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ABSTRACT

This paper deals with implementing Proper Generalized Decomposition (PGD) technique in
solving the problem of identifying Young's modulus of linear elastic isotropic material from full-
field measurements by finite element model updating (FEMU) method. In this type of problem,
using PGD technique enables reducing the computation cost as it helps to avoid performing the
iterative process of computing the response of the mechanical structure by finite element method
(FEM). The nature of PGD technique consists following important points: (i) — Interested
parameters are considered as extra variables for the response function; (ii) — Sought
multidimensional response function is approximated by the finite sum of modes, each is
production of separated-variable functions; (iii) — This approximate solution is computed by the
iterative solver using a variational formulation and a greedy algorithm. A numerical example of
a tensile test was performed to verify this implementation. The obtained results confirm the
correctness of PGD technique. Several comments were made on the use of this technique.

Keywords: Material parameter identification problem; Finite element method updating (FEMU) method; Proper
generalized decomposition (PGD) technique.

1. INTRODUCTION

1.1. Parameter identification

In the field of mechanics, to design a structure or to numerically simulate the response
of a structure subjected to given loadings, structural parameters such as geometrical
parameters, materials parameters, boundary conditions need to be given. Material
parameters (for example Young's modulus and Poisson's ratio for linear elastic material)
are identified in the earlier phase by solving the so-called material parameter
identification problem. This is an inverse problem in solid mechanics where the material
parameters are identified based on data obtained in mechanical tests, [1]. Techniques to
obtain experimental data can be divided into 2 groups: (i) contact and (ii) non-contact
measurement techniques. In contact techniques [2, 3], kinematic field variables such as
displacements or strains are usually measured by means of localized sensors (e.g. strain
gauges) mounted directly on the structures. On the other hand, non-contact techniques
use high-speed CCD cameras to capture the state of the testing sample at different
moments. These techniques of measurement are also called full-field measurement
techniques as they enable to retrieve full-field experimental data in the form of 2D or 3D
images, meaning that pixels are sensors. To obtain kinematic field variables
(displacements or strains), the obtained images need to be processed by different
techniques such as digital image correlation (DIC) [4], digital volume correlation (DVC)
[5], etc. Based on these kinematic fields, material parameters can be identified using
several methods such as the finite element model updating method (FEMU), the
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constitutive equation gap method (CEGM), the virtual fields method (VFM), the
equilibrium gap method (EGM), the reciprocity gap method (RGM) [5], the mCRE
method [6], etc. Among those methods, FEMU [5, 7] is the most popular and widely
employed in practical applications; it consists in performing iteratively finite element
simulations of the test to find material parameters so that the corresponding computed
response of the structure matches at best the actual measurements.

An important problem related to numerical simulation is the computational cost.
Large-size problems can take an enormous amount of time to solve even using the most
advanced computing facilities. In such situation, reduced order modeling (ROM)
reduction techniques can be used. There are three ROM techniques: the proper
orthogonal decomposition (POD) method [8], the Reduced Basis (RB) method [9]; the
PGD method [10].

PGD technique consists of seeking the multidimensional solution in a low-rank modal
approximation form, i.e. a finite sum of modes, each is production of separated-variable
functions. Additional model parameters (related to material properties, boundary
conditions, geometry etc.) can also be inserted as extra-variables of the problem. This
approximate solution is computed by the iterative solver using a variational formulation
and a greedy algorithm.

During the last decade, PGD technique was extensively used to solve multidimensional
problems and perform efficient simulation [11]. In the field of mechanics, PGD technique
was applied to study the crack propagation in brittle materials [12], Piezoelectric &
Magnetostrictive Materials [13], composite materials [14], woven composite materials [15].
For material parameter identification problem, PGD technique was used in combination with
MCRE method in [6, 17]. To our limited knowledge, there is no publication on a
combination of PGD technique and FEMU approach to solve the material parameter
identification problem based on full-field measurements. Thus, in this work, this problem
was addressed, particularly in solving the problem of identifying Young's modulus of linear
elastic isotropic material from full-field measurements by FEMU method.

