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ABSTRACT

This paper presents a control approach for the double inverted pendulum on a cart (DIPC)
by combining Hierarchical Sliding Mode Control (HSMC) and Disturbance Observer (DOB).
The proposed method utilizes HSMC to ensure balance in both the pendulum angles and a cart
position, while the DOB accurately estimates the system's disturbance. Through the simulations,
the integrated HSMC and DOB approach demonstrates remarkable efficacy in achieving stable
equilibrium control of the double inverted pendulum. Comparative analysis against the
commonly used Linear Quadratic Regulator (LQR) controller highlights the superior
performance and efficiency of our proposed method.
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1. INTRODUCTION

Over the past years, there has been a growing focus on the control of underactuated
systems, driven by their diverse applications in numerous scientific and technological
domains. A particularly intriguing system that has attracted substantial research attention
is the Double Inverted Pendulum on Cart (DIPC) control [1-3]. The DIPC system
comprises two pendulums interconnected in an inverted configuration, characterized by
nonlinear dynamics and inherent instability, which present significant control design
challenges. Achieving effective control of the DIPC system holds immense importance
across various fields, including robotics [4], where the ability to stabilize and manipulate
such systems is crucial for the development of advanced robotic platforms. Similarly, in
aerospace engineering, precise and stable control of similar systems can enhance the
performance and maneuverability of unmanned aerial vehicles and spacecraft. The
inherent complexity and instability of the DIPC system make it an intriguing platform
for exploring and developing innovative control strategies and algorithms, with the goal
of attaining robust stability and efficient control performance. Consequently, extensive
research efforts have been dedicated to devising control approaches that can effectively
address the unique challenges posed by the DIPC system, paving the way for
advancements in control theory and practical applications.

In the realm of control strategies for the Double Inverted Pendulum on Cart (DIPC),
various approaches have been explored, including optimal control [5], fuzzy control [6],
and Linear Quadratic Regulator (LQR) [7]. However, among these methods, hierarchical
sliding mode control (HSMC) [8, 9] has emerged as a particularly promising and effective
approach for achieving stability in the DIPC system. HSMC utilizes a hierarchical
structure and multiple sliding surfaces to confine the system's trajectory within desired
stability boundaries. Its robustness against uncertainties and disturbances makes it an ideal
choice for addressing the inherent challenges posed by the DIPC system. Unlike other
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control strategies, HSMC prioritizes stability control rather than tracking performance,
making it well-suited for achieving stable control of the DIPC system.

This paper presents a novel approach that leverages HSMC to enhance the control
quality of the DIPC, specifically considering the presence of disturbances. HSMC is a
sophisticated control technique that integrates multiple sliding surfaces and control rules
to improve overall system performance and stability. By employing a hierarchical
structure, HSMC offers several advantages, including enhanced control accuracy,
reduced chattering effects, and increased stability in the face of external disturbances.
Furthermore, the integration of a disturbance observer (DOB) [10] plays a crucial role in
effectively estimating and compensating for disturbances within the control process. This
ensures system stability, reliability, and improved resistance to disturbances and
unexpected variations encountered in real-world environments.

The proposed approach holds great promise for achieving robust stability control in
the DIPC system, offering a viable solution to the challenges associated with its
nonlinear and unstable nature. Through simulations and empirical evaluations, the
effectiveness of the HSMC-based control method is demonstrated, and a comparative
analysis is conducted against the conventional LQR control approach. The findings
underscore the superior performance of HSMC in terms of stability, control quality, and
disturbance rejection, further validating its potential as an advanced control strategy for
the DIPC system.

2. DIPC MODELING

In this paper, we consider the DIPC model, as depicted in figure 1. In the system, we
define the following parameters: m,, m,, and m, represent the masses of the cart, first

pendulum, and second pendulum respectively. L, and L, denote the lengths of the first
and second pendulums respectively. The variable X, represents the position of the cart,
while 6, and 6, represent the angular positions of the first and second pendulums
respectively. J, and J, represent the moments of inertia of the first and second

pendulums respectively. Additionally, g represents the acceleration due to gravity, and
U represents the force to be applied to the cart.

