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ABSTRACT

The theory of differential equations has been widely known and developed in recent years.
Many researchers have drawn attention to the problem of finding the stability region of a
nonlinear dynamical system in technical models, which is a complicated issue in the stability
theory of dynamical systems. In this problem, how to construct an optimal energy function is
considered an essential step to approximate the stability region of a locally stable equilibrium
point. The main purpose of this paper is to give a novel approach to optimize the estimated
stability region via energy function for nonlinear dynamical models. This ensures that the
stability region estimated is optimal in the sense that this estimated region is the largest one
characterized by the energy function, which lies entirely in the stability region. Furthermore,
numerical experiments are also conducted to compare the difference between the proposed
algorithm.
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1. INTRODUCTION

It is well-known that many nonlinear physical and engineering systems are designed
to be operated at an equilibrium state. In other words, they are constructed to be operated
at an equilibrium point and are described by a nonlinear dynamical system. It concludes
a class of nonlinear dynamical systems in technical models like electric power systems
or mechanical systems in motions and elevators. The most important requirement for the
successful operation of these systems is to maintain the stability of this equilibrium state.
It is desired to have robust stability of the equilibrium point with respect to small
perturbations. More precisely, the system state returns the equilibrium point under small
perturbations. However, most physical and engineering systems are not globally stable.
Therefore, the problem here is how to compute stable regions around an equilibrium
point of the dynamical systems. There are a few methods that are able to estimate
stability region, but most of them are based on Lyapunov functions or energy functions
[1-6]. Nevertheless, one of the non-Lyapunov function approaches is level set methods
and implicit dynamical surfaces [7]. In recent years, authors often focused on
constructing an optimal Lyapunov function based on [8, 9]. In general, the methods often
rely on building an energy function of quadratic form and approximating the stability
region of nonlinear dynamical systems based on the closest unstable equilibrium method
[1-3]. Depending on whether or not the nonlinear dynamical system under study has an
energy function, there are two different procedures for estimating its stability regions. In
this work, we will give an alternative method to construct an optimal energy function for
a class of nonlinear dynamical systems that do not have a global energy function so that
the stability region is approximated closest to the exact stability region. This allows us to
expand the stability region in comparison with the proposed method in [1-3, 6] and [8].
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In addition, one of the requirements for the closest unstable equilibrium point method in
[1-3] is to assume that the nonlinear dynamical system has a global energy function,
while the proposed method in this paper can deal with a class of systems without a
global energy function.

The remaining of this paper is organized as follows: Section 2 presents some basic
definitions of nonlinear dynamical systems in technical models. The main results of a
novel approach to optimize the energy function are given in section 3, while section 4
discusses several examples to illustrate the theoretical result. The last section gives some
further research and concludes the main work in this paper.

2. PRELIMINARIES

In this section, we first begin with reviewing some relevant concepts in the theory of
the stability region for nonlinear dynamical systems. These concepts are used to depict
the method more clearly in section 3. Throughout this paper, we always consider the
following (autonomous) nonlinear system

x(t) = f(x(1)), 1)
where xeR" is a vector of state variables. It is natural to assume that the function
f:R" > R" satisfies some sufficient conditions for the existence and uniqueness of
solution to (1). The solution curve of (1) starting from x, at t =0 is called the trajectory

starting from x, and is denoted by <|>(~, xo). The point X eR" is said to be an equilibrium

point of (1) if f(X)=0, i.e. the equilibrium point is a particular type of solution that

does not change in time. Therefore, equilibrium points are degenerated trajectories that
do not move, [1-3]. The set of all equilibrium points of (1) will be denoted by

E:{XER” : f(x):O}. Another important type of trajectory is a closed orbit. A
trajectory vy is a closed orbit if y is not an equilibrium point and for any x ey, there
exists T >0 such that ¢(T,x)=x.

We recall that an equilibrium point X € R" of (1) is said to be (Lyapunov) stable if for
each open neighborhood U of XeRR" there exists an open neighborhood U of ReR"

A

such that d)(t,x)eU for all xeU and for all t>0 and otherwise, X is unstable. For an

A

asymptotically stable equilibrium point X, there exists &>0 such that for any X,
satisfies |x,— %<& then ¢(t,x,) > % as t—>+oo. If & is arbitrary large then X is

called a global stable equilibrium point. However, many stable equilibrium points X are
not globally stable. Therefore, from now on, we only consider a local stable equilibrium
point and denote it by x®in this paper Without loss generality, we always assume that
the origin is the stable equilibrium point x°that is considered. Indeed, if x* =0, we can
shift it to the origin by changing the variable. The definition of the stability region of a
stable equilibrium point x° is considered as follows.

