBanmj + ( K it _ mzKé”gjl) B, Jzﬂé -&,)=0, 1=4,58,
n=0 j=1
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2 2
ZK“”—unm+ZmK52”v +Z(Ks3” Kff”dd?—m Kggnjw +[ZmKS“’/2” mi

n=0 n=0 n=0 n=0

1 N
+Z(Ksmj3n_m2K§?j3n)anj+mK5WilBj}Z5(§_§j):K54q[’7(§_§01)_f7(é‘:_§02):|, s=17,8, (16)

n=0

i(KQMJZn m KgéujZn) nmj+z mK9m13n Wy, (K9m/1_m2K§£“/1)Bj =0,j=1.N,
n=0 n=0

Trong do: Vi = Vi (5,) i = Wiy ((fj ); n=0.2t=0.1 7(..) laham Heaviside.
Thay biéu thirc luc suy rong va chuyén vi (15) vao cac phuong trinh (11) ta thu duoc cac diéu
kién bién tuong tng véi hé phuong trinh (16) tai £=0u £=¢.

pé giai h¢ phuong trinh vi phén thuong (16) chung ta st dung phuong phap toan tir dya trén
phép bién doi Laplace. Nho phep bién doi Laplace, h¢ phuong trinh (16) dugc bién doi thanh hé
phuong trinh dai sO tuyén tinh. Gidi hé phuong trinh nay ta thu dugc cidc ham anh cua céc
chuyén vi. Sir dung phép bién déi Laplace nguoc ta tim dugc cac chuyén vi UV, Wy » CHUNG
con chira (8 + 6N) hang sb chua biét. Tam hang $b Cijk duoc xac dinh tur diéu kién bién tai & =&,
cac hang $6 Vnm,, Wimj, Bj duoc xac dlnh khi gidi hé phuong trinh Vomj = Vom(&), Wimj = Wim(&j), N =
0.2, t=0.1vaN phucng trinh cubi cung trong hé (16).

3. KHAO SAT PHAN TiCH KET QUA

Dé lam vi du, ta xét v6 tru tron c6 gan ngang gia cuong duoc ngam chit hai ddu véi cac thong
s0: ban kinh vo R=0,5(m); chiéu dai vo L=6R=3(m); chiéu day vo 2h = R/40 = 0,0125 (m);
hé sb Poisson x=0,3; nira chiéu cao gin h; =2h, chiéu rong gan b=h.

Hinh 3 trinh bay két qua tinh toan dudi dang do thi ciia cic tmg suat phap tuyén cuc dai cia
v6 chiu tac dung cua tai trong (14) véi m=5,&, =0, &, =&, q(&)=Qyé; sb lugng gan N =3
(toadd cac gan & =15, &, =3; & =4,5),nlra chiéu cao gan hj =2h.

ik N 2 it
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] :
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: ~250[ T
-2000 i w X
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Hinh 3. Cdc g sudt phdp tuyén cyc dai theo chiéu dai ciia vo.
D6 thi trén hinh 3 chi ra rang tai cdc ving ngam va gia cimg boi gan, mg suat phap cét o, €O
cuing bac so véi cac tmg suat phap tuyén theo phuong doc truc o va phuong ngang o, .

Dé so sanh két qua thu dugc trong cong trinh nay véi 1y thuyét co dién, trén hinh 4 va bang 1
trinh bay do sai léch cua ung suat o, o, theo hai ly thuyét khac nhau, trong d6 “CI” la ky hi¢u
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clia tmg sudt theo 1y thuyét ¢d dién, “Noncl” — theo 1y thuyét chinh x4c hoa. Viéc tinh toan dugc
thuc hién véi truong hop so luong gan N =2, (toa do cac gan & =2; &, =4;), nua chiéu cao
gan h; =6h.

300
1000+
0
5004
—-500
0
~10001 7
i 1000
QI}
- 1500+ —~35004
-2000+
—-1000+
. cl Noncl
Ci Noncl —_— R
- = - (4] [+]
G, G,
3 3 2] [:]

Hinh 4. So sdnh két qud theo Iy thuyét c6 dién va chinh xdc hoa.
Bing 1. Bé léch ciia img sudt theo Iy thuyét cé dién va chinh xdc hoa.
§=4 ¢=& $=LR
(o —o") /el 11%  11%  6,5%

(o0 ~o5')/os™!  58%  58%  34%
Noncl/ Noncl 28% 28% 16%

Viéc so sanh cho thdy tinh toan theo 1y thuyét vo bac cao cho phép chinh xac hoa trang thai
g suat bién dang cta vo tai nhitng viing 14n cén bién va lan cén gan, so vdi tinh toan theo ly
thuyét c6 dién. Con tai nhitng ving xa bién, tinh toan theo 1y thuyét co dién va cac 1y thuyét phi
c¢b dién khong cho sai 1éch nhiéu.

4. KET LUAN

Trong bai bdo nay duwa trén cac phuong trinh cta 1y thuyét dan hoi ba chiéu va khai trién
chuyén vi ctia vé thanh da thirc bac cao da thu dugc cac két qua sau:

1. Pi xay dung dugc md hinh chinh xac héa trang thai (mg suét bién dang ctia v6 tru c6 gan
ngang gia cudng co tinh t6i anh huong cta ung suat, bién dang phap ngang (bi bo qua
trong ly thuyét co dién).

2. Két qua tinh toan cho thdy & ‘nhitng vung 1an cén gan gia cudng va vung vo bi ngam chat,
g suat phap cit 1a dang ké so véi cac tmg suat chinh. Didu ndy cé y nghia quan trong
trong danh gia do bén ctia vo co gan gia cudng.

Trén thyc té viéc xut hién cic ving img sut tap trung ctia vo tai cac vi tri c6 gan va vi tri vo
bi ngam chat hodc chju tic dung cua tai trong tap trung con phy thugc vao do day hay mong cua
v0. Vi vay, trong cac cong trinh tlep theo tac gia s€ khao sat sy anh huong do day vo dén su sai
khac vé ung suat gita 1y thuyét co tim vo c6 dién va 1y thuyét chinh xac héa dé dua ra cac
khuyén céo vé cac truong hop nén sir dung mé hinh chinh xac hoa.
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ABSTRACT
REFINED MODEL OF STRESS-STRAIN STATE OF THE REINFORCED SHELL

The article presents an option to improve accuracy in determining the stress-strain
state of ribbed thin shells. The displacements of the shell are decomposed into higher
order polynomials than the classical Kirchhoff — Love theory. Based on the relations of the
theory of elasticity and the Lagrange variational principle, a refined mathematical model
of reinforced shells is constructed. The mathematical model includes the equations of
equilibrium in displacements and the corresponding boundary conditions. The influence of
the types of load, parameters of the ribs on the stress state of the shell have been
investigated. A comparison between the results of the calculation of the stress state of the
shell according to the classical and refined theories is given. The calculation results show
that in the region of the joint, the transverse normal stresses are in the same order as the
main stresses.

Keywords: Theory of elasticity; Lagrange variational principle; Reinforced shell; Transverse normal stresses.
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