X

Figure 1. DIPC Model.
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The system is modeled using the Lagrange equation. L represents the Lagrange
function with 6=[x, 6, 6,]; U=[u 0 0.

d (OL\ OL
~—(=)-==uU 1
dt *o0” 06 @)
The Lagrange function can be written as follows:
L= % ax: + % a,0? + % a,02 +a,c0s(0,)%,0, +a,cos(0,) %0, 2
+a,c0s(0, —0,)0,0, —a,gcosd, —a,gcoso,
where a,, a,, a,, a,, a;, a, are constants.
a =my+m +m,; a=ml+m,L; a,=m,),;
a, =mlZ+m,L+1; a =m,LL; a, =m)l2+1,.
The dynamic equation for the DIPC can be written in matrix form:
D(6)0+C(6,0)0+G(6) = Hu. (3)
where
a a,c0s0, a,c0s0, 0
D(0) =| a,cos0, a, a;cos(0, - 0,) |; G(0) =| —a,gsino, |;
a,cos0, a,cos(6,—0,) a, —a,0sino,
0 -asin(®,)0,  —asin(e,)é,
C(6,0)=|0 0 a.sin(6,—6,)0, [; H=(100)".
0 —asin(6,—6,)6, 0

3. CONTROL DESIGN

In this section, we delve into the control strategies employed for the DIPC system.
We explore three distinct approaches: LQR control, HSMC, and the implementation of a
DOB. By studying these control strategies, we aim to evaluate their effectiveness in
achieving stability of the DIPC system, considering the disturbance factor.

3.1. LQR Control
By examining equation (3), the following equation can be readily obtained:

0=-D"'CO—D'G+D'Hu. 4)
X, = fl(XO,)'(O,Gl,Gl,GZ,GZ,U)
= e1 = fz(Xo,XO,el,el,ez,Gz,u) (5)

0, = f,(X), %, 6,,0,,0,,0,,u)
Denote:

P =Xo; P2 =Xo; P3 =04 p4:él; Ps =0,; pszéz- (6)
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Subsequently, we obtain:

PL=P, =Xy P, = fl; P; =P, :él; P, = fz; Ps = P :éz; Ps = f3- (7)
In the case of the DIPC, the desired operating point is determined as follows:
Py :[pld Pos Psg Pag Psg Peg ]T :[O 0000O O]T (8)

By linearizing the nonlinear system around the working point, we obtain an equation
of the form:

p=Ap+Bu 9)
with
] 0 1 0 0 0 0] [0 ]
p2 Ail AiZ AiS A14 A15 AlG Bll
b, 0 0 0 1 0 0 0
p = , A = f B =
p4 A21 A22 A23 A24 AZS A26 BZl
P, o 0 0 0 0 1 0
L Pe | _%1 A32 A33 A34 A35 Azej L B31_
and A =—1| _,:B,=—_:i=123,2=12,34,56. Next, we define the
ooop,[po T ou|o

weight matrices for the states and control variables in the following manner: R=[R,|;

Q=diag{Q,,Q,,Q;,Q,,Q,,Q}. The control signal of the LQR exhibits the following
form:

u=-K.p (10)
where K=R™*(B'"P+N"). P can be calculated through the Riccati function:
A'P+PA-(PB+N)R*(B'P+N")+Q=0. In all cases, to simplify the Riccati
function we choose N =0. K is calculated using Matlab with the command:
K=Iqgr(A B,Q,R).
3.2. Hierarchical Sliding Mode Control

Figure 2. HSMC controller structure.
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In this subsection, we explore the HSMC approach for controlling the DIPC system in
the presence of disturbances. The HSMC controller utilizes multiple sliding surfaces to
address the control objectives. The HSMC method involves partitioning the DIPC
system into three subsystems: two inverted pendulums and the cart. The hierarchical
structure of the HSMC controller, illustrating the interaction between these subsystems,
is depicted in figure 2.

We have:
(% 6 8,] =[M, M, MJ+[N, N, N,Ju (11)
where [M, M, M,]' =-D?*(C6+G); [N, N, N,] =D*H.