Definition 1. The stability region of a stable equilibrium point x* for the nonlinear
autonomous dynamical system (1), denoted A(xs), is defined as follows
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A(xs)::{XGR":Iim <|>(t,x)—>x5}. (2)

t—+o0
Clearly, the stability region can be expressed as A(x*)={xeR":w(x)=x}, where
w(x) is the w-limit set of x. The stability boundary of x° is the boundary of the

stability region A(x°) and is denoted by 8A(x*). In other words, every trajectory

starting in stability region lies entirely in it. Since the boundary of an invariant set is also
invariant and the boundary of an open set is a closed set, we can conclude that the

stability boundary 0A(x*) is a closed invariant set of dimension less than n. If A(x") is
not dense in R" then GA(XS) is of dimension n—1.

Before giving the main results of energy functions, we recall the definition of an
energy function as follows.

Definition 2. We said that a C" -function V :R" — R, r >1, is an energy function for the
system x=f (x(t)) if it satisfies three following conditions. That is,

(E1) The derivative of the function V (x) along any system trajectory x(t) is non-
positive, i.e.
V(x(t))<0.
(E2) If x(t) is a nontrivial trajectory (x(t) is not an equilibrium point) then along the

nontrivial trajectory x(t), the set {t eR:V (x(t)) = 0} has measured zero in R.

(E3) A trajectory x(t) has a bounded value of V (x(t)) for teR* implies that the
trajectory x(t) is also bounded for t e R".
Remark 3. In general, the concepts of energy function and Lyapunov function of a
nonlinear dynamical system are not identical. In some cases, a function V (x) may be a

Lyapunov function but not an energy function. Moreover, the nonlinear dynamic system
(1) can have many energy functions.

Proposition 4. The sum of the energy functions for (1) is also an energy function.
Proof. Without loss generality, we will prove the proposition for the case of two energy
functions. Assume that V,(.) and V,(.) are two energy functions of the nonlinear

dynamical system (1). Consider V :=V,(.)+V,(.) is also an energy function of ().
Indeed, since V, (x(t)) <0 and V, (x(t)) <0, we have
V =aV,(.)+bV,(.)<0.
Hence, (E1) is satisfied. Since V, and V, are two energy functions, it is easy to deduce

that (E2) and (E3) hold. Therefore, V is an energy function of the nonlinear dynamical
system (1).
U
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For nonlinear dynamical systems that have a global energy function, the estimated
stability region relies on the value of the closest unstable equilibrium point on the
stability boundary. For our problem, we suppose that the given nonlinear system does
not have a global energy function. Consequently, we need to establish a local energy
function for (1) before approximating the stability region. Now, we will show that there

exists an optimal energy function V_ that can be used to estimate A(xs) exactly. Then,

we also derive a partial differential equation characterizing V_, and propose an iterative

method for solving the partial differential equation. This iterative method leads to a new
recursive technique for approximating the stability region of x* for (1).

We now take an energy function as the following form into consideration

V(x) = N(x) 3)

Note that, the above form of V (x) is also considered for a Lyapunov function in [6]
and [11]. In particular, this form use radial basis functions. In fact, the algorithm works
well even in the case of the unbounded stability region A(x*)and in practical
computation, the first few iterations usually show whether the stability region is bounded
or unbounded. After that, the stability boundary can be found by solving the equation

D(x)=0. 4)

The following results of this section is to show the existence of an optimal energy

function V,, that can be used to estimate the stability region A(xs). They are reformulated

from [6] and [11] with other versions and we will not give the detail proof here.

Theorem 5. Suppose we can find a set AcR" containing the origin in its interior, a
continuous function V : A— R and a positive definite function ¢ such that
(i) V (0) is the lowest value of V (x) in A

(i) The function

V(X ): lim [V (X(XO't))_V(Xo):I

t—0" t

is well-defined at all x € A, and satisfies V (x) =—¢(x) for all xe A
(iii) V (x) > oas x — 0A or as |x| — oo.
Then A= A(X°).

Corollary 6. Suppose we can find a set AcR" containing the origin in its interior, a
continuously differentiable function V : A— R, and a positive definite function ¢ such

that
(i) V(0) is the lowest value of V (x) in A,

(i) (VV(x), f(x))=—¢(x) forall xe A
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(iii)V (x) >0 as x — 0A or as |x| - oo.

Then A= A(X®).
In our assumptions, f satisfies some sufficient conditions for the existence and

uniqueness of solution to (1). One of these conditions is that f is continuously

differentiable in some neighborhood of the origin. Thus, the conditions on V imposed in
Theorem 5 and Corollary 6 are reasonable.