2. METHODOLOGY

2.1. The DIC procedure
The purpose of DIC is to extract the displacement field u,. (x) that best matches
between two images: (i) a reference image f(x); (ii) a deformed image g(x). Each

image is a set of pixels (x denotes the pixel coordinates) with the distribution of light
intensity or gray level values. In the ideal case, when the images are acquired without
noise, the local gray-level conservation can be g(x)= f(x+u,.(X)). However, in

reality, image acquisition is never perfect, and always contains a small amount of noise
n(x), which is often considered as Gaussian and “white”, or spatially uncorrelated, so

that g(x)= f(x+u,.(X))+n(x). In this case, u,. (X) can be calculated by minimizing

the global correlation residual defined as a quadratic difference of reference and
deformed images as follows (where ROI stands for "region of interest™):

@ = [ [g(x)— f (x+Ug, ()] dx (1)

ROI
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The details of solving this minimazation problem can be found in [4]. Due to the
noise, the solution u, (x) of this problem is not the exact displacement field. Instead, it

Is the noisy solution which can be expressed as sum of exact solution u,(x) and the
displacement noise n,(x) .
2.2. The DIC-FEMU method

The goal of the DIC-FEMU approach is to identify the vector of constitutive
parameters p that achieves the best match between computed by FEM displacement

U, (X,p) and measured displacement u,, (x), defined by DIC technique. It consists in

minimizing a chosen cost function. A choice of the cost function can be of the form (2)
([5]) where U, (x,p) and U,.(x) are the vectors of nodal values of u,,(x,p) and

Uy, (X), respectively; W is weighting matrix (for the sake of simplicity, in this work, W
is chosen equal to an identity matrix).

1 T
I(P) =5 [Uen(6P) = U0 | WU 1 (x,P) = Uo ()] 2)

This problem is solved iteratively according to following algorithm:
1. Given tolerance value TOL and assign k =1;
2. Initiate p®:
3. Compute U (x,p")by FEM;
4. Compute J(p*);
5. Check J(p*)<TOL;

a. If yes: Go to step 6;

b. If no: k =k +1; Update p® =p®™® +8p™ and go back to step 3.

fem

6. Choose p =p™ as solution.

2.3. The PGD technique

The standard approach to compute PGD modes is the so-called progressive Galerkin
approach. This approach was also explained in [6]. In this section, the specific
implementation of this technique to solve the linear elasticity problem is detailed.

2.3.1. Reference linear elasticity problem

Consider a generic elastic body whose undeformed configuration occupies the domain
Q subjected to a body force bon Q and a surface force f on a part I, of the boundary

oQ of Q. On the complement part I', of the boundary 0Q (I'yuI'y, =00 and
I'pynI'y =9), a Dirichlet boundary condition is prescribed. The virtual work principle

for three sets of governing equations (the equilibrium equations, the kinematic
compatibility equations, and the constitutive equation) for this system reads:

Iﬂc-s(ﬁv) =ij-5v+LN f-5v ©)

In equation (3), 6 =Cse(u)where ¢ and ¢ are the Voigt notations of infinitesimal
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strain tensor and the Cauchy stress tensor, Cis Hooke's stiffness matrix; u is the
displacement vector; ov is the arbitrary test function, which satisfies the Dirichlet
boundary condition. In the following, for simplicity, the body force is assumed to be
absent (b=0). The equation (3) becomes:

jQ Ce(u)-£(dv) = LN f-ov (4)

2.3.2. Direct problem

The direct problem consists of determining the displacement, strain and stress fields
given the geometry of the solid, the constitutive parameters, boundary conditions and the
loadings from equation (4). Closed-form solutions to direct problem is available only in
very particular cases. Hence numerical solution techniques are usually called for; the
most commonly used technique is the FEM. The usual Galerkin discretization procedure
using FEM shape functions provides the standard set of FEM equations K, U.. =F

is the global FEM stiffness matrix, restricted to the non-prescribed degrees

fem ™~ fem

where: K

fem

of freedom (DOFs); Fis the generalized load vector, and U, is the unknown vector of

nodal displacements introduced by the FEM discretization. In each iteration of DIC-
FEMU method, at step 3, U, is calculated from this equation. It can be seen that, given

the constitutive parameters, U

fem

only depends on the space coordinates Xx.

fem

2.3.3. Implementation of PGD technique

When using PGD technique, the displacement field u is sought in the form of a finite
sum of modes, each is production of separated-variable functions. Besides the main variable
X, any model parameter such as material properties, boundary conditions, geometry, etc. can
be used as extra variable. Specifically, the approximate PGD form of u is:

"%, By P2 = 20,0 [/(P) ®)

where P is the number of extra variables, p; (j=1...P) are the extra variables.