By setting the desired output value x,,, 6,4, 0,,, we obtain:

€ = Xoq —X%os 6, =0,,—0,; &,=0,,—06,. (12)
For the subsystems, the sliding surfaces are selected as follows:
So =M€ +E€s S =M€ +E; S, =A,8, +E,. (13)
Then
§ =6 +E =16 +0, — (M, +Nu). (14)
Denote S, =0, we have:
g =R (15)

where the control signals u,; (i=0,12) are utilized to drive the subsystems towards

stabilization on their respective sliding surfaces. The hierarchical sliding surface can be
represented as follows:

So =S50 S1 =€,5, +5; S, =€, +5,. (16)
where ¢, € are positive constants. In order for the subsystems to achieve stability on

their respective sliding surfaces, the overall control signal must incorporate sub-control
signals. As a result, the control signal for the entire system takes the following form:

u= uer + ueql + l"qu2 + usw (17)

where ug, enables the system to slide on a specified sliding surface. Choose a Lyapunov
function of the form V =S,?/2. The derivative of V combined with the equations (13)
and (16) we get: V=85,=S5, (81(80 (Mo +8))+(M6 +8))+(Rs8, +é’2)). By
combining equations (11), (12), (15), and (17), we obtain the following expression:

v = S2 (81 (80 (_NO (ueql + ueq2 + usw)) + (_Nl (ueqo + ueq2 + usw))+ (_Nz(ueqo + ueql + usw))

Denote S, =-nsign(S,), we have:
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U =— 81SONO (ueql +ueq2) _ 8ONl(uer +ueq2) _ NZ (ueqo +ueq1) N nSIgn(Sz)
w g8,N, +€,N, + N, ge,N, +e,N, +N, £g,N,+e,N, +N, &gN,+g,N,+N,

Hence the control signal is obtained as follows

U = €189 NoUeqo +€gNjUgy + Ny, +msign(S,)
sw .

u=u,,+u,, +u

eq0 eql eq2 (18)

ge,Ny +e,N; +N,
To ensure system stability, it is required that n>0.

3.3. Disturbance observer
The DIPC model has the form:

6=-ad+bu—c—d (19)
with =[x, 0, 0,]', a=D"'C, b=D"H, c=D"'G, d is the disturbance. Next, we
introduce the concept of the disturbance observer :

d =0y, (V—0); V=—d +bu—c,(V—6)—ad—c. (20)

where d is estimated disturbance, V is the matrix with dimension 3x1 related to the
estimated velocity of the cart, the first pendulum and the second pendulum. o, a, are
positive matrices.
Select the Lyapunov function as follows:
1 1
V=—"o= ’+>¢°
2a, © 2" 21)

with e, =d-d, e, =6-V. By taking the derivative of V, we obtain:

.1 .
V=—¢ed-a,.’<0. To ensure that V <0, the values of o, and o, must be
oy
sufficiently large. After constructing the DIPC model, HSMC and disturbance observer,
the overall structure used for simulation is depicted in figure 3.

X0

g,

Hierarchical Double Inverted
Sliding Pendulum on a g, MUX
Mode Control Cart

4 Disturbance
Observer

Figure 3. HSMC and DOB control structure.
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4. SIMULATION RESULTS
To verify the performance of the controller, the DIPC system was evaluated using the
following set of parameters: m,=0.8Kg; m =0.5Kg; m,=0.3Kg; L =0.3m,
L, =0.3 m; J, =0.006 Kg.m*; J, =0.006 Kg.m*; g =9.8 m/s*. At the initial stage, we
have the following initial conditions: x,=0 m; %,=0m/s; 6, =n/6rad; 6, =0 rad/s;
0,=n/6rad; 6,=0rad/s. For HSMC and disturbance observer, there are some
paramaters: A,=1.1; A, =0.1; A,=2.8; ¢ =3; ¢ =0.25; a,=[4000 1000 500];

a,=[50 50 50]; a=[0],,; b=[0.8 0.1 0.1], note that all the elements in a

matrix is zero due to the desired operating point value. To evaluate the performance of
the controller in the presence of disturbance, the cart is subjected to disturbance of the
following form: d =0.1sin(t). Figures 4 to 7 present the verification results for the
aforementioned control algorithms. It is evident that the HSMC controller exhibits a
smaller steady-state oscillation amplitude. However, during the transition phase, the
HSMC controller requires a larger control signal of 300 N , in comparison to the LQR
controller which only needs 37 N .

300

250

200

150

u(N)

100

/
50 e

Figure 4. HSMC and LQR control signals. Figure 5. Comparison of Cart Position
between HSMC and LQR Controllers.