Theorem 7 ([6]). Suppose f is Lipschitz continuous on a set that contains A(x*). Then,

in order for an open set A containing the origin to be the stability region for (1), the
necessary and sufficient condition is that there exist a continuous function V:A—R
and a positive definite function ¢ such that the conditions (i)-(iii) of Theorem 5 are

satisfied.
The following result is a direct corollary of above theorem.

Corollary 8 ([6]). Suppose f is Lipschitz continuous on A(x*). Then, in order for an

open set A containing O to be the stability region for (1), it is necessary and sufficient that
there exist a continuous function V : A— R and a positive definite function ¢ such that

(i) W(0)=0,W (x) <0 forall xe A\{0};

(i) W(x) > -1 as x> A and/or |x| > oo;

(iii) W (x) is well-defined at all x € A and satisfies
W(x):1+W(X).

X
In some research, some authors often suppose V (xs) =0 orV (0) =0. However, we

(5)

did not impose this condition in our problem because the definition of an energy function,
which is constructed in this paper, accepts negative values. Before giving computation of
an optimal energy function, we have next results which are motivated by the fact that it is
usually quite easy to find functions V and ¢ such that (5) is satisfied in some

neighborhood of 0. Lemma 9 shows that such a function can be extended to all of A(X®).
Lemma 9 ([10]). Suppose V is a continuous function on some ball B such that V (0) IS

the lowest value of V(x) in A(xs) and V is negative definite. Then, V is positive

definite.
The importance of Lemma 9 is in showing that if we can find a function V (x) and a
positive definite function ¢(x) such that V (0)=0 and

(VV(x), f (X)) =—0(x),
Then V is guaranteed to be positive definite.

Now, we present the definition of an optimal energy function.
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Definition 10 ([6]). A function V, : R" — R is called an optimal energy function for the
system (1) if the following conditions are satisfied.
(i) V, (0) is the lowest value of V (x) for all xe A(x*)\{0}.

(ii) V,, (x) <o if an only if xe A(X°).
(iii) V,, (x) =0 as x— 8A(x° ) and/or x| — oo,
(iv) V,, is a well-defined and negative definite function over A(x*).

Lemma 11 below shows that any energy function for the system (1) can be extended
to an optimal energy function.

Lemma 11 ([10]). Suppose f is Lipschitz on A(xs), and suppose V is continuous
function on some closed ball B such that V (0) is the lowest value of V (x) and V is

negative definite on B. Then there exists an optimal energy function V_ that agrees with
V on B.

3. CALCULATION OF ENERGY FUNCTION

Based on the theoretical background in Section 2, we now propose a method to look
for an optimal energy function V of the nonlinear dynamical system (1) so that V (0) is

the lowest value of V (x) and

V(x)=0(x),
in some neighborhood of the origin. Then the stability boundary is defined by
Vv (x) — oo, It also means that we can try to look for a function W and a positive definite

function ¢ such that W (0)=0 and
_1+W(x)
o(x)

In this case, the stability boundary is defined by W (x)=—1. Now, we will show that

W (x) (6)
(6) and equation V (x)=—¢(x) are equivalent. Indeed, if V(.) is solved from

V (x)=-9(x), it follows that W =e™ —1. Conversely, if W (.) is solved from (6), we
have V =In(1+W).

In the following, we present a systematic procedure for solving V (x)=-¢(x),
where f is an analytic function. Recall that we can rewrite f as follows

() =2 R (%) (7)
i=1
where F, () is a homogeneous function of degree i. For instance,
F(x)=Ax, AcR™.
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In section 4, we will give a detail way to determine matrix A. A potential energy
function candidate is suggested by condition (iii) of Definition 10. The candidate must in

effect “blow up” near the stability boundary A(x*), [10-11]. This is different to others
which have the property that they are defined on R". Therefore, in order to obtain the
desired effect, we write the function V (x) as the form (3).

If V(x)—>o0 as xedA(X®), it follows that x e dA(x°) when D(x)=0. Then, the
stability boundary aA(xS) is defined by solving equation D(x):O. In order to do this

task, the function V (x) is rewritten as the following form

>R
V(x)-—E— ®

1+>°Q

i=1
where R;, Q; are homogeneous functions of degree i. For the purpose V (x)=—¢(x),
we have

V(X) =(VWX), f()=—0(x)=—x"Qx,
where Q is a symmetric, positive define matrix, [2] and [7], we must have

H“%QJEVR-@VQJEREE=-xT@x(1+§QJ2-

Finally, we have

i=2 k i=1 j=2 k=1 i=1 j=2 k
Qx[1+ziq, >3a0 J

By comparing the coefficients of the degrees of the left and right hand sides of the
above equation, for degree 2, we obtain
VR,'F, = —x"Qx.