There are some advantages of PGD form of u: (i) the explicit dependency of u™on
parameters p; (j=1...P) enables to compute very fast the value of u™at any values of

p; ; (ii) the decomposition of multidimensional function into a combination of separated-

variable functions enables grouping the functions of the same variable; this is helpful for
taking integral when solving the problem in the variational formulation.

In this work, only 1 extra parameter (P =1) which is Young's modulus E was
considered. Therefore, the PGD form of sought displacement is:

m-1
um :Zpiei +pmem :umil_'_pmem (6)
i=1

where u' =u'(x,E); p, =p,(x) is the space function and e =e¢ (E) is the Young's
modulus dependent function. The test functions ov was chosen in the tangent space:
v =0v" +ov°® where dv* =dp,e,; Ov° =p, de,

Journal of Military Science and Technology, 91 (2023), 96-105 99



Mechanics & Mechanical engineering

For the elasticity problem, the plane stress Hooke's matrix can be written in the
separation form C=EC , where C is the matrix depending only on Poisson's ratio.
Substitute all of these to equation (4) and taking integral over the considered inteval 1.

of Young's modulus value, the following system of 2 equations was obtained, where the
first equation is the space problem (obtained by substituting év =&v®) and the second
equation is the Young's modulus-related problem (obtained by substituting v =év°®):

if, JLEC.2(pe) £@p,e,)+ [ [ EC.e(pe,) c@poen) =] | f-8p,e,
o )
2 [, EC.ep)-e(yde,)+ |, [,EC.elpoen)-2pude,) =], [ 1-pide,

By separating functions, e.g. €(p,e;) =€(p;)e;, and grouping functions of the same
variable (x or E) into corresponding integral (over space Q or interval I.), the system

of equations (8) was obtained. This system of equations was discretized and solved
numerically. The spaces Q and I, are meshed with n,, and n. elements respectively.

IQCva(pm) -8(6pm)jIE Ee.e, = IIE e, LN f-op, —fjﬂ@vs(pi) ~g(8pm)IIE Eee,
o ®)
J.Q(Cvs(pm) -s(pm)jIE Ee,oe, = J.IE SemJ.FN f-p, —ZIQ(CVS(pi) ~a(pm)J.|E Ee,de,,

For each element | in the space Q and each element h in the space I_, the
corresponding elementary functions are written as following:
pi=N_P;; dp, =N AP_; e =NE; 8] =N,AE]

where: N is the elementary shape function matrix; P{ and AP, are the elementary

(column) vectors of nodal values of displacement field and corresponding test function,
respectively. N, is an elementary shape function (row) vector for Young's modulus-

related problem; E, (i=1...m) and AE_ are the elementary vectors of nodal values of
functions e, and corresponding test function, respectively.
Using these discretized forms, all terms of the equation (8) were transformed as follows:

j@vs(pi) -£(dp, ) = Z j " (dp! )C £(ph) =Z j APIdN'C dN P} = AP (Z j dN{,CVdNPJPi
Q

1=1 o 1=1 o

_[IE Eee, =’ ,ner:TEeih :;IIE E"NIEN,E" =E] [;LE NZENejEi;

1=1 o

h=1" F

[.Cep)-2(p,) =P, (Z |, dN|C dN jP [, Eede, =AE, [Z J.N ENejEi

& :;Lge:r :;Lg EMN! =ET (hz;jl Nlj; jIESem =AE] [;LENlJ

100 N. H. Nam, P. V. Binh, “Implementing PGD technique ... measurements by FEMU method.”



Research

er f.op, = LN (8p,) f=APT LN N'f; LN f-p =Pl LN N'f

where AP], P,, and P] are the global vectors of nodal values of displacement; AE] ,
E,, and E;, are the global vectors of nodal values of Young's modulus-related functions.
Denotes

K, =Zjﬂ, dN C,dN,; M, =(2Lh NZENe]; G, =Zf.h NI; F =L NTf, we have
I=1 h=1"E h—1 " 'E N
the system of equations in the matrix form as follows:

(APTK P, )(EIMLE, )=(E]G,)AP]F - f(AP,TnKVPi )(ELMLE, )
- 9)

(PLK,P,)(AEIM,E, )=(AE]G, )P F - Ii(PrTnKvPi )(AE; MLE,)