In figure 5, it can be observed that the HSMC controller demonstrates a higher
overshoot, with the farthest position reaching 1.83m and an oscillation amplitude of
0.05m, whereas the LQR controller achieves a maximum position of 1.47m with an
oscillation amplitude of 0.11m.

Figure 6 illustrates the comparison of the angle of the first pendulum between the two
controllers. The LQR method yields a maximum rotation angle of 0.7 rad , which is
greater than that achieved by the HSMC method, which is 0.5rad . Moving on to the
angle of the second pendulum, as depicted in figure 7, it is evident that the HSMC
method results in a larger maximum angle of 0.42rad , while the LQR method produces
a maximum rotation angle of 0.3rad for the second pendulum.
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Figure 6. Comparison of the first

pendulum Angle between the Two
Controllers.

Figure 7. Comparison of the second
pendulum Angle between the Two
Controllers.

Figure 8. Comparison between practical Cart Velocity and estimated Cart Velocity.

Figures 8, 9, 10 depict the comparison between the practical and estimated values of
cart velocity, first pendulum angle velocity, and second pendulum angle velocity when
using HSMC controller, respectively. It is evident that the estimated values closely

follow the practical values and there is a deviation between them because of the presence
of disturbance.

2 3 35 40 45 50 0 5 10 15 20
t(s)

30 35 40 45 50

Figure 9. Comparison between the
practical Velocity of the first pendulum and
the estimated Velocity of the first pendulum.

Figure 10. Comparison between the practical
Velocity of the second pendulum and the
estimated Velocity of the second pendulum.
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Figures 11 and 12 demonstrate the performance of the disturbance observer when
controlled by the HSMC and LQR methods. It is evident that observer stabilization is
more effective when utilizing the LQR method for controlling the DIPC. On the other
hand, the HSMC method introduces chattering, which affects the performance of the
disturbance observer. During the transient phase, the maximum estimated disturbance
value for the LQR method is significantly larger, reaching a maximum of 46, compared
to the HSMC method, which yields a maximum estimated noise value of 13.

il —d 1 —d
£ - - -duswc 507, ---dror
] .
i
HL

i

S 0 p- —
15L | -50p
o 10 20 30 40 50 0 10 20 30 40 50
t(s) t(s)
Figure 11. Comparison of disturbance Figure 12. Comparison of disturbance
and estimated disturbance and estimated disturbance
when controlled by HSMC. when controlled by LQR.

5. CONCLUSIONS

This paper presented a comparative study of HSMC and LQR controllers for the
DIPC system. The results showed that the HSMC controller exhibited superior
performance in terms of smaller steady-state oscillations and reduced overshoot.
However, it was also observed that the HSMC controller introduced chattering, while the
LQR controller provided better observer stabilization and estimation of disturbance.
These findings highlight the trade-offs between control effectiveness and stability in
different control methods for the DIPC system. Further research could focus on
addressing the chattering issue in HSMC or exploring hybrid control approaches to
harness the strengths of both methods for improved control performance.
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TOM TAT
Piéu khién trugt ting HCMC va quan sat nhiéu
cho h¢ thong con lac ngwoc doi trén xe

Bai bdo nay trinh bay mdt phwong phdp két hop bg diéu khién truot tang
(Hierarchical sliding mode control - HSMC) va bé quan sat nhiéu (Disturbance
Observer) dé diéu khién con ldc nguoc doi trén xe. Bo diéu khién truot td‘ng duoc
sir dung dé diéu khién can bang cho cdc goc ciia con ldc ngwoc déi va vi tri ciia xe.
Trong khi do, bo quan sat nhiéu dwoc sir dung dé wée lwong nhiéu tac dong lén hé
thong. Két qua mé phong dat dwoc tir viéc két hop cdc phwong phap trén da mang
lai hiéu qua cao trong viéc diéu khién con lic ngwoc ddi on dinh tai trang thdi cdn
bang. Két qua nay da dwoc chirng minh dwoc sy vuot troi hon khi so sanh voéi bo
diéu khién Linear Quadratic Regulator (LOR).

Kkhoa: Con lic nguoc doi trén xe; Didu khién én dinh; Didu khién truot ting; Diéu khién LQR; B quan sat nhidu.
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