In general, due to the fact that the recursive relation for degree two is quite trivial, we
should find that the recursive relation for degree greater than or equal to 3 is
k=2 k-1

ZVR P +ZZ(Q VR; inRJ) kl-i-j
i=l j=2

(9)
=—Xx"Qx (ZQk_z + z QQu 2 j

In which the recursive relations are equivalent to solving the linear equation systems

Ay=b,
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where A, is an nxn matrix, the recursive relation in (9) is equivalent to a singular linear

equation system with m < n. Therefore, the recursive relation (9) yields several degrees
of freedom in choosing R., Q. for (8). This fact is exploited in the following procedure.

Since f (x)is the sum of homogenous functions F,(x), we consider another form of
the nonlinear system of equations (1) as follows

k= 1(0)=2F ()

We choose homogeneous functions R, and Q, ,, n>3, such that the coefficients of
R, and Q, are determined by solving the following constrained minimization problem

mine, (y)

stAy=bh, (10)
where Ay =b, is the equivalent form of (9) and e, (y) is the norm of the coefficients of
the residual terms of V .

After that, one can choose the largest positive value d” such that the level set
R +Ry+--R,
" 1+Q+Q.,

is contained in the region given by {x:V, (x)<0}. Then, the set

d", (11)

SR(d") ={x:V, (x)<d},
is contained in the stability region A(x®).
If e,(y")=0 forsome y" that satisfies Ay =bh,, then
V. =-x"Qx,
where Q is a symmetric, positive define matrix. According to Theorem 1-(iii), we can
conclude that the stability region A(x") is determined by

n-2
A(xs)={x:ZQi >—1}. (12)
i=1
The above procedure suggests the following algorithm for estimating of the stability region.
Algorithm
Step 1. Since F, = Ax, find P by solving
A'P+PA=-Q,
then,
V,(x)=R, =x"Px.

In general, we often choose Q =1, where |_ is the identity matrix.
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Step 2. Find the linear system representation for n(n > 3), i.e. find

Ay=hb,.
Step 3. Define e, (y) as in (10) and solve the constrained minimization problem (10).
Assume that y~ is the solution.
Step 4. Use y~ to determine coefficients of R, and Q,_,. If e (y) is sufficiently small,
go to Step 5; else, we increase n, Repeat Step 2 and Step 3.
Step 5. If e, (y) is small enough go to Step 6; else, solve the constrained optimization

problem given by (10). Let d” be the optimal value of the objective function. Then, we
compute

SR(d") ={x:V, (x)<d"},

is an approximation to A(X’) such that SR(d") = A(x*).

n-2
Step 6. The set SR = {x Q> —1} is an approximation to A(x°).

i=1
4. NUMERICAL EXPERIMENT AND DISCUSSION

In this section, we will present two examples for illustrating the above results. The
first example is considered in [1-3] and [10-14] while the second is introduced [6] and
[10]. In addition, we analyze our results in comparison with the numerical results in [1-
3]. The local energy functions in [1-3] are constructed in the simplest quadratic form
then the level energy surface is used to approximate the stability region.

Example 1. Consider the following system
X==y
y=x—(l—x2)y.
This is the well-known van der Pol equation that describes triode oscillations in
electrical circuits; here (0,0) is a stable equilibrium point of this equation whose

stability region is to be estimated.
Firstly, from direct computations, we have

3.2 2
R =—X"—xy+Vy-,
275 y+y
R, =0,
R, =-0.3186x" +0.7124x%y — 0.1459x*y* + 0.1409xy° — 0.03769y",

Q1 =0,
Q,= —0.2362x° +0.31747xy —0.1091y°.

Using e, =0.12295and
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V4(x): R, +R,+R,
1+Q, +Q,
B 0.593x%* —0.364xy ++0.437 y2 —0.1253x* +0.2885x3y—0.0537x2y2 +0.0581xy3 —0.0196y4
1-0.0001x+0.001y — 0.2685x? + 0.3217xy — 0.1:L63y2 '

We obtain the critical value is d”=5.4413. Thus, SR(d") ={x:V,(x)<5.4413} is a

subset of the stability region of the stable equilibrium point x° =(0,0) for the given

system. Figure 1 illustrates the phase portrait and compares the estimated stability region
by our method (the dashed region) and the stability boundary by the proposed method in
[1-3] (the green line) and the exact stability boundary (the red line). Looking at figure 1
in more detail, the stability region estimated via an optimal energy function is
approximated closest to the exact stability region.