Remove the vectors of nodal values of arbitrary test functions (AP! in the first
equation and AE] in the second one), the final system of equations (10) is obtained. The
unknowns of these equations are P and E, . These equations are non-linear because
the unknowns appear on both sides of each equation. Therefore, this coupled system is
solved with a fixed-point algorithm. After initializing E”, the following computations
are iteratively performed: 1 - Compute P*® from EY using the first equation; 2 -

Compute E*™® from computed P%* using the second equation (where k denotes
iteration index). The iterative process to compute mode m may be stopped when it
converges (with stagnation of modal functions along iterations) or after a fixed number
k__ iterations. In this work, the second way was used.

max

hgh

(K,)(EZMLE, )P, =(E[G,)F- Y (K P, )(E]M,E,)

(10)

U

(PLK,P,)(M,)E, =G, (P/F)-> (P KP)(M,E)

-
i=1
The greedy algorithm which was used to find the number of modes consists of adding
a new mode to the current solution until reaching the convergence, when the ratio of the

norm of the current mode over the norm of the last mode, ([P, [-|E.|l)/ (IPo-s]-|Exml) is
smaller than 10°°.
3. RESULTS AND DISCUSSIONS

In this section, a numerical experiment was performed in order to check the
performance of proposed approach.
3.1. Numerical experiment description

Consider a tensile test on a rectangular plate in figure 1. The simulation mesh, which
can be seen in the upper part of figure 2 is made of 446 T3 elements. The material is
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homogeneous and the objective is to identify Young's modulus E. The DIC displacement
U, was built numerically by adding to each component i of the FEM displacement

Ulfem
(E, =200GPa, v, =0.26) a Gaussian white noise under the form: U}, = U’
with mn the noise level (in this work, 3 levels of noise were considered:
n=10%, 20%, 30%) and y the normally distributed random number. The distribution
of U noise (which is U, —U,, ), andU,. are presented in the first, second and
third columns in figure 4, respectively.

When implementing PGD technique on this problem, the considered range for the
values of Young's modulus was from 0.6E, to 1.4E,. This range was discretized using a

regular mesh of 80 linear 1D elements of 0.01E,length. When computing each mode, a
fixed number of iterationsk., =4 was used as in practice the algorithm is converged
quickly, therefore it is not necessary to choose a large value for k. .
3.2. Results

The obtained PGD solution, u

This displacement is a function of space coordinates x and Young's modulus. The sought
value of Young's modulus was obtained by minimizing the following cost function which
is the Euclidean norm of the difference between vectors of nodal values of u , and uy,:

E(E):[Upgd(E)_Udic]T I:Upgd(E)_Udic] (11)

P? x107

obtained from a simulation with the reference set of material coefficients

fem + TTYi Uifem

fem 1

consists of 2 modes which are shown in figure 2.
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Figure 1. Test Figure 2. Modes of PGD solution. Figure 3. Cost
configuration. function.

The graphics of this function for 3 cases (corresponding to 3 considered levels of
noise) are shown in figure 3 where the horizontal axis is normalized. It can be seen that
the value of the function changed with the change in noise level. However, noise level
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only had a small influence on the value of identified Young's modulus E, which is the
minimizer of the functional: for 10% and 20% of noise, E,, is exactly equal to E,, for
30% of noise E, =0.96E,. For the case of 20% of noise, the displacement field
corresponding to E_,, called ug,, is shown in the fourth column of figure 4. In the last
column of the same figure is the difference between ug, and uy, .

X

=
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Figure 4. Different types of displacements.
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3.3. Discussions

As mentioned, there are two ways to stop the iterative process of finding each mode.
The way used in this work was fixing the number of iterations which is k., =4. There

are two important points to be drawn. First, the convergence of iterative process was not
checked because it was not necessary. Because the system of equations in this work is
quite simple; it contains only 2 problems. The fixed-point algorithm in this case has a
fast rate of convergence. Therefore, to simplify the code, the procedure of checking
convergence was ignored. All of the modes were found after the same number of
iterations k.., which was quite small. Practically, there is no need to use a large value

for k.. . Second, the error in each mode can be compensated by adding the next mode.

To stop process of adding mode, the convergence is checked by using its Euclidian
norm. That means, the ignorance of convergence checks inside the process of finding
each mode enables to avoid doing convergence checks twice in the whole code.