3 -

Figure 1. The exact stability region and the estimated stability region.
Example 2. Consider a planar system as follows

X=—X£(X—1)(X—3)+%yj

y=y(-2.1+x).

This example illustrates that the proposed algorithm can be applied to systems with
multiple equilibrium also. The system in this example is called the Lotka-Volterra
system also known as the predator-prey equations in biological population models It is

easy to see that the above system has two stable equilibrium points: x° =(0,0) and
x* =(2.1,1.98). Since the origin is trivial, we now attempt to estimate the stability region
of the stable equilibrium point x°* =(2.1,1.98). In order to apply the propose method, we
need shift this point to the origin by changing variable u=x-2.1, v=y-1.98 and the
planar system has the following form
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U =-0.42u—-1.05v—2.3u? —%uv—u3

v=1.98u +uv
We have Q, =0.6416u—0.7563v, Q, = —0.5346u? —0.7059uv + 0.02576v* and

R, = 3.435u° +0.9524uv +1.923v*
R, =—0.8839u° + 4.029u’v + 0.5133uv’ + 0.1054v°
R, =0.1622u" —0.6530u’v +1.354v® — 0.3321uv’ +0.2719v".

Using e, =114.62 and
V, (x) = R, +R*+R*
1+Q, +Q,
_0.1622u* —0.8839u° + 3.435u” + 4.029u’v + 0.9524uv
~ 1-0.5346u2 +0.6416u — 0.7059uv — 0.7563v + 0.02576V>
N 0.5133uv® —0.3321uv® +1.923v* +0.24008v° + 0.2719v*

1—0.5346u? + 0.6416u —0.7059uv — 0.7563v +0.02576v* |

The critical value is determined that d” =1.1. Therefore, SR(d") = {x:V4(x) <1.1} is
a subset of the stability region of the planar system. In order to obtain the stability region

of x*=(2.1,1.98) in the original system, we need to shift SR(d”) along (2.1,1.98).

Figure 2 illustrates the estimated stability region by our method (the dashed region) and
the estimated stability boundary by the proposed method in [1-3] (the green line).

y

B o s o e s A, G S

Figure 2. The exact stability region and the estimated stability region.

Clearly, the stability region estimated via an optimal energy function in our method
contains almost that estimated by the previous method in [1-3]. Therefore, it is
approximated as closest to the exact stability region in comparison with previous methods.
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5. CONCLUSIONS

In this paper, we offered a novel method to construct an optimal energy function for
approximating the stability region. Another point to consider in this work is that we have
presented remarkable properties for predicting the stability boundary and the stability
region of a stable equilibrium point of nonlinear dynamical systems. Furthermore,
numerical experiments are also carried out to illustrate the efficiency of the new
approach in comparison with different methods. Our results can be extended by
combining this proposed method and the method in [2] in order to estimate the stability
region of nonlinear dynamical systems. We also expect that our approach is compatible
with nonlinear dynamical systems that have a global energy function. On the other hand,
we can also construct the optimal energy function with higher order; however, the
computation cost is expensive. Therefore, we recommend that the polynomial energy
functions of order 4 are enough.
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TOM TAT

Mot cach tiép can méi dé t6i wu mién on dinh wéc lwgng theo ham nang lwgng
doi voi mot 16p cac hé dong luc phi tuyéen trong cac moé hinh ky thuat

Ly thuyét ve phirong trinh vi phin dwoc biét dén rong rii va phat trién trong
nhleu nam gan day. Nhiéu nha nghién ciru da danh sy quan tam dén bai todn fim
mién on dinh cia hé dong lwec phi tuyén trong cdc mé hinh ky thudt, day la mét van
dé phirc tap trong Iy thuyét on dinh cua hé dong luc. Trong bai toan ndy, lam sao
daé xdy dung mot ham nang luong 16i wu dwge xem nhw la buée cot yéu dé xdp xi
mién on dinh cia mot dzem cdan bang dia phuong. Myc dich cua bai bdo nay la dwa
ra mot cdach tiép cdn dé toi wu mién on dinh wéc lwong theo ham nang hrong doi
voi cac mo hinh hé dong luc. Diéu nay dam bao mién on dinh woc luong theo ham
nang lwong la t6i wu theo nghia 1ém nhdt va nam hoan todn trong mién on dinh
chinh xac. Hon nita, cdac thi nghiém s6 ciing duoc tién hanh d@é so sanh sw khac
biét ciia thudt todan dé xudt.

Tir khoa: Hé dong luc phi tuyén; Bién 6n dinh; Mién 6n dinh; Ham ning luong t6i wu.
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