The number of modes of PGD solution is only 2. This confirms the simplicity of the
problem and the fast rate of convergence of the fixed-point algorithm. The

convergence criterion (HPZHHEZH)/(HWHHEH) <10°° shows that the first mode captures

most of the mechanical content of the solution. Although there were only 2 modes in
PGD solution, the result of identifying Young's modulus was accurate. It is worth
noting that noise has an influence on the identification result but in practice, for the
small level, this influence is negligible.

PGD technique enables to use many extra variables. Regarding material parameters,
they can be Young's moduli, Poisson's ratios (in total of 2 for isotropic and 4 for

Displacement, [mm]
Displacement, [mm]
Displacement, [mm]
Displacement, [mm]

Displacement, [mm]

Journal of Military Science and Technology, 91 (2023), 96-105 103



Mechanics & Mechanical engineering

orthotropic material for example). The decomposition of Hooke's matrix depends on
these extra parameters. In this work, only one extra parameter, which is Young's
modulus, was considered and therefore the decomposition C=EC_  was used. In this

decomposition, C, is a constant matrix. This made the separation of functions and

grouping functions of the same variable easy. If a more complex material is used (e.g.
orthotropic or anisotropic), and several parameters need to be identified at the same time,
the decomposition of Hooke's matrix will be more complex.

In this work, the effectiveness of using PGD technique was evaluated qualitatively
only. The quantitative evaluation can be found in some works, for example [17].

4. CONCLUSIONS

In this study, PGD technique was implemented to solve the material parameter
identification problem based on noisy displacement obtained from full-field
measurement data using DIC technique. The solution to this problem is material
parameters from which the computed displacement matches at best the DIC
displacement. In DIC-FEMU approach, which has been widely used, an iterative process
of computing displacement has to be performed. By using PGD technique, this task can
be avoided as the parameters to be identified are considered as extra-variables of
displacement function and this multivariable function, which is approximated in the
PGD form, can be evaluated very fast at any values of its variables. Therefore, PGD
technique enables to reducing computation costs.

The mathematical formulation of the identification problem using PGD technique was
presented. This formulation was then verified by one numerical example of a tensile test.
The results showed the high accuracy of the formulation: for the case of 10% and 20% of
noise, the value of the identified Young's modulus is exactly equal to the reference one;
for the case of 30% of noise, the value of the identified Young's modulus is equal to 96%
of the reference one. In addition, the fixed-point algorithm in this case has converged
quickly, after only 2 modes even when computing each mode, only a small value for the
number of iterations was used.
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TOM TAT

Ap dung k§ thuit PGD trong viéc giai bai toan xac dinh mo dun dan hoi
cuia vit liéu dan hoi tuyen tinh dang huwéng tir dir liéu do toan truong
bang phwong phap FEMU

Bai bao trinh bay viéc ap dung ky thuat PGD trong viéc giai bai toan xac dinh
mé dun dan héi cua vt liéu dan hoi tuyén tinh ddang huwéng tir dir liéu do toan
trwong bang phwong phdap FEMU. Déi véi dang bai todn nay, viéc sit dung kj
thudt PGD cho phép giam chi phi tinh todn vi né giup tranh phai thic hién qua
trinh Igp dé tinh todn ddp vmg cia két cdu co hoc bang phwong phap phan tir hitu
han (FEM). Ban chat ciia ky thudt PGD nam ¢ nhitng diém quan trong sau: (i) —
Cac tham so dwoc quan tam sé dwoc coi nhu la cac bién bo sung doi voi voi ham
dap ing; (ii) — Ham ddap ung nhiéu chiéu can tim dwoc xdp xi bang tong hitu han
cac mode, méi mode la tich cia cac ham don bién tach biét; (iii) — Nghiém xdp xi
nay dwoc tinh bang mét bo gidi ldp, sir dung nguyén Iy bién phdn va thudt todn
greedy. Mot vi du $6 trén mot thir nghiém kéo da dwoc thuc hién dé kiém chirng
viéc dp dung nay. Cdc két qua thu dwoc dd khang dinh sir ding déin cua kj thudt
PGD. Mot s6 nhdn xét vé viéc sir dung ky thudt nay da dwoc dwa ra.

Tir khoa: Bai toan xac dinh tham s6 vat lidu; Phuong phap FEMU; K¥ thuét PGD.
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